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PREFACE 


Topology is a subject that has only recently been introduced into the curriculum 
of mathematics departments. However, it does, in our opinion, play quite a con¬ 
siderable role with respect to university mathematics education as a whole. It is 
barely possible to design courses In mathematical analysis, differential equations, 
differential geometry, mechanics, and functional analysis that correspond to the 
modem state of these disciplines without involving topological concepts. It is 
therefore essential to acquaint students with topological methods of research as 
soon as they start their first university courses. 

Having lectured on topology for some time to first year university students, wc 
realised that there is a great need for a textbook that is comprehensible to students 
who have a minimal knowledge of mathematics (i.e., they arc cognizant of general 
set theory, general algebra, the elements of linear algebra and mathematical 
analysis) and that will introduce a reader to the basic ideas underlying modem 
topology. At the same time, the book should contain a certain volume of 
topological concepts and methods. 

This textbook is one of the many possible variants of a first course in topology 
and is written in accordance with both the authors’ preferences and their experience 
as lecturers and researchers. It deals with those areas of topology that are most 
closely related to fundamental courses in general mathematics and applications. The 
material leaves a lecturer a free choice as to how he or she may want to design his or 
her own topology course and seminar classes. 

Wc draw your attention to a number of devices we have used in this book in 
order to introduce general topology faster. We have therefore introduced construc¬ 
tive concepts, for example, those related lo the notion of factor space, much earlier 
than the other notions of general topology. This makes it possible for students to 
study important examples of manifolds (two-dimensional surfaces, projective 
spaces, orbit spaces, etc.) as topological spaces. Later (Ch. IV) smooth structures 
are defined on them. The theory of two-dimensional surfaces is not confined to one 
place but is distributed amongst Ch. I, Ch. II and Ch. Ill as and when the basic 
ideas of general topology are developed. The notions of category and functor are 
introduced into homotopy theory quite early; likewise, the idea of the algebraiza- 
tion of topological problems. The functorial approach helps us expound homotopy 
and homology theories uniformly and complete the description of various 
homology theories with the Steenrod-EUenberg axiomatics, making up, lo some ex¬ 
tent, for the absence of the proof of the invariance of simplicial homology theory in 
this textbook. Moreover, the homotopy computation technique (Ch. Ill) is reduced 
to the calculation of the fundamental groups of the circumference and closed sur- 
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faces, The equality t„ (S n ; 2) = Z, n > 2 ts, however, given without proof and 
serves as a basis for the introduction of the degree of a mapping of spheres and the 
characteristic of a vector field (with the Brouwer and fundamental theorem of 
algebra being deduced); while in the homology group section (Ch. V). the technique 
is extended to exact sequences. In particular, the group H n (S"; Z) is computed, and 
the Brouwer and Lefschetz fixed-point theorems are proved. In spite of having 
prepared everything for a development of the technique, we purposely leave the 
subject stand at that because of the special objectives of the textbook. 

The concepts of smooth structure on a manifold and of tangent space (Ch. IV) 
have been elaborated as scrupulously as possible. The terminology has been revised, 
and the relations of the subject with mechanics, dynamic systems and the Morse 
theory emphasized. We believe that a number of homology theory variants 
(singular, simplicial, cellular) should be studied at as early a stage as possible when 
starting on the topic since the reader may encounter them in even the simplest ap¬ 
plications. Accordingly, the variants are explained in Ch. V. 

The exercises in the text of a section often replace a simple line of reasoning and 
are intended to invigorate the reader’s thought. Wc indicate the end of the proof of 
a theorem with the sign ■, and if it is necessary to separate an example from the 
further text, the sign ♦ is used then. 

Note that although this textbook is based on lectures delivered by 
Yu. G. Borisovich to students of the Mathematics Department of Voronezh 
University, they have been considerably revised by the authors. All the textual draw¬ 
ings are by T. N. Fomenko, while the cover and chapter title illustrations are by 
Prof. A. T. Fomenko (Moscow University) whom the authors would like to thank 
sincerely. 

In conclusion, we would like to express our sincere gratitude to A. V. Chernav- 
sky for his valuable advice and useful criticisms, to M. M. Postnikov both for our 
discussions on the methods of teaching topology to first-year university students 
and many other useful remarks, and. finally, may we thank A. S. Mishchenko for 
his useful advice. 

We are also grateful to a group of young staff members and post-graduates at 
the department of algebra and topological methods m analysis of Voronezh Univer¬ 
sity for their helpful discussions and remarks. Yu. E. Gliklich. V. G. Zvyagin, 
M. N. Krein and N. M. Mcilcr have each checked through a number of chapters, 
and a considerable quantity of misprints were corrected due to their valuable 
assistance. 

We have received many comments upon the Russian edition of this textbook and 
are thankful to those who have contributed them for many useful remarks they 
made. Many of their suggestions were taken into account when we prepared this 
revised edition. 


The authors 


First Notions 
of Topology 


The purpose of this chapter is to prepare the reader for the 
systematic study of topology as it is expounded in the subsequent 
chapters. Our purpose here is to review the problems, whose solu¬ 
tion has led to the formation of topology as a mathematical 
discipline and to its development at present. We also discuss the 
beginnings of the notions of topological space and manifold. 













1. WHAT IS TOPOLOGY? 


Quant 4 moi, toutcs les voies 
diverges oil je m'ttais engagi suc- 
cessivcmcnt me conduisaient 4 
I’Analysis SitOs*. 
H. Poincare 


Topology as a science was, as it is generally believed, formed through the works 
of the great French mathematician Henri Poincarfc at the end of the 19-th century. 
The beginnings of topology research may be dated to the work of G. Riemann in 
the middle of the 19-th century. In his investigations of the function theory, he 
developed new methods based on geometric representation. He is also known for 
having made an attempt to formulate the notion of many-dimensional manifold and 
to introduce higher orders of connectivity. These notions were developed by an 
Italian mathematician Betti (1871) but it was Poincari who, by keeping in mind the 
requirements of the theories of function and differential equations, introduced a 
number of very important topological concepts, developed a profound theory and 
applied it to his research in these branches of mathematics and mechanics. His ideas 
and the problems which he suggested have had a considerable influence on the 
development of topology and its application up to the present day. 

Poincare defined topology (which was called then Analysis situs) as follows: 
‘L’Analysis Sit (Is est la science qui nous fait connaitre les propriitts qualilatives des 
figures gfometriques non seulement dans I ’ espace ordinaire, mais dans 1'espace 4 
plus de Irois dimensions. 

L’Analysis SitQs 4 trois dimensions est pour nous une cortnaissance presque in¬ 
tuitive, L’Analysis SitOs 4 plus de trois dimensions prtsente au contraire des dif- 
ficultfc enormes: il faut pour tenter de les surmonter dire bien persuade de l'exir£me 
importance de cette science. 

Si cette importance n'est pas comprise de tout Ic monde, e'est que tout le monde 
n’y a pas suffisamment rfcfWchi**’ [62, 63J. 

To understand what is meant by the qualitative properties of geometric figures, 
imagine a sphere to be a rubber balloon that can be stretched and shrunk in any 
manner without being tom or 'gluing’ any two distinct points together. Such 
transformations of a sphere are termed homeomorphisms, and the different replicas 
obtained as a result of homeomorphisms are said to be homeomorphic to one 


• As for me, all the various journeys, on which one by one I found myself engaged, were 
leading me to Analysis situs (Position analysis). 

* * Analysis situs is a science which lets us learn the qualitative properties of geometric 
figures not only in the ordinary space, but also in the space of more than three dimensions. 
Analysis situs in three dimensions is almost intuitive knowledge for us. Analysis situs in more 
than three dimensions presents, on the contrary, enormous difficulties, and to attempt to sur¬ 
mount them, one should be persuaded Df the extreme importance of this science. If this im¬ 
portance is not understood by everyone, it is because everyone has not sufficiently reflected 
upon it. 
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another. Thus, the qualitative properties of the sphere are those which it shares with 
all its homcomorphic replicas, or, in other words, those which are preserved under 
homeomorphisms. 

It is evident that homeomorphisms and the qualitative properties of other 
figures may be discussed as well, it is also conventional to call the qualitative prop¬ 
erties topological properties. In the above example, one of the topological proper¬ 
ties of (he sphere is obvious, i.e., its integrity (or connectedness). Its more subtle 
properties are revealed if an attempt is made to establish a homeomorphism of the 
sphere, say, with the ball. U is easy to conclude that such a homeomorphism is im¬ 
possible. However, in order to prove that, it is necessary to show the various 
topological properties of spheres and balls. One of these is the 'contractibility' of 
the ball into one of its points by changing it 'smoothly', i.e., contracting it along its 
radii towards the centre, and the 'non-contractibility' of the sphere into any of Its 
points. It is also wise to bear in mind the topological difference between a volleyball 
bladder and a bicycle tyre. These intuitive ideas need to be corroborated strictly. 
Exercise I*. Verify that the number of 'holes' in a geometric figure is its topological 
property; verify also that the annulus is not homeomorphic to the two-dimensional 
disc. 

The research carried out by H. Poincart is the starting point for one of the 
branches in topology, viz., combinatorial or algebraic topology. The method of in¬ 
vestigation is to associate geometric figures using a rule that is common to all the 
figures with algebraic objects (e.g., groups, rings, etc.) so that certain relationships 
between the figures correspond to the algebraic relationships between the objects. 
Studying the properties of algebraic figures sheds light on the properties of 
geometric figures. The algebraic objects constructed by Poincart are nothing but 
homology groups and the fundamental group. 

The development of the method of algebraic topology Inevitably led to concur¬ 
rence with the ideas of set-theoretic topology (G. Cantor, between 1874-1895; 
F. Hausdorff, between 1900-1910). Even Poincart himself set the task of generaliz¬ 
ing the concept of geometric figure for spaces of more than three dimensions and of 
investigating their qualitative properties. This generalization induced the introduc¬ 
tion of the notion of topological space, now a fundamental idea pervading all 
mathematics. It not only had an impact on the investigation of geometric figures in 
finite-dimensional spaces, but, due to the development of the theory of functions of 
a real variable and functional analysis, it also led to the construction of function 
•paces, which are, as a rule, infinite-dimensional. 

‘The first fairly general definitions of a topological space were given in the work 
by frichct. Riesz and Hausdorff. The complete definition of a topological space 
was given by the Polish mathematician K. Kuratowski and by P. S. Alexandrov' 
(421. 

Topological spaces, their continuous mappings, and the study of general proper¬ 
ties have made up one branch of topology known as ‘general topology’. 

The merger of the algebraic and set-theoretic schools in topology was ac¬ 
complished by L. E. Brouwer in his work devoted to the notion of the dimension of 
a space (1908-1912). The unified approach was considerably developed by 
.1. W. Alexander, S. Lefschetz, P. S. Alexandrov, P. S. Uryson, H. Hopf, 
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L. A. Lusternik, L. G. Schnirelman, M. Morse, A. N. Tihonov, L. S. Pon- 
Iryagin, A. N. Kolmogorov, E. Cech, ct al. Soviet mathematicians have made a 
profound and extensive contribution to the development of topology as a whole. 

To describe precisely the results obtained (and even to pose problems) is impos¬ 
sible without being acquainted with the elements of general and algebraic topology. 
Here, we give merely some idea of the problems that have stimulated topological 
research. 

If S' is a circumference on the Euclidean plane/! 2 then the set /! 2 \S' decom¬ 
poses into two mutually complementary open sets, viz., the interior A and the ex¬ 
terior B of S’. The circumference S 1 serves as a separator between A and B. Can a 
simple continuous path be drawn from an arbitrary point a e A to an arbitrary 
point b e B so that it does not intersect the separator S'? (A simple continuous 
path is a homeomorphic mapping of the line-segment (0, 1] of the number line into 
the plane.) The answer is negative. In fact, if p (x, y) is the Euclidean distance be¬ 
tween points x,y of the plane/! 2 and y(t) is such a path, 0 < t ^ I, y(0) = a, 
-y(l) = b. then the function/(f) = p(y(f), 0), where 0 is the centre of the cir¬ 
cumference, is continuous, and/(0) < r,/(l) > r, where r is the radius of the cir¬ 
cumference S 1 . By a property of continuous functions,/(r) takes the value r at a 
point f 0 . Therefore, e S 1 . 

Let us substitute a homeomorphic image P of the circumference S 1 (such a curve 
is said to be simple closed) for the circumference itself. A question arises as to 
whether S J \F can be partitioned into disjoint open sets so that the curveP remains 
the border of each of them. The answer is positive (the Jordan theorem), but the 
proof Involves subtle topological concepts. And this time again the curve r is the 
separator between two open sets. 

The problem gets still more complicated if a homeomorphic image of an 
u-dimensional sphere lying in the (n l)-dimensionai Euclidean space is con¬ 
sidered instead of a simple closed curve. The generalization of the Jordan theorem 
for this case was carried out by L. E. Brouwer in 1911-1913. A more extensive 
generalization of the result led to the creation of duality theorems (Alexander, Pon- 
tryagin, Alexandrov et al.) which shaped the development of algebraic topology for 
a long time thereafter. 

Another important problem was the generalization of the concept of dimension. 
The dimension of a Euclidean space is well known as an algebraic concept, but is it 
also a topological concept? That is, will homeomorphic Euclidean spaces be of the 
same dimension? Lebesgue found in 1911 that the answer is positive. 

As to geometric figures lying in Euclidean spaces, it is the notion of dimension 
that should have been formulated for them first. An idea concerning such a defini¬ 
tion had been expressed by H. Poincart himself. The dimension of the empty set is 
assumed to equal (—1). Now, by induction, if we know what is meant by dimen¬ 
sions less than or equal to n — I. then the dimension n of a set signifies that it can 
be separated into parts that are as small as we please by a set of dimension n - I 
and cannot be partitioned by a set of dimension n — 2. These ideas were elaborated 
by Brouwer, Monger, Uryson, Alexandrov et al. \ 

Another important direction in topology, which is closely related to applica¬ 
tions. is fixed-point theory. We encounter, even in algebra and the elements of 
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analysis, the question whether or not there exist solutions of equations of the form 

/(*) - 0 , ( 1 ) 

wherc/(x) is a polynomial or more complicated function. Equation (1) is equivalent 
to the equation 

/Or) + x = x (2) 

or, when Fix) = /Or) + x, to the equation 

Flx)=x. (3) 

The solutions of equation (3) are called (he fixer! points of the mapping F. If 
equation (1) is vector, i.e., if it is a system of equations in several unknows, then the 
equivalent equation (3) is also vector and, therefore, the fixed points lie in a many- 
dimensional Euclidean space. 

An extremely important task is to find sufficiently general and effective tests 
that will indicate if Fixed points exist. Brouwer obtained a remarkable result that had 
very extensive applications in modern research. It is surprisingly simple to for¬ 
mulate: any continuous mapping of a bounded, convex, closed set into itself has a 
fixed point. Convex sets may be considered both in the three-dimensional and 
many-dimensional Euclidean space. For example, a continuous mapping into itself 
of a dosed (i.e., considered along with its boundary) disc in a plane or ball in a 
space necessarily has a fixed point. 

Exercise 2°. Show that an analogue of the Brouwer theorem for an annulus does not 
hold true. 

The Brouwer theorem was developed by H. Hopf, S. Lefschetz et al. It was 
also generalized for the mappings of function spaces (Kellog, Birkhoff, Schaudcr, 
Leray) which extended its applications. It should be noted that even H. Poincare 
himself was interested in the existence theorems for fixed points when reducing cer¬ 
tain problems In celestial mechanics to them. 

We emphasize that the three problems described above do not make up the 
whole set of topological problems at all. Consider another.example. Riemann in¬ 
troduced the notion of n-dimensional manifold, i.e., a space in which all the points 
possess n. numerical coordinates defined at least on sufficiently small parts of the 
space. As a generalization of the notion of surface in the three-dimensional Eucli¬ 
dean space, the notion of manifold has embraced quite a number of geometric ob¬ 
jects that arise from classical mechanics, differential equations and surface theory. 
Poincati gave the final shape to the concept of manifold and developed elements of 
analysis For such spaces. 

These concepts were elaborated in smooth manifold theory (G. de Rham, 
L. S. Pontryagin, H. Whitney et al.). Following the algebraic topology method, 
these spaces were associated with new algebraic objects, i.e., with ‘the exterior dif¬ 
ferential form cohomology rings'. Smooth manifolds themselves were also 'organiz¬ 
ed’ into a ‘ring of interior homologies’ (cobordism ring) (V. A. Rohlin). The ac¬ 
cumulation of various algebraic objects in algebraic topology led later to the 
emergence and development of the so-called 'homological algebra'. 

In the post-war period algebraic topology has been essentially restructured. By 
the beginning of the fifties many results of algebraic topology had been ac- 
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cumulated due to the research of such mathematicians as Hopf, Ponlryagin, 
Whitney. Steenrod, Eilenberg, MacLanc, Whitehead el al. It then became 
necessary to work out a unified approach to all the various data that have been ob¬ 
tained and to create new general methods. This restructuring of topology was 
generally influenced by the French topological school (Leray. Cartan. Sene el al.). 
In particular, this development led to the formally complete solution of the fun¬ 
damental problem of homotopy theory (M. M. Postnikov), although the problems 
related to the determination of the homotopy type of concrete spaces are still a long 
way off solution. 

The development of topology over the last 20 years has reached a high level in 
many directions. This process of developing has still not finished, although a 
number of the important problems that have faced topologists were solved. An ac¬ 
tive part in this has been taken by Soviet mathematicians. We cannot give even a 
short description of these directions, and so we shall only emphasize one important 
feature of modem topology, i.e., the very wide use of its methods in many of the 
other branches of modem mathematics such as those dealing with differential equa¬ 
tions, functional analysis, classical mechanics, theoretical physics, general theory of 
relativity, mathematical economics, biology, etc. Topology has become a powerful 
instrument of mathematical research, ami its language acquired a universal import¬ 
ance. 

Details of the developments in topology may be found in History of Soviet 
Mathematics [42). 

2. GENERALIZATION OF THE CONCEPTS 
OF SPACE AND FUNCTION 

1. Metric Space. We have already mentioned that topology has worked out an 
essentially wider concept of space than that of Euclidean. Wc shall consider the no¬ 
tion of metric space (which is less general than that of topological space) as our first 
step both because of its greater simplicity and due to the wide use of this notion in 
modern mathematics. 

In the Euclidean space R 3 , the distance p (x,y) is defined for each pairx.y of its 
points. The distance e possesses the following properties: 

I. p(x, y) Is 0 for any x. y. 

II. p(x, y) = 0 if and only if x = y. 

Ul.p(x,y) = p(j\x). 

IV. p(x, y) < p(x, z) + p(z, y) for any x.y.ze R 1 II. * IV. (the triangle inequality). 

Thus, a distance is a real function of a pair of points (x, y) satisfying Properties 
I-IV. Functions like this can exist not only on R 3 but also on other kinds of sets. 
Exercises. 

1”. Let X be an arbitrary set. Pul p(x, y) = 0 if x and y are coincident elements of 
X, and p (x, y) - 1 otherwise. Show that such a function p satisfies Properties I-IV. 
2°. Let ({f 2 , { j) be the coordinates of a point xe R 3 . Show that the function p(y, 
y) = - ij ( l, where (jj,, ij 2 , ij 3 ) are the coordinates of a point yeS 1 , 

also satisfies Properties 1-IV. 
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The functions n from Exercises 1 and 2 are naturally called the distances between 
the elements of the corresponding sets. 

To introduce a general concept of distance, recall the definition of the product 
of two sets. If A and Y are two sets then their product X x Y is the set consisting of 
all ordered pairs (jc, y), where are A - , y e Y. In particular, the product X x X is 
defined. 

DEFINITION 1. A set A - along with the mapping p: X x X —■ R 1 (into the number 
axis), associating each pair (y,y)eX X X with a real number p (x, y) and satisfying 
Properties I-1V, is called a metric space and denoted by (A, p). 

The mappings is called the distance or metric on the space X. The elements of A 
are usually called points. 

Any set may be made into a metric space by endowing it with the metric 
described in Exercise 1®. Such a metric space is said to be discrete. However, this 
way of ‘metrization’ is not very effective. 

Example l. Let X C if 3 be a subset of a Euclidean space. A distance in ft 3 may 
simultaneously serve as a distance in X. The metric on A is obtained then by restrict¬ 
ing the metric on A 5 . ♦ 

If (A, />) is a metric space and Y C A is a subset, then (Y, p) is also a metric 
space, where p\ Y x V — /? 1 is a restriction of the mapping p: X x A — R *. 

The metric on Y Is said to be induced by (to be hereditary from) the metric on A, 
and Y is said to be a subspace of the metric space X. 

A number of examples of metric spaces naturally arise from problems in 
analysis. 

EXAMPLE 7. Consider the set of all continuous functions on the line-segment |0, 1], 
It is denoted usually by C (0, 1|- If x(t), y(r) are two continuous functions from 
C, 0 . || then set 

plx.y) = max lx(f)-/(f)l. (I) 

i«i». n 

Exercise 3“. Verify that function (1) is a metric. ♦ 

The set C [0 ,j together with the metric described above is called th e space of con¬ 
tinuous functions', it plays an important role in analysis. 

Exercises. 

4°. Let A be an arbitrary set, and A the set of bounded real functions on A. If 
/: A.— R ', g: A — A 1 are arbitrary elements of A, then we put 

p(f.g)~ sup \f(t) - g(r)l. 

It A 

Show that p is a metric on A. 

5°. Let p be a prime number. If n > 0 is an integer and, when decomposed into 
prime factors, contains a power p", then we put v p (n) => a. Extend the function v p 
from the set of positive integers to the set Q\0 of rational numbers without zero 
using the formula v p (±rfs) = v p (r) - v p (s). Put 

plx.y) = p'** 0 '~ y) , x * y, 
p(X,x) = 0 
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for arbitrary x,y from Q. Show that the function ptr.y) is defined correctly and is a 
metric on Qip-adic distance) 

2. Convergent Sequences and Continuous Mappings. The notions 
that generalize the initial concepts of mathematical analysis can be introduced 
naturally for a metric space ( X , p). 

A mapping n — x„ of the set of natural numbers into a metric space C X , p) is 
called a sequence of points of this space and denoted by |x n j. A sequence (jr„i is said 
to converge to a point a (to have a limit a) if for any e > 0, there is a natural 
number n 0 (e) such that plx„. a) < c for all n ^ n 0 (e). 

This is often written thus: 

x„ ~ a, or just x„ — a. 

Exercise 6°. Let (x„ = ((”, £f)i he a sequence of points of the three-dimensional 

Euclidean space, and p the Euclidean metric. Prove that x„ — a if and only if 
(7- i? (/ = 1. 2, 3) aso- oo, where a - (£», & J°). 

By considering a sequence of continuous functions*„(»), 0 ^ t < 1, to be a se¬ 
quence in the metric space C (0> ,j, we may speak of the convergence of this sequence 

to an element jr 0 = x 0 (t): x„ — x 0 . Such a convergence is often said to be uniform 
on the segment (0, 1). 

Exercise 7°. Show that the sequence of functions x„(t) = n 2 te~ n ‘ on the segment 
0 < t % 1 converges to the zero function for any r but does not converge uniform¬ 
ly- 

We now define the notion of continuous mapping of a metric space (2f, p ( ) into 
a metric space (V, pj). 

DEFINITION 2. Let/: X — Y be a mapping of a set X into a set Y. If, for any point 

x 0 eX and any sequence x r — x a in X, the sequence of the images in Y converges 

to /(jtq): f{x„) — fixo>- then the mapping/ is called a continuous mapping of the 
metric space (X, P]) into the metric space (Y. pj). 

This definition is evidently a generalization of the concept of continuous 
numerical function; it covers a great deal of mappings of geometric figures in Eucli¬ 
dean spaces. 

If the property of continuity given by Definition 2 is considered at a certain 
point J'fj. then a definition of a continuous mapping at the point x n is obtained. 
Exercises. 

8°. Let S 2 be a sphere in the Euclidean space K 3 with its centre at the origin. Putting 
fix) « —x (it is a point symmetry), prove that/is continuous. 

9°. Give an example of a continuous mapping of a plane square into itself that has 
fixed points only on the boundary. 

Obviously, an equivalent definition of a continuous mapping uf metric spaces 
may also be given in terms of c, 6 

A mapping f\ X - Y is continuous if for any x 0 eX and for any e > 0, there is 
8 = 8(c, Xo) > 0 such that Pj(/(x), /(*„)) < c as soon as p t (r, Xq) < 6. 
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If, in this definition, i does not depend on ihe choice of the point x 0 , then the 
mapping/ is said to be uniformly continuous, 

Exercise 10°. Let/: R 1 — R 1 be a continuous function. Prove that the mapping 
F: C [0 ,| — Cj 0 ,|. where Fx(t) = /fcr(0). is continuous. 

Remember that a mapping of sets/: X — Y is said to be surjective if each ele¬ 
ment from Y is the image of a certain element from X ; injective if different elements 
from X are mapped into different elements from Y\ bijeettve if a mapping is both 
surjective and injective simultaneously. 

We now have to define a homeomorphism of metric spaces. 

DEFINITION 3. A mapping/: X — Y of metric spaces is called a homeomorphism. 
and the spaces X, Y homeomorphic if (1)/is. bijective, (2)/is continuous, and (3) 
the inverse mapping/" 1 is continuous. 

This definition is a more precise way of expressing the idea of homeomorphic 
figures which we discussed intuitively in Sec'. 1. Thus, the notion of the topological 
properties of figures also gains firmer ground: the topological properties of metric 
spaces are those which are preserved under homcoraorphisms. Homeomorphic 
metric spaces are said to be topologically equivalent. 

Exercises. 

II 0 . Prove that (I) an annulus inf? 2 is homeomorphic to a cylinder inR 3 ; (2) an an¬ 
nulus without boundary (the interior of an annulus) is homeomorphic to R 2 without 
one point, and to S 1 without two points. 

12°. Show that the mapping of the half-interval [0, I) onto the circumference in the 
complex plane given by the function z = e n *', 0 < t < I , is not a homeomor¬ 
phism. 

13°. Prove that (I) a closed ball and a closed cube in At 3 are homeomorphic; (2) the 
sphere S 1 with exclusion of the point N (this is the space S 2 \ N, where N is the 
north pole of the sphere) is homeomorphic lo the plane R 1 . {Hint : Use the 
stereographic projection.) 

If a mapping /: X — Y is a homeomorphism onto its imag ef{X) considered as a 
subspace in y, then / is called an embedding of the space X into T. 

The following example of an embedding is often used: X C y, fix) = x. 


3. FROM A METRIC TO TOPOLOGICAL SPACE 

1. The ‘Gluing’ Method. We now discuss a concept of snace more general 
than a metric space, viz., the concept of topological space, and give some initial 
ideas about such spaces. Firstly, we describe a way of constructing new spaces which 
immediately lakes us outside the purview of metric spaces. 

Let ( X , p) be some metric space (in order to visualize one, think of A" as a certain 
subset of the Euclidean space R 3 ). Let X be divided into disjoint subsets A a : 

X = U A a ; A a O Ag * 0 if a * 0. 

If all the points from X that are in some A n are called equivalent and ‘glued’ to one 
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point* fl„. then a new set Y = U a Q is obtained. This is called the factor set relative 
to a given equivalence. Note that Y is not a subset of X. Therefore, the me trie p has, 
generally speaking, nothing to do with the 'space’ Y. 

A number of well-known surfaces in the Euclidean space can be obtained by glu¬ 
ing other surfaces together. Consider some of them. Let A" be a rectangle (Fig. 1). If 
those points on ab and cd which lie on a common horizontal, are ‘pasted’ together, 
then a factor set that can be identified with a cylinder is obtained (Fig. 2). If the 
points on the sides ab and dc that are symmetric with respect to the centre O of the 
rectangle are ‘glued’ together then a MObius strip is obtained (Fig. 3). 

A MObius strip can be made of a sheet of paper by pasting together the opposite 
sides in an appropriate manner. This can be used to demonstrate visually a number 
of the properties of the MOblus strip. 

The Mbbius strip has many remarkable properties; it has one edge (the closed 1 
line adbca ) and, in contrast to a cylinder, it has one side because it can be painted 
one colour with a continuous movement of the brush without passing over the edge 
(these properties are easy to see on a paper model). The MObius strip is a non- 
orientablc surface. Remember that a surface is said to be orientable if any suffi¬ 
ciently small circle on the surface with a fixed direction of the journey along its 



Fig. 2 Fig. 3 


• Strictly speaking, this means that each set A o of equivalent points from X is considered 
as one element of the new set. 
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Fig. 5 


Fig. 6 


boundary, during any 'smooth' shifting across its surface, preserves the original 
direction of the journey along the boundary (the circle is assumed not to intersect 
the edge of the surface); otherwise, the surface is termed non-orientable. The non- 
orientability of the MObius strip is clear from Fig. 4. 

If the sides ab and cd of the sheet abed are pasted together so that each point of 
ab meets that point of cd which lies on the same horizontal, and at the same time the 
sides bd and ac are pasted together so that the points on common verticals meet, 
then we obtain a surface called a torus * (Fig. 5). 

If, however, ab and cd, as well as bd and ac, are glued together so that the poials 
which are symmetric with respect to the centre O meet (Fig. 6). then the factor set 
cannot be represented as a figure in the three-dimensional Euclidean space. More 
exactly, such an attempt to paste equivalent points together would lead to a surface 
that would pierce itself without selfintersccting. We could only place this surface in 
R 3 by tearing it apart in a convenient manner, but this would violate our tacit prin¬ 
ciple of the 'continuity' of gluing (i.e., the points that are near to equivalent points 
remain near points after gluing again). The obtained factor set is called the projec¬ 
tive plane and denoted by R/ 5 . 

Note that (he rectangle abdc is homeomorphic to a disc with the boundary abdc, 
and the projective plane can also be described as a disc (Fig. 7) whose diametrically 
opposite boundary points are glued together or. finally, as a hemisphere whose 
diametrically opposite boundary points are glued together into one point (Fig. 8). 




if not staled otherwise, by torus the surface is meant throughout the book (ir.). 
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Thus, forming the factor sets in the first three cases leads to figures in the Eucli¬ 
dean space R 1 again, and gives a new object in the last case. 

Exercises. 

1°. Verify that cylinders, tori, and spheres are orientable surfaces, whereas the pro¬ 
jective plane is non-orientable. 

2°. Obtain, by an appropriate gluing operation (factorization), a circumference 
from a line-segment, a sphere from a disc, a circumference from R 1 , and a torus 
from R 2 . 

2. On the Notion of Topological Space. We can see now how the idea 
of a topological space comes into play. We mentioned above that a factor set cannot 
always be placed in a metric space in a natural manner and therefore a metric deduc¬ 
ed for the set. One of the functions of a metric is lo characterize how near two 
points are, and in the definition of a continuous mapping, a metric plays this role 
(cf. Sec. 2). To geometrize the notion of nearness, consider a ball 

D,(x<J = 1* e X: p(x, jtq) < r\, r> 0, 

with centre at the point Jt 0 and radius r. A point Jt is e-ncar to the point jr 0 if 
*€Z? e (Jto). 

It is easy to verify that the continuity of a mapping/: X — Y of two metric 
spaces can be described in an equivalent manner thus: let xr 0 6 X be an arbitrary 
(fixed) point and y 0 = /(*<,) an element of Y; then for any ball D e (y£, there is a ball 
OjCco) such that/ODjfro)) C 

The continuity of a mapping may be now said to signify the preservation of the 
nearness of points. The concept of nearness allows us to formulate exactly that of 
neighbourhood of a point: a part 0 of a metric space is a neighbourhood of a point 
*0 in Q if each point, which is sufficiently near to x 0 , belongs to 0. Thus, 
neighbourhood structures arise in metric spaces. 

‘Nevertheless, the spaces so defined have a great many properties which can be 
stated without reference to the ‘distance' which gave rise to them. For example, 
every subset which contains a neighbourhood of jr 0 is again a neighbourhood of x 0 , 
and the intersection of two neighbourhoods of x 0 is a neighbourhood of * 0 . These 
properties and others have a multitude of consequences which can be deduced 
without any further recourse to the ‘distance’ which originally enabled us to define 
neighbourhoods. We obtain statements in which there is no mention of magnitude 
or distance’ (18, p. 12). 

If, in a set X, a distance is not introduced, then the nearness does not have an 
exact meaning and the above definition of a neighbourhood is inappropriate. 
However, the inverse process proves effective, i.e., each element x 0 e Xis associated 
with a certain collection of subsets (Otx^ of the set A" so as to fulfil the main prop¬ 
erties (axioms) of neighbourhoods. This collection is then called a system of 
neighbourhoods and the elements from the neighbourhood OCx^) are said to be 
Q-near to Jt 0 . The set X is then said lo be endowed with a topological structure, or a 
topology and called a topological space whilst the elements of X arc called points. 

’Once topological structures have been defined, it is easy to make precise the 
idea of continuity. Intuitively, a function is continuous at a point if its value varies 
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as little as we please whenever the argument remains sufficiently near the point in 
question. Thus continuity will have an exact meaning whenever the space of the 
argument and the space of values of the function are topological spaces’ (18, p. 13]. 

Thus, replacing the balls in the definition of a continuous mapping by 
neighbourhoods, we obtain the notion of continuous mapping, and then the defini¬ 
tion of a homeomorphism of topological spaces. Homeomorphic topological spaces 
are called topologically equivalent. 

Example. Let C be the complex plane. The extended plane of a complex variable 
C - C U ® is a topological space: the spherical neighbourhoods of points z e C 
and the neighbourhoods of the point ■» of the form 

D r (o») = (r <= C: Ul > r] U «, 

and also subsets containing them, form a topological structure on C. 

Exercise 3°. Prove that the extended complex plane is homeomorphic to the sphere 
S 2 , the north pole N being the image of the point o>, and the south pole the image of 
the point 0. 

Hint: Use the stereographie projection S l \N onto the equatorial plane C, viz., 

x + iy , 

u= - (x.y,z)e S 1 '\N. 

I - Z 

In the case of factor sets, a topological structure naturally emerges from a 
topological structure in a metric space by gluing neighbourhoods together. Thus, a 
factor set becomes a topological space (factor space). 

3. Gluing Two-Dimensional Surfaces Together. Let us study in more 
detail the factor spaces that are obtained by gluing together plane figures. Consider 
a polygon II in the plane R 2 and induce a metric from R 2 on it. The spherical 
neighbourhoods of a point x e n obviously consist of the intersections with II of 
open discs having centres at.x. Thus sufficiently small spherical neighbourhoods of 
the point x are open discs if x does not lie on the boundary of the polygon, and are 
sectors of an open disc (together with the boundary radii) if x lies on the boundary 
(Fig. 9). 

Let there be two polygons n and Mark one side of each, a and a', respec¬ 
tively. II and II' can be glued along these sides, thus producing the homeomorphism 
a : a — o'. We declare the image and the inverse image equivalent. The topology of 
the factor space (fl U II' )/R respective to this equivalence consists of open discs for 



Fig. 9 


Fig, 10 
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interior points 0rgn. jr'elT), the sectors glued together for equivalent points 
xea, x' e a", and the sets containing the mentioned neighbourhoods, Fig. 10 il¬ 
lustrates the case when identifying is done by joining the polygons along the equal 
sides a and a'. 

Similarly, two sides of the same polygon can be giued together (see the examples 
in Item 1). 

Exercises. 

4°. Describe the topologies of a cylinder, torus. Mobius strip, and projective plane. 
5°. Verify that the examples of factor spaces (in Item I) are homeomorphic to their 
realizations in the Euclidean space R 3 . Verify that different models (Figs. 6, 7 and 
8) of the projective plane are homeomorphic. 

Consider now the gluing of surfaces. Let us paste together the sides of a pen¬ 
tagon as shown in Fig. 11. The arrow-heads denote the gluing rule for correspond¬ 
ing sides (the beginning of one oriented line-segment is glued to the beginning of 
another, and the end of the former to the end of the latter). The designations a. a* 1 
remind us of the necessity, when identifying equivalent points, to traverse along the 
side a clockwise on the boundary of the polygon, and counterclockwise along 
the side a ~ * (in other words, the sides with opposite orientation are glued). The glu¬ 
ing scheme is described by the formula aba~ x b~ 'c. It is easy to sec that this factor 
space may also be obtained in another topologically equivalent way (Fig. 12): here, 
the factor space is represented by a torus wittfe cut-out along the curve c (Fig. 13, 
the dotted line denotes where aa~ l and bb~ 1 were glued). A torus with a hole is 
termed a handle. 

Consider the gluing of two adjacent sides of a triangle. If the orientations are 
opposite, i.e., the gluing scheme is aa~ x c (Fig. 14), then the factor space is 
topologically equivalent to a sphere with a hole (Fig. 15). 

Consider the gluing of two adjacent sides with the same orientation, i.e., accord¬ 
ing to the scheme aac (Fig. 16). We represent this triangle as two right triangles 
glued together along the common height d (Fig. 17) with the indicated orientation. 
Now we change the order in which they are glued: firstly, identify the hypotenuses 
a, and then the legs d (Fig. 18). A Mobius strip (cf. Fig. 3) is obtained, the final fac¬ 
tor space being homeomorphic to the original (Fig. 16). 
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Now, if a disc is cut out of the sphere S 1 , then either a handle or a MObius strip 
can be glued along the available edge e. The latter can be represented as the cir¬ 
cumference S l (the boundary of the circle which has been cut out). In the first case, 
a torus is obtained (Fig. 19) (verify the topological equivalence of the figures in the 
drawing), in the second the projective plane KP 1 . Let us verify this. 

The projective plane (see Fig. 8) is topologically equivalent to the factor space 
drawn in Fig. 20. In fact what remains to show is that the upper ‘cap’ is a MObius 
strip with the edge c. Representing It as an annulus where diametrically opposite 
points of the inner circumference are identified, we can topologically transform it to 
a MObius strip (Fig. 21). 

The further constructions can be continued in two ways: (1) by cutting p discs 
out of the sphere and gluingp handles to them; (2) by cutting out q discs and gluing 
q MObius strips to them. Thus, two series of surfaces may be obtained: 

M a ,M x ,M 2 . M p ./V„JV 2 ,- N q - (I) 

(Mo and N 0 are obviously the sphere S 1 ). 

We shall discuss the properties of these surfaces. First of all, it is easy to sec that 
they are obtained from a finite number of convex polygon; by gluing together their 
sides and subsequent topological transformations. Such spaces are said to he finitely 
triangulable, and partitioning of the space into ‘curvilinear’ polygons is called a 
triangulation. The surfaces M p . N q are connected, meaning that they consist of a 
whole ‘piece’ and do not split into two mutually exclusive sets of polygons. This 
fallows from the fact that any two vertices of the triangulation polygons are joined 


a a e 


e e' c" c" e" 
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Fig. 18 
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Fig. 19 




Fig. 20 


by a continuous path made up of their sides. The surfaces under consideration do 
not have a boundary, since each boundary side of the polygon has been glued to one 
(and only one) side. Hence, each point of such a surface has a neighbourhood 
homeomorphic to an open disc; these spaces are called two-dimensional manifolds. 

Finitely-triangulable connected two-dimensional manifolds are said to be timed 
surfaces. If we did not glue together all the pairs of the sides of the polygons, and 
left some sides free, we would obtain a nonclosed surface (or a surface with boun¬ 
dary). A point on the boundary would have a neighbourhood homeomorphic to a 
semicircle. An example is the sphere S 2 with several holes. 

Note also that the surfaces are orientable, and can be placed into l? 3 as two- 
sided surfaces without self-intersections. By contrast, the surfaces N q are non- 
orlentable (they are called one-sided like the MObius strip) and cannot be embedded 
in R 2 without self-intersections (but can be in R*]). 

It is shown in Ch II that any closed surface is homeomorphic to an M p - or N„- 
type surface (the numbers p, g arc called ih egenus of the surface). The surfaces M p 
and N q , q > I, are never homeomorphic, since the orientability of a surface is a 
topological property. Two different M p - and Af^ -surfaces (or N„- and N q - 
surfaces) cannot be homeomorphic either (see the next item). Thus, the list in (1) is a 
complete topological classification of closed surfaces. If p handles and q > 1 
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MObius strips (having made p + q holes) are glued to a sphere then the obtained 
surface is topologically equivalent to a sphere to which 7p + q MObius strips are 
glued. 

Exercises. 

6°. Glue a cylinder to the boundaries of a sphere with two holes. Prove that the ob¬ 
tained surface is homeomorphic to a sphere with a handle glued to it, i.e., a torus. 
7*. Show that an annulus and a MObius strip can be obtained from a disc by gluing 
the boundary of the latter to two sides of a rectangle. 

8°. Prove the equivalence of the following definitions of HP 1 to those given above: 
(i) diametrically opposite pairs of points are identified in S 2 , (ii) the edge of a 
MObius strip is shrunk into one point; (ii!) the edge of a MObius strip is glued to a 
disc by a certain homeomorphism of the boundary circumferences. 

9°. Define by identifying diametrically opposite points of the circumference 
S*. Show that (i) RP 1 is homeomorphic to the circumference S 1 ; (ii)./?/' 1 C RP 2 ', 
(iii) there is a neighbourhood of RP 1 in RP 2 which is homeomorphic to a MObius 
strip. 

10°. Prove the equivalence of the following definitions of the Klein bottle: (i) two 
MObius strips glued along (heir boundaries; (ii) an annulus with the boundary cir¬ 
cumferences glued together and with their circumnavigation directions reversed; (iii) 
an annulus to each of whose boundaries a MObius strip is glued. 

A topological space which is homeomorphic to a convex polygon is called a 
topological polygon. Accordingly, we define the images of the vertices (resp. sides) 
to be the vertices (resp. edges) of the topological polygon. Without loss of generali¬ 
ty, a triangulation of a surface may be assumed to consist of topological polygons 
which are edgewise adjacent to each other (to carry this out, the convex polygons 
whose sides are identified to obtain the surface should be divided a priori into suffi¬ 
ciently small polygons such as triangles). Hereafter, only such triangulalions are 
considered. 

For any triangulated surface n, we define the number x(IJ) — e — k + f, 
where e is the number of vertices, k the number of edges and / the number of the 
triangulation polygons, which is known as the Euler characteristic of the surface II. 
It possesses the remarkable property that it does not depend on a triangulation, i.e., 
is a topological invariant of (he surface. 

Exercise 11°. Verify that the Euler characteristic of the sphere S 2 equals 2, that of a 
torus zero, that of a disc unily, (hat of a handle minus one, and that of a MObius 
strip zero. 

It is easy to prove the topological invariance of x(S 2 ) using the Jordan theorem * 
which slates that any simple dosed curve, i.e., a curve which is homeomorphic to 
the circumference, splits the sphere or the plane into two disjoint regions, their 
boundary coinciding with the curve. 

Thus, consider a triangulation of S 2 . it can be achieved gradually by fixing a 
vertex (•) and drawing one edge after another; we draw the first edge from the 
vertex (•) to a new vertex, and then take care that each subsequent edge should 


The proof of the Jordan theorem is quite long, and we do not give it here. 
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begin at the vertex of an edge already drawn. We count the number of the obtained 
vertices e, edges A. and regions/that are bounded by a simple closed curve made up 
of the edges at each step. At first, we put e = 1, k = 0./ = 1 (when we have the 
vertex (») and its complementary region), ft is easily seen that the number 
e - k + / remains unaltered after adding each new edge. In fact, if an edge comes 
to a new vertex then no new regions emerge and the numbers e and k arc both in¬ 
creased by I. If the new edge joins two of the original vertices then it will close a cer¬ 
tain edge path and a new region will emerge (by the Jordan theorem). Thus, k and/ 
will both be increased by unity, and e will remain unaltered. Having drawn the last 
edge, we shall completely restore the triangulation, and then e - k + f - *(S 2 ). 
Originally, e - A + / = 2, therefore, x(S 2 ) = 2. 

If n,, n 2 are two surfaces with boundaries /,, / 2 which are homeomorphic to S 1 , 
then they can be glued boundariwise in accordance with the hotneomorphism 
a: 1 1 — /j. Let O, U a n 2 denote a factor space. We shall prove the formula 

X0I, U„ IIj) = xfflj) + xffhj). (2) 

Let us triangulate II j and n 2 so as to obtain homeomorphic triangulations (the 
triangulation of S 1 being made up of I vertices and the same number of edges) on 
the boundaries / 2 . After gluing, the number of vertices is equal to e, + e 2 — /, 
that of the edges to A, + A 2 - /. and that of the polygons to/, + / 2 . Formula (2) 
follows from the equality 

(«j + e 2 - I) - (A, + A 2 - /) + (/■, + Si> = (f, - A, +• /,) + (e 2 - A 2 + /J. 


Formula (2) is sometimes convenient for calculating the Euler characteristic. 

Let p S 2 be a sphere with p holes. If p discs are glued back, then we obtain S 2 . 
Formula (2) yields the equality x(S 2 ) = xL s2 ) + P. whence x(_S 2 ) = 2 — p. 

The surface M p is obtained by gluing ^.V^to p handles whose Euler characteristic 
equals —1. From (2), we obtain that x(M p ) =2 - 2p. Similarly, x(A'„) = 
= 2—<j, since the Euler characteristic of a Mpbius strip equals zero. Since 
X(Mp,) = xOHpjfonlyifp, = p 2 , andx(N, t ) = X(N ?j ) only if q, = q 2 , the sur¬ 
faces M P| , M pj cannot be homeomorphic when p, *■ p 2 due to the topological in¬ 
variance of the Euler characteristic, nor can the surfaces iV y( , N q be homeomorphic 
when o, * o 2 . 

Other interesting applications of the Euler characteristic can be found in the 
theory of convex polyhedra. The surface of a convex polyhedron can be imagined to 
have been glued together from a finite number of convex polygons (its faces) respec¬ 
tive to the identity mappings of the edges glued. We immediately obtain the Euler 
formula for a convex polyhedron: 

“o “ “i + <*2 ~ 2 - 

where a 0 is the number of vertices, a ( the number of edges, and a 2 the number of 
faces of the polyhedron. In fact, the left-hand side is the Euler characteristic of the 
surface of the polyhedron which is obviously homeomorphic to S 2 . 

If m faces meet at each vertex, and each face is a convex n-gon, then the 
polyhedron is said to be of type [n.m). If the n-gons are regular then the polyhedron 
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is said to be regular. If the type (/?, m) is known, then ct 0 , a,, a 2 can be calculated. In 
fact, m edges meet in each vertex, therefore ayn = 2 a,; since there are n edges tn 
each face, oryi - 2a, (each edge joins two vertices and two faces). Thus, 

°o _ J*j_ _ “2 = a o ~ °> + a i 
m" 1 = 2 ~ 1 n" 7 m~' - 2“* + n~' 

_ 2 _ 4 mn 

m~* — 2 ~ + n -1 In + 2m — mn 

whence the values of a 0 , a,, and « 2 can be calculated. The natural requirement for 
of 0 , or,, and a 2 to be positive leads to the inequality for positive integers n, m ' 

2n + 2m - nm > 0 - (n - 2 )(ot — 2) < 4. 

It is easy to conclude that there are five solutions all in all: 

13.3|. (4.3), (3.4). (5.3). (3.5). (3) 

Five kinds of regular polyhedra are known from elementary geometry, viz., 
tetrahedron, cube, octahedron, dodecahedron, and icosahedron whose types are 
precisely what is given in (3). 

Thus, a complete list of the [n, m)-type polyhedrons has been given. 

4. THE NOTION OF RIEMANN SURFACE 

One of the ways leading to the basic topological concepts is to study algebraic 
functions and their integrals; it was discovered by Riemann as early as the middle of 
the last century. 

Consider the algebraic equation 

•+■ d,U)iv" “ 1 + . . . + o„(z) » 0 , a 0 (z) * 0 , (I) 

with complex coefficients that are polynomials of a complex variable z; its roots are 
functions w = w(z) in z, and analytic under certain conditions. For example, if all 
the roots of equation ( 1 ) are different at a point z 0 , then there exist n functions 
w,(z), i *= I, .... n in the neighbourhood of the point z 0 that depend on z 
analytically. 

An analytic function w » w(z) satisfying equation (1) is called an algebraic 
function. Equation (I) determines several branches w,(z) of algebraic functions 
whose number will vary, generally speaking, and which change into one another as z 
varies. Consequently, mathematicians speak of a many-valued algebraic function 
w(z) determined by equation (1) and of its branches iv,(z). Riemann proposed that 
the z-ptane C be replaced by a surface on which the function w(z) will be one¬ 
valued, while its branches w / (z) will be the values of w(z) on separate parts of the 
surface (such surfaces are called Riemann surfaces). 

It is not complicated to construct such a surface. Consider the extended complex 
plane C = C U o° (the z-sphere) and the Cartesian product C x C consisting of 
ordered pairs (z. w). Neighbourhoods in C x Cast defined, naturally, as the Carte- 
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Fig. 22 



rig. 23 


sian products of neighbourhoods (and as all the sets that contain them). Then 
algebraic equation (1) determines a graph inC x C consisting of those pairs (:, w) 
which satisfy equation (1). This is the Riemann surface II of the many-valued 
algebraic function w(z); in fact, the projection II — C given by the rule 

ft, w) - w. (2) 

determines a one-valued function on a Riemann surface which lakes the values of all 
the branches of the many-valued function. An interesting question arises about the 
structure of the surface n and about the distribution of the branches of the function 
w on it. 

The simplest many-valued algebraic function is related to the equation of the 
second degree 

w 2 + o,ft)w + a 2 (z) = 0. (3) 

The change of variables v = 2w + o, reduces this equation to a simpler form 

v 2 -/rft) = 0, (3) 

where p(z ) is a polynomial. 

In the simplest case, pft) = z. Then equation (3') determines the two-valued 
algebraic function w = Vz. If z = re' 1 ’ then its two values w, = 4rt," fn y 
wj = - r > 0, have opposite signs and change into each other when the 

point z moves along a dosed path around the point z = 0. To prevent the reduction 
of the branch w, into (he branch w 2 . cut thez-sphere along the positive real half-axis 
(Fig. 22). This cut joins the points 0 and <». Two edges abut on the cut, viz., the up¬ 
per (+) and the lower (-). Consider the union (disjoint) of sheet I and sheet II 
(replicas) of the z-sphere cut. Call sheet I the carrier of the branch w,, and sheet II 
the carrier of the branch w 2 . On the two-sheeted surface I U It, the function w is 
one-valued. To detect the effect of the reduction of the branch w, into the branch 
w 2 , we glue the(-)-edgeof sheet I to the( + )-edgeof sheet II, and the ( + )-edge of 
sheet I to the (—)-edge of sheet II. We obtain a factor space II j which is the two- 
sheeted Riemann surface of the function w = Vz. Although not lying in K 3 (sheets 1 
and II pierce each other, see the gluing scheme. Fig. 23), it gives us a good visual 
demonstration of the relationship between the branches w, and tv 2 . 
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But, for the algebraic equation w 2 - z = 0, the graph II, in C x C, on which 
the function w is also one-valued, is determined. 

We now show that fl, and II j are homeomorphic to C. i.e.. to the two- 
dimensional sphere S 1 . In fact, mapping (2) 

w «= wit), where t = (z, w) e n,, 

is easily seen to be a homeomorphism, as well as the mapping w: n [ — C which is 
induced by the many-valued function w = i/F. Therefore, the Riemann surface of 
the many-valued algebraic function w = V? is topologically equivalent to the two- 
dimensional sphere S 2 . This, by the way, can be seen in Fig. 24 when sheets 1 and U 
were glued after transforming them topologically and a priori into hemispheres by 
‘moving’ their edges further away from each other. 

Let us specify another projection II, — C by the formula z(r) = z and identify 
C with S 2 . We then have two diagrams. 


n. 

joi(i I 


w=w(l) 


\ /“ 

S' 

ti-sphero) 


S 7 )*-sphere) 
w* 


n,‘ 




-S*(w-sphere) 


(z- sphere) 
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These diagrams arc commutative, i.e., the superposition of two mappings (in the 
direction of the anow-heads) equals the third mapping (the remaining arrow). Both 
the horizontal mappings in the diagram are homeomorphisms inverse to each other. 

The mapping S 2 --S 2 is termed a two-sheeted ( ramified) covering of the 

sphere S 2 with the branch points z = 0 and z = » (verify that circumnavigation of 
the point z *= <» also leads to a change of the branch). 

This covering gives rise to substitutions rationalizing the integrands in familiar integrals 

of the form j/t(z, V"~)dz, where R(z, O is a rational function in z and V r ~. 

Consider the simplest integral 

z 

j/ffe.Vi)*, (5) 

«o 

regarded as a curvilinear integral in the z -plane C along a certain path z = z(s), 0(i( I, 
joining the points z # and z. where </z is one of the branches of the many-valued algebraic func¬ 
tion given by the equation w 2 — z = 0. The same integral can also be considered as the cur¬ 
vilinear integral 

T 

along the path y:l - fe(r), -fzUW'm the space C x C, joining the points (z 0 , V?,), (z, vzj, of 
the function R (r) = R(z. w). Let y lie in a Kicmann surface 11,. However, it is more conve¬ 
nient to consider its image in a surface which is bom eomo rphic to 11,, i.e.. the w-plane C, the 
image being the path y \ w » w(r), where w(s) = •JUT). The relation between the z-plane C 
and the w-plane C is specified by the transformation z = w 2 and makes it possible to 
transform integral (5) by the change of variables z — w 2 into the integral along the curve y in 
the w-plane C: 

z' w 

jR(r. •fiydz = j R(w 2 , w)2wrfw. 

l o . w o 

The last integral is of a rational function. Thus, we rationalized the integrand by sending 
(using a two-sheeted covering of the z-sphtre S 2 ) the path of integration onto the Riemann 
surface of the many-valued algebraic function determined by the equation w 2 - z “ 0. 

Now, let/KO = + <>|Z + a 2 , v/hma 0 ,o l ,a 2 € C,a ] - 4o 0 a 2 * 0, 

o 0 * 0. Denoting the roots of the polynomial p(z) by z,. r 2 , where r, * r 2 . we ob¬ 
tain the algebraic function 

w = Va„(z - r,)(z - r 2 ). (6) 

Obviously, it is also two-valued. An investigation simitar to that above shows that 
one branch is reduced to the other during the circumnavigation of both the point r , 
and the point r 2 , while the circumnavigation of both these points (along a closed 
path surrounding the points r, and rj) and the point <*> docs not alter the number of 
a branch. Therefore, the Riemann surface Ilj of this function is obtained from the 
two replicas of the z-sphere which are cut along the line-segment rjrj, the edges of 
sheets 1 and 11 being glued together as they were in the first example. Evidently, the 
space Ilj is still topologically equivalent to the sphere. We have again a two-sheeted 
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covering of the sphere S 2 with two branch points z = r,, z = r 2 . 

The graph n 2 of the algebraic equation 

w 2 - a 0 (z ~ r,)fe — rj) m 0 (6’) 


is also homeomorphic to the sphere S 2 . In fact, the homeomorphism r 


z-r. 


2 - '2 


of 


the z-sphere into the r-sphere reduces r, into r, = 0, and r 2 into t 2 = oo. 
The change of variables 


v 


- r 2> 


(I 



transforms, as can be easily seen, algebraic equation (6') into the algebraic equation 
v 2 — r = 0, the corresponding mapping 4: C X C — C x C, (z, w) — (r, v), 
reduces IIj, into II, and is a homeomorphism, and the homeomorphism n, onto S 2 is 
given by projection (2): v = v(/>, where r = (r, v). 

Thus, we have the commutative diagram 


n, - 


1 I 

U~ sphere) ft-sphere) 


"n, S 2 (v— sphere) 


(7) 


If the integral 


j R (z. Vo,(z - r,)(r - rjdz = 


j «<c, w)dz 
=0 


is given on H JP then horizontal mappings of diagram (7) enable us to transform tt into the in¬ 
tegral 

v 

j &iv 2 , v)av t 

v t> 

on the v*sphcrc S 2 , where is a rational function. This accounts for the rationalization of the 
integrand by the formal Euler substitution 



Wc will come to an essentially new result if we consider a polynomial p(z) of the 
third degree. Thus, consider an algebraic function of the form 

W - Vo 0 (z - /■[)(£ - rj)(z - r } ) (8) 

where r,, r 2 , r 3 arc pairwise different. The function w possesses two branches, but 
now they are ‘joined' in a more complicated way. The circumnavigation of one 
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ro 



Fig. 25 



point r, results in a change of a branch of the function w, while that of any two 
points preserves the branch, and that of all the three points, just like the circum¬ 
navigation of the point oo, alters the branch. To ‘ban’ these transformations, it 
suffices to make the cuts7j? 2 and rj5 on the r-spherc. Then each branch of the 
function w is one-valued on such a sheet with the cuts. For one branch to be 
transformed into the other in the required way, we glue replicas I and II along the 
cuts rjrj and rjoo, respectively, the edges being glued as before. The topological 
space ITj obtained is evidently the Riemann surface of function (8). An essential dif¬ 
ference between the surface Ilj and the surface Tlj is that n j is topologically 
equivalent to a sphere with a handle (Fig. 25, where the cuts are first expanded into 
‘holts’ from which tubes are pulled and glued edgewise together in the required 
way). The natural mapping Ilj — C is a two-sheeted covering map of S 1 with the 
branch points r,, r 2 , r 2 , oo. 

For the function w = Vo 0 (z - r ( )U - r 2 )(z - fj)(z - r«j, where r 2 , r 3 , r A 
are pairwise different, we have the Riemann surface Ilj which is homeomorphic to 
11 j. This follows from the one-valued branches being separated by the two cuts r,r 2 
and rjrj and the point r t acting as the point oo of the previous example (the latter 
not being a branch point). 

Note that integrating rational functions on the surfaces Ilj, n 4 leads to elliptic integral 
theory. 
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It is not complicated either to investigate the case of an algebraic function 

W = '/OflU - r,). . .(z - r„), (9) 


where r, are pairwise different. Mere, n/2 curs are made, t.e„ r,r 2 . r n _ ,r„, if 

n is even, and (n + l)/2 outs /• l r 2 ,. . , r„ _ /„ _ ,, r '"i, if n is odd. Having taken 
two replicas of the z-sphere with such cuts, we glue them along the corresponding 
cuts' The constructions are simitar to those indicated in Fig 25 and will produce a 

. ... //i . \ n — 2 n + I . n — 1 . .. _ 

sphere with (-1 1 a - or --1 = —■- handles. This is the 

\2 / 2 2 2 

Riemann surface of function (9) The number of handles p (the genus of a surface) 
is related to the number V of the branch points of the Riemann surface by the 
equality V = 2(p + 1). 

Thus, the many-valued algebraic function, which is determined by equation (3), 
possesses a Riemann surface that is topologically equivalent to.a sphere with 
handles. This statement is valid for any many-valued algebraic function. 

Exercise 1°. Construct the Riemann surface of the algebraic function w' 1 - 
— z = 0, where n > 2 and is an integer, and verify that it is n-sheeted and 
topologically equivalent to the sphere. 

The investigation of non-algebraic analytic functions in the z-plane also leads to 
Riemann surfaces on which the analytic functions are one-valued. 

Exercise 2°. Consider the logarithmic function determined by the equation 
e w — z = 0 and construct its Riemann surface. 


5. SOMETHING ABOUT KNOTS 

Intuitively, the notion of knot seems uncomplicated. The simplest examples are 
the ‘prime’ knot (Fig. 26) and the ‘figure-of-eight’ knot (Fig. 27) which can be easi¬ 
ly represented with a rope. Any attempt to transform a ‘prime’ knot into a ‘figure- 
of-eight’ knot without passing the ends of the rope through a loop will fail. Thus, 
such an experiment shows that these knots are different, which brings up the subject 
of classifying knots mathematically. 
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Bg. 31 


We shall be able to ban passing the ends through a loop if we identify (i.e., glue 
together) the rope-ends (Fig. 28 and Fig. 29). Then the following definition 
becomes natural. 

DEFINITION 1. A knot is a homeomorphic image of the circumference S 1 in R 3 . 
Examples (a) the trivial knot (Fig. 30); (b) a 'prime' knot, ‘cloveriear knot or 
’trefoil’ knot (see Fig. 28), (c) a 'figure-of-eight' or a ‘fourfold 1 knot (see 
Fig. 29). ♦ 

Note that by definition all knots are homeomorphic. Therefore, it is required to 
classify the embeddings (homcomorphisms) by which the circumference can be 
embedded in/? 3 . 

DEFINITION 2. Knots AT, and AT 2 ore said to be equivalent if there exists a 
homeomorphism of R 3 onto itself mapping K, onto K 2 - 

A more exact classification of knots is based on the notion of isotopy of the 
space R 3 . A continuous mapping H: (0, 1] x R 3 — R 3 is called an isotopy if for 
each r e (0, |J, the mapping H homeomorphically maps R 3 onto itself, whereas, 
when t = 0, it is the identity mapping. Thus, an isotopy is a family of homeo- 
morphisms of the space R 3 which depend on a parameter t and which change con¬ 
tinuously as t increases, beginning with the Identity when / = 0. 

DEFINITION 3. Knots K, and K 2 are of the same isotopy type if there exists an 
isotopy HU,x) of the space R 3 , t e 10, I], xe R 3 such that H(l, K t ) = K 2 . 

Exercise 1°. Show that the belonging to an isotopy class is an equivalence relation. 

There art examples of knots which arc equivalent in the sense of Definition 2 
but are of different isotopy types. Thus a ‘trefoil’ knot and the mirror image of a 
‘trefoil’ knot, i.e., the knot which is symmetric to the 'trefoil' knot with respect to 
some plane in R 3 . are not of the same isotopy type (the proof of this requires the 
development of a special technique). However, a ‘figure-of-eight’ knot and its mir¬ 
ror image are of the same isotopy type. 

The basic properties of knots are easily studied for knots that are comparatively 
simply tied. 

DEFINITION 4. A polygonal knot is a knot which is the union of a finite number of 
rectilinear segments. 
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DEFINITION 5. A knot which is equivalent to a polygonal one is said to be tame. A 
knot which is not equivalent to a polygonal one is said to be wild. 

EXAMPLES. The trivial, ‘trefoil’, and 'Figure-of-eight' knots are tame. An exam¬ 
ple of a wild knot is given in Fig. 31. The number of loops in this knot increases in¬ 
definitely whereas their size decreases indefinitely while approaching the point p- It 
is interesting that if the number of loops were Finite, then the knot would be 
equivalent to the trivial one. ♦ 

Knot classification is dosdy related to properties of spaces which are com¬ 
plementary to knots. For example, if some of the topological invariants of the com¬ 
plements of knots AT, and A 2 are different then A - ! is not equivalent to A 2 (and not 
isotopic). A useful topological invariant is the fundamental group of the knot com¬ 
plement (the knot group) (see Ch. Ill). Note also that the set of all knot equivalence 
classes (or isotopy equivalence classes) may be endowed with an algebraic structure. 
The idea of such a structure may be given in the following manner: call the composi¬ 
tion {product ) A, • AjO/ two knots K, , A 2 the operation of tying them one after the 
other. The order in which they are tied is immaterial; more exactly, the knot A, • A 2 
is equivalent to the knot A 2 * A|. The composition of the knot equivalence classes 
so defined is commutative and associative. The equivalence class of the trivial knot 
serves as the identity element. However, an attempt to solve the equation 
A • X = I (i.e., to untie A by tying the knot X) will fail except when A - I. 
Therefore, the knot equivalence classes only form a semigroup (and do not form a 
group). 

FURTHER READING 

The first topological notions can be learned from many sources. A systematic introduc¬ 
tion to a number of basic concepts (including two-dimensional and three-dimensional 
manifolds) is carried out by Efremovich in Encyclopedia of Elementary Mathematics, V. J 
Geometry. Basic Concepts of Topology (291 (PP- 476-536). Visual Topology (17] by Boltyan¬ 
sky and Efremovich may be quite useful for the beginner. It explains the ideas, basic notions 
and findings of topology in a popular manner. Also First Concepts of Topology 122) by Chinn 
and Steenrod should be noted. 

The problems of gluing together two-dimensional surfaces are also covered in popular 
books: What is Mathematics 7 [23] (Ch. V) by Couranl and Robbins, Anschauche Geometric, 
(39) (Cb. VI) by Hilbert and Cohn-Vossen, New Mathematical Diversions from Scientific 
American [34), and The Unexpected Hanging and Other Mathematical Diversions [35], etc. 
by Gardner. Gardner explains how Mbbius strips are used for grinding. When wc introduced 
the EuJer characteristic, we also used some techniques from An Account of the Basic ideas of 
Topology by Boltyansky and Efremovich (16), and some from Coxeter [24], 

The classification of two-dimensional surfaces is covered very thoroughly in Algebraic 
Topology: An Introduction (52) (Ch. 1 and Ch. 2) by Massey and also in the Lehrbuch der 
Topotogie (71) (Ch. II) by Seifert and Threflfall. 

Metric spaces and their mappings are dealt with in introduction to Set Theory and 
General Topology (3) (Ch. 4) by Alexandrov and in the text-books on functional analysis, (46) 
(Ch- II), (491 (Ch. 1) and |26). 

An elementary approach to the idea of a topological space may be found in the two books 
mentioned at the beginning of this survey. Note also in this connection ‘Introduction’ and 
‘Historical Note’ to Ch. I from the book by Bourbaki Topotogie ginirale [18) which we 
quoted in Sec. 3. 



38 


Introduction to Topology 


The first concepts of complex variable function theory that we referred to in Sec. 4 may 
be found, for example, in [32) and development of the notions introduced in Sec. 4 can be 
found In 1751 and |49]. 

Knot theory, whose basic ideas we discussedin Sec. 5, is covered by Introduction to Knot 
Theory |25J by Crowell and Fox. 

Note a little available textbook by Chemavsky and Matveyev [201 which was published by 
Voronezh State University and which contains elements of general topology and homotopy 
theory, the topology of surfaces, elements of manifold theory as well as short surveys of basic 
definitions. • 

We indicate, in conclusion, that the third volume of History of Soviet Mathematics [42] 
contains a historical survey of the development of topology in this country. 


A number of the problems given in Ch 1 arc from this textbook 




General Topology 


As we have mentioned above, the notion of metric space is insuffi¬ 
cient for the development of a number of important mathematical 
problems. In the twentieth century, a more general concept of 
space has arisen and developed in mathematics, the concept of 
topological space. By now, this notion has become universally ac¬ 
cepted since the 'structure' of a topological space, a concept quite 
broad and profound, usually precedes the introduction of other 
structures. The language of topological space theory has become 
generally accepted in all the branches of mathematics which are 
related to the notion of space. This chapter is devoted to the theory 
of topological spaces and their continuous mappings. 












1. TOPOLOGICAL SPACES 
AND CONTINUOUS MAPPINGS 


i. The Definition of a Topological Space. Let there be a collection of 
subsets r = It/] in a set X of an arbitrary nature so that it possesses the following 
properties: 

(i) 0,Xer; 

(il) the union of any collection of sets from r belongs to t; 

(iii) the intersection of any finite number of sets from r belongs to 7 . 

Such a collection of subsets r is called a topology in X; the set X is called a 
topological space and denoted by ( X , 7 ), and the subsets from the collection t are 
said to be open (in the space X ). 

EXAMPLES. 

1. X is the number line. A topology is given by the following collection of subsets: 
the empty set 0, all possible intervals and their unions U = y (<r a , b a ). 

2. X = R 2 . Call a set open if together with each of its points, il contains a sufficient¬ 
ly small open circle centred at the point, and the empty set. It is easy to verify that 
the family of all open sets in .ft 2 forms a topology. 

3. Xis an arbitrary set. Put r 0 = [0 , X}. It is a topology (verify I). Thus, (X, tq) is a 
topological space. 

4. X is an arbitrary set, 7 , = Jail possible subsets of X]. It is also a topology 
(verify!). ♦ 

The topology 7, is said to be maximal or discrete , and the topology 7p is called 
minima! or trivial. Thus, different topologies, e.g., the trivial or discrete one, may 
be defined on the same set. 

The dual notion of closed set is closely related to the notion of open set: it is a set 
whose complement is open. Thus, if U e 7 then Af\ U is closed, and, conversely, if 
F is closed then X\F is open. 

Exercise 1°. Verify that the following sets are closed: a line-segment ( 0 , b] in 
and a dosed disc in R 1 . 

As a result of the duality of set-theoretic operations, the collection of all dosed 
sets of a space X satisfies the following properties: 

(i) the sets X, 0 are closed: 

(ii) the intersection of any collection of dosed sets is closed; 

(iii) the union of any finite number of closed sets is dosed. 

Various topologies on the same set form a partially ordered set. 

DEFINITION 1. A topology r is said to be weaker ( coarser ) than a topology 
r'( T < r') if it follows from Ue r that Ue t', i.e., if all sets from r belong to r". 
The topology r' is then said to be stronger IJIner) than the topology r. 

Note that for any topology r, we have r 0 < r < t, . It is clear that there also ex¬ 
ist incomparable topologies. Topologies 7 ' and 7 " are incomparable if each of 
them contains only some of the sets belonging to the other. 

We will now consider how to construct a topology. First, an important defini- 
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DEFINITION 2. A collection B = ( V\ of open sets is called a base for a topology r, 
if for any open set U and for any point x e U, there exists a set Ve B such that* e V 
and V c U. 

Therefore, any non-empty open set in X can be represented as the union of open 
sets from the base. This property characterizes a base. In particular, X equals the 
union of all the sets from V (any collection of sets with such a property is called a 
covering of the space). Conversely, if a set X is represented as the union X = y 
then under what conditions can a topology on X be constructed so that the family 
B = [ V a ] is a base for the topology? 

THEOREM 1 (A CRITERION OF A BASE). Let X = U V a . A covering B = ]V„\isa 
base for a certain topology tf and only if for any V a , any Vg from B and any 
V g , there exists e B such that rel^C V a n Vg. 

PROOF. If B = [V a ] is a base for a topology then V a O Vg is an open set, and, by 
the definition of a base, for any x e V a n Vg, there exists V^.xeV y C. V a n V B . 
Conversely, if B = [V a \ satisfies the condition of the theorem then the sets 
U = U V a (all possible unions) and the empty set 0 form, as can easily be verified, 
a topology on X for which B r = (HJ is a base. ■ 

Note that we have also indicated in the proof a way of constructing a topology if 
a family B satisfying the condition of the theorem is given. 

But can a topology on the set X be constructed for an arbitrary covering (SJ? 
The following theorem answers this question. 

THEOREM 2. A covering |$ a ) naturally generates a topology on X, viz., the collec¬ 
tion of sets [V - Ci S 0 |, where K is an arbitrary finite subset from (or), tr a base 

*• 9 K 

for the topology. 

Proof Verify that the collection (V] satisfies the criterion of a base. In fact, pul 
V y = V a n V g for V a fl Vg. Obviously, V y e \V\, and, therefore, the criterion of a 
base is fulfilled. ■ 

Thus, the covering (SJ of the set X determines a topology on X whose open 
sets are all the possible unions U ( O S ) and the empty set. 

aeK 

DEFINITION 3. The family (S„) is called a subbase for the topology which it 
generates. 

EXAMPLES. 

J. Let X = R 1 . Sets of the form S a = (x:x < a), aeR\ and Sg = [*:* > 01, 
Be R l , form a subbase for the topology of the number line R '. 

6 . Let X *= R" be an n-dimensional vector space. A base is a collection of sets 

B - (H a ? )in« n , where V a b <= \xeR n :a l < < b,,i - I.fl). is the 

i-th coordinate of the vector x - (£,, .f„); a = (a t .o„) and 6 = (b t , 

.... 6 „) are arbitrary vectors in R", a t < b, 

Sets like V a b arc called open parallelepipeds in R". ♦ 

Exercise 2°. Prove that the set of parallelepipeds described In Example 6 forms a 
base for the topology on R n . 
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It is natural, for a topological space, to select a base with the least possible 
number of elements. For example, sets V a (r,, fj) in it 1 , where r,, / 2 are rational, 
form a base consisting of a countable set of elements. 

Similarly, there is a countable base for R" consisting of parallelepipeds with ra¬ 
tional vertices of the form 

< t, < 'i, ‘ = l.n). 

where r,, r 2 are rational vectors in K". 

2. Neighbourhoods . Let (X , r) be a topological space,and reran arbitrary 
point. 

DEFINITION 4. \ neighbourhood of apo/n/xe X is any subset D(x) C AT satisfying 
the conditions: (i) x e B(x). (ii) there exists Uei such that relic 0(x). 

We may consider the collection of all neighbourhoods of a given point that 
possesses the following properties: 

(i) the union of any collection of neighbourhoods is a neighbourhood; 

(ii) the intersection of a finite number of neighbourhoods is a neighbourhood; 
(Ui) any set containing some neighbourhood 0(x) is a neighbourhood of the 

point x. 

THEOREM 3. A subset A {A * 0)of a topological space (X, r) is open if and only 
if it contains some neighbourhood of each of its points. 

PROOF. Let A be open, xeA. It is clear then that A is a neighbourhood of x. 
Therefore, A contains a neighbourhood of any of its points. Let for any x6 A, 
there exist a neighbourhood of the point x, lying wholly in A . By the definition of a 
neighbourhood, it contains some open set <J x ,x e U x . Consider the union U U x 

x « A 

of such sets for aiixeA. It is open; A C U U x since any point of the set At 

X* A 

belongs to U U x . On the other hand, we have; U x C A for every x, i.e., 

x e A 

U 1/ c A. Therefore, A = U U x . and A is open. ■ 

Jt6 A 

Neighbourhoods are used for separating points from each other 

DEFINITION 5. A topological space (Af, r) is said to be Hausdorff if for any two dif¬ 
ferent points x, y in it, there are neighbourhoods l Ux) and Uiy) of these points such 
Lhat U(x ) fl U(y) = 0. 

A topological space (X, r ) equipped with the trivial topology is not Hausdorff if 
it contains more than one point (verify!). 

These properties of the neighbourhoods of a point (which are now declared to be 
axioms) are often used as a basis for the following definition of a topology. 

DEFINITION 6. A topological space is a set X for which each point x has a set of 
subsets iO a (jr)), called the neighbourhoods of the point x satisfying the following 
conditions: (i)x belongs to each of its neighbourhoods fJ 0 (x); (ii) if a set U C X con- 
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tains some 0 a (x) then U is also a neighbourhood of the point x; (iii) for any two 
neighbourhoods Sl a (x), fl aj (x) of the point x, their intersection 0 a| (x) D 0 aj (x) is 
also a neighbourhood of the point x; (iv) for every neighbourhood fi(x) of the point 
x, there is a neighbourhood 0 a (x) C (l(x) such that it is a neighbourhood of each 
of its points. 

Exercise 3°. Show that sets which are neighbourhoods of each of their points and 0 
form a topology on X. 

3. Continuous Mappings. Homeomorphisms. We shall discuss now 
the definition of a continuous mapping of topological spaces. 

Let (X, r), (Y, a) be two topological spaces endowed with topologies t and <r, 
respectively. Let/: X — Y be a mapping of the sets. 

DEFINITION 7. A mapping /of topological spaces is said to be continuous if the 
full inverse image/" '(10 of any open set V of the space (V, a) is an open set of the 
space iX, r). 

Exercises. 

4°. State the definition of a continuous mapping in terms of a base and subbase for 
a topology. 

3®. Show that a continuous numerical function y = f(x) (— oo < x < + «) deter¬ 
mines a continuous mapping/: Z! 1 — Z? 1 . 

6 ®. Prove that/is continuous if and only if the inverse image/"'(Z 7 ) is closed for 
any closed set F in y. 

If/: X — K, g: X — Z are.mappings of topological spaces then it is natural to 
define the superposition gf-.X — Z by the rule igf): x — g(f(x)). 

THEOREM 4. If /and g are continuous then gf is also continuous. 

The proof follows easily from the remark that 

<g D~\W) =/" , (g" l («0), 

where W C Z is an arbitrary set. 

We now state one of the most important definitions. 

DEFINITION 8. Two topological spaces (X, r), ( Y . <j) are said to be homeomorphic 
if there exists a mapping/: X — Y that satisfies the conditions: (i )f\X ~ Y is a bi- 
jective mapping; (ii)/is continuous: (Iii)/" 1 is continuous. 

Note that this definition exactly follows, in form, the definition of a hnmeomor- 
phism of metric spaces. 

DEFINITION 9. A mapping /: X — Y is said to be open (resp. closed) if the image 
of any open (resp. closed) set in X is open (resp. closed) in Y. 

Exercise 7®. Prove that a mapping/: X — Y is a homeomorphism if and only if the 
mapping/" 1 : Y — X is defined, and the mappings/ and/" 1 are both open and 
dosed. 

Thus, a homeomorphism transforms open sets into open, and closed sets into 
closed. 
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Associating each open set U of the space X with its image /(C/) under a 
homeomorphism /: X — Y establishes a bijective correspondence between the 
topologies on the spaces X and Y. Hence, any property of the space X stated in 
terms of a topology on this space is also valid for the space Y which is homeomor- 
phic to X, and is similarly stated in terms of the topology on Y. Thus, the 
homeomorphic spaces X and Y possess identical properties and are in¬ 
distinguishable from this point of view. 

The properties of topological spaces that are preserved under homeomorphisms 
are called topological properties'. Note, in this connection, that the main task of 
topology was for a long time (and still remains partially unsolved today) to discover 
an effective method of distinguishing between nonhomeomorphic spaces. 

Exercises. 

8 °. Show that a homeomorphism determines a correspondence between the bases 
and subbases for homeomorphic spaces. 

9". Show that the homeomorphism relation is an equivalence relation. 

10°. Show that the interval (— 1, +1) of the number line is homeomorphic to the 
whole number line and construct this homeomorphism. 

11°. Show that a closed line-segment and an open interval on the number line are 
not homeomorphic. 

There exists quite a useful extension of the notion of homeomorphism, viz., a 
local homeomorphism. This is a continuous mapping/: X — Y such that for any 
pair*, y,y = /(x), there are neighbourhoods C/C* - ), V{y) for which f\U(x) — V(y) 
is a homeomorphism. 

Exercise 12'. Verify that the mapping R 1 \ (0) — R 1 \ (0) determined by the for- 
mulay = x 2 is a local homeomorphism. 

4. A Subspace of a Topological Space. It can be seen from the above 
that subsets of metric and topological spaces arc often considered independently. In 
addition, a subset Y of a metric space X naturally inherits the metric on X. We now 
define the notion of hereditary topology on Y if X is a topological space. 

Let {X. t) be a topological space, Y C X a subset in X. Consider a family of 
subsets in Y: 

r y = \V : V . U f) Y.Uer). 

THEOREM 5. This family r r isa topology on Y. 

THE PROOF is left to the reader (it is obvious). 

The topology r^ts said to be an induced or hereditary topology from X and the 
space (Y, r r ) is called a subspace of the space (X. r). 

If/: X — Z is a continuous mapping of topological spaces and Y a subspace of 
X, then the mapping/: Y — Z can also be considered. This is called & restriction of/ 
to Y and denoted by/I r 


• While investigating topological properties, homeomorphic spaces X and Y arc often 
identified and written as X = Y. We will also follow this convention. 



46 


Introduction lo Topology 


THEOREM 6. The mapping f\ y : Y - Z is continuous. 

Proof Let r t be a topology on the space Z, and W e r.. Then if' y)~ '(W) = 
= f~ l LW) O Y and since/ -1 ( W) e r we will have if I r )~'itV) e r Y . m 
Exercises. 

13*. Show that an open set in a subspacc Y of a space X is not necessarily open in 
X. Consider the cases of X = ft 1 . R } , R 3 . Attempt the same question for closed 
sets in Y. Prove a priori that any closed set F r in Y is of the form f r = F D Y. 
where F is a closed set in X. 

14°. Let A , B C X be closed sets of a topological space X, and let X = A U B. 
Then a mapping/: X — Y is continuous if and only if/1,, : A — Y,f I B : B — T 
are continuous. 

We now introduce another important notion. A mapping f. Y — X is called an 
embedding of Y into X if (i) i is continuous, (ii) /: T — i (K) is a homeomorphism, 
where i(Y) C X is a subspace of X. 

Embeddings are useful when we intend to ‘single out’ a subspace Y C X of the 
ambient space X and to consider It separately. The connection with X is preserved 
via the natural mapping Y — X which associates an element of Y with the same ele¬ 
ment of X and is an embedding. 


2. TOPOLOGY AND CONTINUOUS MAPPINGS 
OF METRIC SPACES. SPACES R n . S" ~ 1 AND D" 

1 . Topology in a Metric Space. Let IX, p) be some metric space endowed 
wiih a metric p. A topology on it can be constructed in a natural manner. Consider 
all possible sets D t (x) = (y : o(y, x) < c), where xeX. c > 0. The set D c (x) is 
called an open ball of radius e with its centre at the point x. 

The collection of all open balls j£> t (x)) forms a covering of the metric space for 
which the criterion of a base (Theorem I, Sec. 1) is fulfilled, in fact, let D c (X[) 
and £> C2 (xj) be two open balls whose intersection is nonempty. ' Let 
■F«=.O e tr,) n D t tx 2 ),4 = min(e, - p(y,x,).r 2 - p(y,* 2 )J, and let zeD^); 
then 

pU.x x ) < p(z,y) + ply.x,) < 6 + ^(y.x,) £ e,. 
p(z, Xj) « pfe.y) r- ply, Xj) < « + p{y, xj ^ e 2 . 

Therefore,ieD C| (x,) A D £j (Xj), whenceDjCy) C/3 t| fr,) O D, ; Uj) Thus, the 
conditions of Theorem 1 are fulfilled. 

DEFINITION i. The topology r o determined by the base consisting of all open balls 
in a metric space IX, p) is called the topology induced by the metric p, or the metric 
topology 

Thus, open sets of the topology are all the possible unions of open balls of the 
metric space IX. p) (and 0). 



Ch. 2, General Topology 


47 


THEOREM J. The topology reconstructed is Hausdorff. 

Proof. Let jt * y- Then c(x, y) * a > 0 (by a property of a metric). Setting 
e s j , we consider D c (y). D t {y). It is easy to show that D L {x) ft D c (y) « 0 In 

fact, if we assumed the contrary, we would have 

, , , , , , n a 2a 

a = p(x,y) sj pipe, z) + plz.y) <2 - +■ - = — 

for a point z e D c (x) O D t (p), which is impossible. ■ 

Another and equivalent definition of open sets in a metric space can be given. 

DEFINITION 2. A set U *■ 0 is open if for any x e U. there is an open ball D i (x) 
with the centre at x which lies wholly in V. 

Note that we defined a topology in R 1 in precisely the some manner, and, 
therefore, it coincides with the topology i generated by the Euclidean metric p on 
the plane R 1 . The verification of the equivalence of the two definitions is left to the 
reader. 

Consider a mapping /: X — Y of a metric space (X, p,) into a metric space ( Y, 
p 2 ). Now two definitions of the continuity of the mapping/can be given, viz., as a 
mapping of metric and as a mapping of topological spaces. These two definitions 
are equivalent, viz., the following theorem is valid. 

THEOREM 2. A mapping /: X — Y of a metric space (X, p,) otto a metric space (Y, 
p-J is continuous (for topologies induced by the metrics) if and only if for every 
x n 6 X and every sequence |xj in X which converges to the sequence [f(X n )\ con¬ 
verges to f(x$ in V. 

Proof. Let/: X — Y be a continuous mapping in topologies X, Y induced by the 

metrics, and let x„ — We then show that /(*„) —/(*□), which means that for 
any e > 0, there is a natural N = jV(e, such lhat Pi(f(x„), f(X(f) < -c when 
n > N. 

Consider an open ball D c (f(x^) in Y and denote it by Its inverse image 
/"'(f'f) is an open set in X due to the continuity of/, moreover Jr 0 e f~ '(•''t) The 
point x 0 belongs to/together with some ball D ( 0c, j) of radius &. There exists 
a number N(/\l = N(e, jTq)) such that jr„ belongs to D^d) (and to f~ when 

n> N, but then/“ 1 (x„) € V t (i.e , p 2 tf(x„).f(xd)) < c) when n > A. Therefore, 
the mapping/is continuous as a mapping of metric spaces 

Let the condition f(x„) — /(x 0 ) be fulfilled for any sequence {x„! which is 
convergent to some point x 0 in the space A". We show then that the inverse image of 
any open set is open. Let V be an open set in Y. and U — /' 1 (tO- We can show that 
U is open in the space A" using the second definition of an open set. If* ef~'(V), 
then it suffices to find c > Osuch thatO £ (*)s/~ '(K). If we assume that sucht does 
not exist, then there exist sequences (e„), (x„| such that e„ — 0, x n e D c *(x), but 

x„ Gf- '(V). Therefore, jr„ — x, whence f(y„) — fix) Having noticed that f(x) 
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belongs lo V together with a certain open ball, we conclude that /(*„) e V and 
x n ej~ 1 (K) beginning with some number n , which is contrary to the assumption. 
Thus, the mapping/is continuous in the topologies of the spaces X and Y which 
were induced by the metrics. ■ 

2. Space/?". We shall consider an important example of a metric space, i.e., the 
Euclidean space 

R" - ((£.. -<*<(/< +<*>, I - 1.n] 


consisting of all ordered sets (called points or vectors) of n real numbers; the 
numbers f, are called the coordinates of a point (vector). 

A metric (the Euclidean metric) on R"(n > I) is defined similarly to the metric 
on /? 3 : 


Pb.y) 


( " s l/t 


( 1 ) 


where x = (£[,..., £„), y = (*,.tj„) are two arbitrary vectors from R n . 

Let us verify that this is a metric. Evidently, Properties 1. II, III of a metric (see 
Sec. 2, Ch. I) are fulfilled. Consider Property IV. It is required to prove the ine¬ 
quality 

( * v 1/3 / » »!/*/« v 1/2 

I «i - rf) < ( E it, - f/) + ( £ (ft - tt> 2 ) 


for arbitrary real numbers f (1 ij ( , f t ,i- l, .... n. The proof is broken into two 
lemmata. 

LEMMA 1 (THE CAUCHY BOUN1AKOWSKY INEQUALITY). For any real numbers 
(/, <1 /, i = 1, .... n, the following inequality holds 

» /* v i/> /■ * \ t/» 

E «»>« ( E *0 ( I '?) • 

l »i \/-» / \<-i / 


Proof. For an arbitrary real X, we have £ (fy + Xi? r ) 2 ^ 0, whence 

im i 

a a a 

£ I 2 + 2A £ ftti + ^ 2 E 1? ^ 0. Consider the left-hand side of the in- 

t - i / - i t. i 

equality as a polynomial in X. It cannot have two different real roots. Therefore, its 
discriminant is non-positive. Hence, the inequality 

( • . i « « 

E «») < E «? E * ■ 

i - i / f - i i - i 
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LEMMA a (THE MINKOWSKI INEQUALITY). For arbitrary real numbers 

l I.. the following inequality is valid 

i/a / * v 


( « V i/a / " \ 1/7 / \ I 

.?,«■*«•) s (,?, if ) -(.¥, ”0 


PROOF. By using the Cauchy-Bouniakowsky inequality, 

n * « 

£ + ”» )2 = E <*? + + 

. « I i - I 


" / » \ 1/2 / * \ I'l " 

I E *0 ( I ->?) + £ 

f - i \/»i / \ i*i / / » i 


[(£*)“♦(. ?.' 0 T 


and by taking the square root of both sides of this inequality, we obtain the required 
inequality. ■ 

We can now complete the verification of Property IV of the metric. Using the 
Minkowski inequality, we obtain 

( “ \ 1/1 / " \ i/J 

E «, - iS) = ( £ («, - i» + UV - n,)l 2 J 


( " \ 1/2 / •» v 1/2 

+ ( <* - *) 


Thus, n is a metric on R". ■ 

Let jc 0 = {^, . . . , tj) be the centre of a ball O"(x 0 ), and x = (f,, its 

arbitrary point. Then the coordinates of a point x satisfy the inequality 

l{,-. . . + l?„-«Jl J <r*. (2) 

A ball in R n is often denoted by D" r (xp) and called an open n-disc. A set of points x 
whose coordinates satisfy the unstrict inequality 

l« f - «?I J + . . + l|„- r 2 (3) 

is called a closed ball ( closed n-dlsc) The (n — l)-dimensional sphere 

S? ~ '(Xq) with radius r and centre at the point x 0 is defined by the equality 

if,-{? |J + . . . + e 2' 2 = >- 2 . ( 4 ) 

We wlU call it the boundary of the disc D? or D? 

A metric on R" can be defined in other ways, for example, 

plx.y) = max (Ifj-y.lJ. 

I ■ I. ,n 


(5) 
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Exercise 1°. Describe a ball in R" by means of metric (5)- Show that theEudidear 
metric and metric (5) induce the same topology. 

Consider the complex n-dimensional space C"; 

C" = |? , ? B ), z k = x k + iy k ,x k ,y k e. r', k = 1.nj. 

The metric on it is introduced in the same way as in the real case: _ 

pfe‘, 1 ' ) = (lz[ — zj'l 1 + . -. + lz„' — Z"l l ) ,/a . 

where z' = (zj, .... z,J), z" = (zj' t . . . , Z„') are elements of C". The same 
topology is determined by the metric 

p(Z‘,z") = max Iz^ - zi ‘I 

t - t, ,n 


We now formulate a condition for the continuity of mappings of Euclidean 
spaces. A mapping/: R" — R m associates each point ({,, . ... ( n ) with a certain 
point (ij„ . . . , !j„), so that we can write 


’ll =/■«..u. 

’Im ~ /jlfl* * " • 1 fjj)' 


( 6 ) 


where/,, i = I. m is a numerical function of n variables. This function deter¬ 

mines a mapping/: R" — R [ by the rule 

.«„)• (7) 


It is evident that the continuity of the mapping/ is equivalent to the continuity 

of the numerical function /({..{„) as it is defined in analysis. 

Call mapping (7) the i-th component of the mapping/. The mapping/is deter¬ 
mined by specifying all its components/, i = 1, .... m- 

THEOREM 3. A mapping /: R" — R m is continuous if and only if each of its com¬ 
ponents / : R" — R 1 . i = 1. m, is continuous. 


The proof follows from the remark that fix*) — fix 0 )- k — a>. is equivalent to 
/(**) - f,<X°). k — <», for / = 1, .... m. 


3. The Ball D m is Homeomorphic to R m . Consider some subsets of 
R n .n ^ 2. Let S" “ 1 be a sphere, and D" an open n-disc with unit radius and centre 
at the point (0.0). Denote the part of the sphere where £„ > 0 (i.e., the nor¬ 

thern hemisphere) by ~ 1 . We prove that the disc D" ~ 1 is homeomorphic to the 
hemisphere S" + ~ l . 

The space R" ~ 1 may be considered to be coincident with the subspacc of points 
(fp • 0) of the space R" if the points ({,.i„ _ ,) and ({,. . . . 

- |. 0) are identified. Then D n ~ 1 and S\~ 1 lie in R" and are given thus; 

1 - l«t.f,)=t? + -. . + f* = l.4„ > 0), 

V ~ ‘ = 8*. . ti + • • • + - i < Mi, - 01 

In the case of J} 1 , we have: S+is the upper half of the sphere without the equator. 
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and D 2 is (he interior of (he unit circle in R 2 (Fig. 32), 

* - <Ei.t2.tj)eS 2 *.? = ({..iLOlefl 1 . 

The projection (£,, £ 2 , £j) — (£,, £ 2 , 0) is a homeomorphism of the hemisphere S\ 
and disc D 1 

Similarly, the projection 

/••«(.f„- !.«»)-«(.£„- t.O) 

determines a continuous bijective mapping of S"+~ 1 onto D n ~ 1 in ft" (verify!). 
Consider the inverse mapping. It is easy to see that it is of the form 

/■':«!. in — ,■ °) — .fe-.-O-f?- . ..-«J_,) ,/J ) (8) 

and continuous. Thus, a homeomorphism of the disc D" and hemisphere S\ ~ 1 has 
been constructed. Call the set of points of the sphere S" ~ 1 that satisfy the inequali¬ 
ty £„ > 0 the closed hemisphere ” '. It is dear that 3" “ ' = ~ 1 U S” ~ 2 . It 

is natural to call the sphere S" ~ 2 the boundary of the hemisphere * 1 (or 
'). Note that S" ~ 2 is simultaneously the boundary of the disc D n ~ 1 (or 
D" ~ '). It is easy to sec that homeomorphism (8) is also defined on S" ~ J , and that 
f ~ 1 1 j, _ 2 = l s „ _ i- Thus, D" ~ 1 is homeomorphic to ” *. 

We now establish another important homeomorphism. 

THEOREM 4. The disc D m ts homeomorphic to the space R m . m > 1. 

PROOF Putting m — n — 1, we use the previous construction. We translate the 
space R n ~ 1 , n S 2, so that the origin of coordinates goes to the point (0, .... 0, 1), 
the North Pole of the sphere S" ~ Every point ii>the new plane has the form (£ )t 

|j . £„ _ ,, l). If we draw the hair-line ij, = /£,, = '£ 2 . ‘in- 

t 0 through each point x = (£,. . . , £„) e S” ~ it will intersect the con¬ 
structed plane at a unique point corresponding to the value /(x) = l/f„. By assign- 
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ing this intersection point to the point *, we obtain the mapping 4>: S" + 1 — 
— R" ~ 1 given by the rule 



This mapping, as it is easy to verify, is a homeomorphism. The superposition of the 
homeomorphisms 

+/" 1 : D" ~ 1 - R" * it > 2, 
yields the required homeomorphism. ■ 

Exercise s. 

2°. State a criterion of the continuity of a mapping/: C" — C* of complex spaces. 
3°. Prove that C" is homeomorphic to R 1 ' 1 . 

4°. Prove that the balls in the space R" which are defined using metrics (I) and (5) 
are homeomorphic. 

5°. Prove the continuity of the functions 

/(Mi) = <e? + .«„>-«? + ••• + tl) 1 ' 2 - 

6“. Define discs and a sphere in the space C” by conditions (2)-(4) and denote them 
by DJ ,, Dj~ r and .V” “ respectively. Prove that they are homeomorphic to o’", 
and S’" ~ respectively. 

7°. Prove that discs of any radii arc homeomorphic in R"\ prove a similar statement 
for spheres. 

3. FACTOR SPACE AND QUOTIENT TOPOLOGY 

i . The Definition of a Quotient Topology. We will give a strict defini¬ 
tion of a topology in a factor space, i.e,, a quotient topology, and analyse the ex¬ 
amples from Sec. 3, Ch. 1, from the new point of view. Let a relation x ~ y be¬ 
tween some elements x,y 6 X be defined on an abstract set A'. This relation is called 
an equivalence if the following properties are fulfilled-. (I) x - x for any xe X 
(reflexivily); (2)ifx ■* y theny — jc (symmetry); (3) if x - y ancl_y - ithenjr - a 
{transitivity). 

The set AT is then split into disjoint classes of equivalent elements, or equivalence 
classes. 

The set (OJ of all equivalence classes will be denoted by AVP,where R denotes 
the equivalence in AT. 

DEFINITION. The set X/R is called the factor set of the set X with respect to the 
equivalence R. 

Let (X, r) be a topological space, and let an equivalence relation R be defined on 
the set X. A natural lopology may then be introduced into the factor set X/R in the 
following manner: we call a subset V c (DJ consisting of elements of D a open if 
and only if the union U D a of the sets D a as subsets of X is open in the space (X. t). 
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Naturally, we refer to the empty set as an open set. This collection of open subsets 
in X/R is a topology and denoted by r R . 

Exercise 1°. Verify that t r is a topology on X/R. 

The topology r R is called a quotient topology, and is usually implied when a fac¬ 
tor space is being spoken of. 

The motives for defining the topology r R will become dearer if the mapping 
* ; X — X/R associating every element x 6 X with the equivalence class D x is con¬ 
sidered. This mapping is called the projection of the space X onto the factor space. 
It is easy to see that a set V C X/R is open if and only if the set t~ 1 ( V) is open in 
X. Thus, the projection x is continuous as a mapping from ( X , r) to ifi/R . r R ). 
(Note that this entails the principle of the continuity of the 'gluing' mapping which 
we mentioned in Sec. 3, Ch. I). 

There may certainly exist other topologies on the set X/R in which the projec¬ 
tion x is continuous. The following theorem characterizes the topology r R . 

THEOREM 1. The topology r R is the strongest of all topologies on X/R for which 
the mapping x is continuous. 

PROOF. If [W] is a topology on X/R in which the mapping x is continuous, then 
*~ 1 (HO is open in X. Therefore, W is open in the factor space X/R. i.e„ W e r R . 
This means that the topology [ff] is weaker than the topology r R . m 
Exercise 2°. Let X - [0. I)C/?'. We define the equivalence thus: 

ft 

x - y * x - y is rational. Show that the factor space X/R is not Hausdorff. 

1 . Examples of Factor Spaces. Consider the examples of Sec. 3, Ch. I. If 
X is a rectangle abed, and an equivalence relation R is defined so that X - * for 
each xe X and x — y if and only ifxeab.y c cd andx.y lie on the same horizontal 
in A - , then X/R is a topological space which is homeomorphic to the cylinder (see 
Figs. 1 and 2). 

In fact, the base for the topology of the cylinder is formed by two-dimensional 
‘discs’, i.e., the intersections of balls in R 3 with the cylinder (Fig. 33). If the cylinder 
is cut along the line ab and developed into a rectangle then the 'discs’ will be carried 
into the base for the topology of the latter. Moreover, the ‘discs' intersecting the 



Fig. 33 


Fig. 34 
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line ab will be cut into segments which complement each other to circles and lie on 
the opposite sides of the rectangle. It is clear therefore that it is necessary to paste 
the complementary segments together along the line of the cut in order to obtain the 
base for the topology in X/R (Fig. 34). It is now easy to see that by associating 
equivalent points of the rectangle with the point into which they have been 'glued', 
we obtain a homeomorphism of our factor space X/R with the cylinder. 

The topoiogy of a Mtibius strip can be investigated in precisely the same way (see 
the next example of the ‘gluing’ in Sec. 3. Ch. 1). Some open sets of a Mdbius strip 
are represented in Fig. 33. Here, the segments 'glued together' consist of points thai 
are symmetric with respect to the centre and lie on the sides ab and erf. 

In the third example of ‘gluing’, the corresponding factor space is homcomor- 
phic to the toms; the elements of the base for its topology are represented in 
Fig. 36. Here, the corresponding segments are not only glued together along the ver¬ 
tical bases lying on ab, cd, but also along the horizontal bases lying on ac, bd. 

Finally, in the last example,we obtain a projective plane. Elements of the base 
for its topology are represented in Fig. 37. Here, the segments are glued together 
along both vertical and horizontal boundaries of the rectangle by joining points 
which are symmetrical with respect to the centre. 

Here is another useful example of how to form factor spaces. Let Y C X be a 
subspace of a topological space X. We declare every point of Y to be equivalent to 
every other point, and all the points x e X \ Y equivalent to themselves. The factor 
space with respect to this equivalence is denoted by X/Y , and the projection 
t : X — X/Y is called shrinking theseI Y to a point. E.g., 5 1 = //(0, 1) is the fac¬ 
tor space of the line-segment / =* [0, )) with respect to the set of end-points. 
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j. Mappings of Factor Spaces . Let x, x ' be two topological spaces and r , 

R equivalences on them. Consider a mapping/; X — X'. We will say that the 

mapping / preserves equivalence if it follows from x - y that fix) - fiy). For 
such mappings, it is natural to define the mapping/: X/R — X' /R' of the factor 
spaces as follows: let D a be an equivalence class in X, x e D a any element and Dg 
the equivalence class in X' containing the point /Or), then f(D a ) = Dg. 

Exercise 3°. Show that the definition of/ls valid. Note that the mapping/is called a 
residue class mapping. 

THEOREM 2 . If a conlinuous mopping /: X — X' preserves equivalence then the 
corresponding residue class mapping J'. X/R — X /R ' is continuous. 

PROOF Denote the projections of the spaces X, X' onto the corresponding factor 
spaces by x, x', respectively. The diagram 



is commutative, i.e.. for each x eX we have (/*K*) = (x'/)Cx). If a set V is open in 
X' !R' then (x 'f)~ * (K) is open in X, because x / is continuous. But <fx )~ 1 (10 = 
- (x/)-'(10 and therefore the set (/x)- | (V) is open in X. Since tjx)~ '( V) = 
= i - 1 (f ~ 1 (10), the set/ - 1 ( K) is open \nX/R (by the definition of the topology of 
a factor space). ■ 

We now formulate a test to see if factor spaces are homeom6rphic. 

THEOREM 3. Iff: X — X' is a homeomorphism and the mappings f,f~ 1 preserve 
equivalence then the residue class mapping J:X/R — X' /R is a homeomorphism. 

In fact, the mapping/ -1 in this case determines the residue class mapping 
/"’ = (/) -1 (verify!), and Theorem 2 can be applied both to/and (/) -1 . 

Here are three more ‘models’ of the projective plane RP 2 in addition to those 
listed in Sec. 3, Ch. I. The first is obtained from the sphere X — S 2 by pasting 
together diametrically opposite points (Fig. 38). The second consists of straight 

i * 

lines in R that pass through zero tx - 1/ « x, y lie on one such straight line and 
X =4 o, y 0) (Fig. 38). 

Exercise 4°. Describe the topology of the spaces obtained as the topology of the fac¬ 
tor spaces S 2 /R and (R 3 /0)/R, respectively. 

The third model of RP J can be described as follows. Consider an arbitrary plane 
Pin/? 3 which docs not pass through the origin. Fix the point a. l e., the projection 
of the origin of R 1 onto P. In accordance with the second model of RP 2 just con¬ 
sidered, this space consists of the straight lines in R 3 that pass through the origin. 
Associate each of these straight lines with the point where it intersects the plane P if 
it intersects P, or with the straight line in P passing through a and parallel to the one 
given if not. The straight line obtained on the plane P is symbolically identified with 
a point at infinity where these parallel lines meet. 
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Fig. 38 


Thus, we obtained a one-to-one correspondence between HP 1 (second model) 
and P with the points at infinity added to it, one point for each direction (i.e., for 
each straight line^rassing through the origin) in P. In the set obtained, the plane P is 
considered to be endowed with the usual topology: a neighbourhood of a point at 
infinity corresponding to a direction d on P is defined to be a part of the plane P 
(the shaded region in Fig. 39) bounded by an arbitrary hyperbola with the axis d. 
The set of ail points at infinity added to the plane P is also called the absolute or 
straight line at infinity. 

Exercise S". Prove the homeomorphism of all realizations of RP 2 . 

Consider a closed disc D n and its boundary S" ~ Wc identify all boundary 
points. Denote the factor space obtained by D"/S" ~ ' 



Fig. 39 
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THEOREM 4. The space D"/S" 1 is homeornorphic lo the sphere S" 

PROOF. In Item 3, See. 2, il was shown that the disc D" is homeornorphic to the 
dosed hemisphere . This homcomorphism is the identity homeomorphism on 
the conunon boundary JS" ~ ’) of these sets. Therefore, the equivalence relation 
from D" is induced on S" + , and D"/S n ~ 1 is homeornorphic to S" /S" ' ' by the 
last theorem. 

We shall now show that S'\ /S" ~ 1 is homeornorphic lo S n . The inclusion 
S”, C S" is natural. Denote the South Pole (0,0,. . ., 0, — 1) oft he sphere S" by •. 
There must therefore exist a continuous surjective mapping S n + — S" such that 
<e(S" ~ ') = •, and f I.V".: S\ — S"\ |»j is a homcomorphism. The latter can be 
constructed, for example, as follows: if and x * N (N is the North Pole) 

then we draw & two-dimensional plane through the points 0, Af, x which intersects 
S" along a circumference (meridian). Shifting x along the meridian through an arc 
that is twice the arc xN, we obtain the point vix). Put (AO = N. The residue class 
mapping is thus defined 

S\/S" - 1 - S"/(»! = S" 

which is evidently a homeomorphism. 

The product of the two homeomorphisms 

D"/S n ~ 1 — S\/S" ~ S\/S” ~ 1 - S", 

is the required homeomorphism. ■ 

4. CLASSIFICATION OF SURFACES 

i. Surfaces and Their Triangulation. Let us return to our investigation 
of closed surfaces. The definitions of a topological space, factor space, homeomor¬ 
phism of topological spaces given above and the examples considered make up a 
solid basis for the proof of the theorem mentioned in Sec. 3, Ch. I. It states that 
any closed surface is topologically equivalent to an M p - or N q - surface, i.e., to a 
sphere with p handles or q Mdbius strips glued to It. Here, the corresponding no¬ 
tions will be made more precise, and the proof or the above-mentioned theorem 
given. 

A topological space X each of whose points has a neighbourhood homcomor- 
phic to the open two-dimensional disc will be called a two-dimensional manifold. It 
is more convenient to study these spaces if they ate broken into elementary pieces 
which are topologically equivalent to triangles in the two-dimensional Euclidean 
plane. Let us make this representation more precise. 

DEFINITION 1. Call the pair (T, *>), where T is a subspace in X, and v>; A — T is a 
homeomorphism of some triangle A C R 1 on T, a topological triangle in X. 

If the homeomorphism y>: A — T is fixed (when this cannot be a cause of am¬ 
biguity), then the subspace T C X will be called, for short, a topological triangle. 
The images of the vertices and the sides of the triangle A (along with a restriction of 
the homeomorphism <X) are called, respectively, the vertices, and the edges of the 
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Fig. 40 


topological triangle T. For uniformity, it is also convenient to call the sides of the 
triangle A the edges. 

We now define an orientation of a triangle. Different ordered triples of points 
can be formed from the vertices ofA. We consider two triples to be equivalent if one 
can be obtained from the other by a cyclic permutation. Clearly, there are exactly 
two equivalence classes. A triangle A is oriented if one of these equivalence classes 
is fixed. A topological triangle (T, y>) is said to be oriented if the triangle A is 
oriented. U is obvious that orienting a triangle A is equivalent to giving a certain 
direction to the circumnavigation of its vertices (clockwise or counterclockwise). 
This circumnavigation direction determines, via the homeomorphism v, a direction 
of the circumnavigation of the vertices of the topological triangle, i.e., an orienta¬ 
tion induced by the homeomorphism y>. An orientation of a triangle obviously 
determines the orientations of its edges (i.e., ordered pairs of Us vertices). 

Note for the future that an orientation of an n -gon and its edges when n > 3 is 
defined in precisely the same way (by giving an orientation for the circumnavigation 
of the vertices). 

DEFINITION 2. A finite set K = ((Tj, , of topological triangles in X that 

t 

fulfil the conditions (OA" = U T ( and (2) the intersection of any pair of 

i * i 

triangles from K is cither empty or coincides with their common vertex or common 
edge, is called a iriangulalion of the two-dimensional manifold X. 

A manifold for which there exists a triangulation is said to be iriangulable. If 
any two vertices of the triangles from K can be joined by a path made up of the 
edges, then we call X connected. 

In Fig. 40. an example of a triangulation of the sphere S 2 consisting of eight 
triangles is shown. 

DEFINITION 3. We call a connected, iriangulable, two-dimensional manifold a clos¬ 
ed surface. 
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Nole that the examples of closed surfaces which can be triangulated into 
topological polygons and which we considered in Sec. 3. Ch. I, are examples of 
closed surfaces in the sense of Definition 3 (to prove this, it suffices to Iriangulate 
the polygons). 

Exercise 1°. Construct triangulations of a torus and a projective plane. Verify that 
Ihey arc dosed surfaces. 

The topological properties of a closed surface are determined by the structure of 
its triangulation. To investigate the triangulation, it is convenient to consider its 
schematic represenlation on the plane. Moreover, plane triangles A f and the inverse 
images of the triangles T, 6 K may be considered to belong to the same plane and be 
mutually exclusive. 

We will describe such a representation. Let (7), «>,), (T Jt e>,) be two triangles 
from A', and T) n Tj =a their common edge; let a, = y> ( “ 1 (a) and<r y = 1 (a) be 

the corresponding edges in A,, Ctj. The gluing homeomorphism is defined as 

“ Vj [ I V-‘o, - a i - a j- 

Thus, ihe iriangulation K can be associated with a set A = (!A,)f = I, IsPyJ) of 
triangles of the plane along with the homeomorphisms for the corresponding 

M 

pairs of the edges. We declare that points in U A, that correspond to each other 

i - l 

under the homeomorphisms y>., arc equivalent. We will denote this equivalence 
by R. 

U A j \ /R is homeomorphic to the surface X. 

i-i / 

Proof. The homeomorphisms A, — T t naturally determine the surjective 

k 

mapping 4>: U A ; — X, the inverse image for any x e X being an 

i - i 


LEMMA. The factor space 


/!-equivalence class. The residue class mapping ^ U A,^ /R — X 


is a con¬ 


tinuous mapping by Theorem 2 of Sec. 3. Obviously, it is biycctive and its inverse 
* -1 continuous. ■ 


2. The Development of a Surface. We shall need later some systems 
which aie analogous to the family A schematically representing a triangulation K 
of the surface X, but such that along with triangles they may contain n-gons 
(n > 3). 

DEFINITION 4. A family Q = (IQ,}. Iv^l), where \QJ is a finite set of disjoint plane 
polygons and [<p u ] a finite set of gluing homeomorphisms of pairs of edges, each 
edge being glued to only one edge, is called a development. Cluing the edges of the 
same polygon together is permitted. 



60 


Introduction to Topology 



Fig. 41 


Note that if the the location of a polygon Q, on the plane is altered by a 
hotneomorphism a r then we get new homcoinorphistns \ayfi^a~ 1 1 that glue its 
edges, and which we shall not distinguish hereafter from the homeomorphisms 
In particular, the family A = ((A,|, (»>-)) is a development. The development A is 
said to agree with the triangulation K. 

Consider the factor-space @ of the union U Q t with respect to the equivalence R 

determined by homeomorphisms /R for an arbitrary development Q. 

We will call Q fit* factor space of the development Q. It is clear that the factor space 
of adevdopment is a two-dimensional manifold; it admits a triangulation generated 
by a sufficiently fine triangulation of the polygons Q r Thus, if the factor space Q is 
connected then it is a closed surface (hereafter, only such Q are considered). We will 
call Q the development of the surface Q in such a case. 

A residue class mapping induces a decomposition of the surface <2 into the im¬ 
ages of polygons, images of edges (or the decomposition edges), images of vertices 
(or the decomposition vertices), the decomposition not being, generally speaking, a 
triangulation. 

Jn Fig. 41, there is the development of a torus represented as a polygon. The ar¬ 
rows and designations of its edges denote the rule for gluing the torus. 

Hereafter, we will orient development polygons by fixing an orientation for each 
of them. The orientations of the polygons determine the corresponding orientations 
of the edges. Under the gluing hotneomorphism o, — try of two edges, the edge ay 
acquires an orientation induced (from the orientation of the edge a,) by the 
hotneomorphism Generally speaking, this orientation may he different from the 
orientation of the edge Oj. 

A development Q is said to be orientable if for the same orientation of all its 
polygons (e.g., when circumnavigating the vertices counterclockwise), the edge glu¬ 
ing homeomorphisms induce the reverse orientation in the image edge. Otherwise 
(l.e., if the original orientation coincides with the induced in at least one edge), the 
development is said to be non-orientable 

A surface X is said to be orietuable (resp. non-orientable) depending upon 
whether its development is orientable (resp. non-orientable). 
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3. The Classification of Developments. 

DEFINITION 5. Two developments Q and Q ' are said lo be equivalent if iheir factor 
spaces are homeomorphic. 

We now introduce some elementary operations over a development which will 
transform it into an equivalent one. 

Subdivision. Let there be an n-gon Q f (n > 3) in a development. We draw a 
diagonal d which breaks Q, into two polygons Qj and Qj' and move the polygons 
Qj and Qf' apart constructing a new development Q from Q by replacing the 
polygon Qj by two polygons Q,'. Qj'. The two new edges d' and d", i.e., replicas 
of (be diagonal d, are related by (he natural identity homcomorphism, while the 
homeomorphisms of the original edges are preserved. The development Q is called a 
subdivision of the development Q; it is obvious that they are equivalent. 

Cluing. This operation is inverse to the last one. Two polygons Qj and Qj" of a 
development Q are glued into one polygon Qj under one of the homeomorphisms of 
their edges d ' and d " \ the homeomorphisms of the remaining edges Ql and Qj 4 in¬ 
duce homeomorphisms of the edges of the polygon Q r 

Convolution. Let two adjacent edges in a polygon Qj with opposite orienta¬ 
tions be glued together. After they have been ‘glued’, we obtain a development 
which, instead of Qj, contains a polygon in which the number of vertices is two less, 
and the number of homeomorphisms is one less (Fig. 42). 

We stress that the described operations preserve the development equivalence 
class. We leave the proof to the reader. 

For convenience, in the theory to come.wc will describe each development in 
symbolic words as follows: given an arbitrary development Q = ((Qj), (w#!). we 
specify a circumnavigation (i.e., orientation) for each polygon. Each edge of each 
polygon Q f will be denoted by a letter according to the following rule: given a 
homeomorphism for a pair of edges, we denote one of the edges by a and check 
whether the orientation that the homeomorphism <py induces (carries over) from a 
onto the second edge coincides with the orientation of the latter. If they do coincide 
then the second edge of the pair is also denoted by a; if not it is denoted by a~ *. 
Edges which are not glued lo a are denoted by other letters, e.g., b, c or b~\ c~ 


B 
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eic. See Ch. I for the words of the sides of the pentagon and triangle which are the 
developments of a handle and Mdbius strip, respectively. 

Having denoted the edges of all the polygons Q,, we obtain a set of word! 
MGi)l. where u(Q t ) is a word denoting the ‘gluing’ rule of the polygon Q t . In addi¬ 
tion, the letters in the word «(<?,-) are written In the order in which are the cor¬ 
responding sides of the polygon Q i according to Us orientation. It is clear that the in¬ 
dicated set of symbolic words (uifQ,)) determines the development Q. 

Two main types of developments can be singled out. 

DEFINITION 6. A Type I canonical development is a development consisting of one 
polygon determined by a word whose form is aa ~ 1 or 

V l ®2*2“2 V • ■ - a nPnPm 

DEFINITION 7. A Type 11 canonical development is a development consisting of ont 
polygon with a word of the form ■ . . a„Pm> m > 0. 

We now formulate the basic result. 

THEOREM 1. Any development is equivalent to a Type l or II canonical develop 
menl according to its orientability or non-orientability. 

Proof Two remarks at first. To begin with, it is easy to see that by gluing, the 
development corresponding to a triangulalion AT of a surface X can be reduced to a 
development consisting of one polygon. We shall therefore consider only this kind 
of development. Secondly, if there are combinations of the form aa ~ 1 in a word 
other than aa~ 1 in our development, then we may get rid of them by the convolu¬ 
tion of the edges a and a~ 1 around their common vertex A . The word of the nc* 
development is derived from the original by crossing out all combinations aa~'. 

Finally, we come either to a two-letter word too -1 or aa) or to a word no less 
than four letters long and without combinations of the form aa~ 1 (recall that the 
surface is dosed). Since the words aa, aa~ l describe a canonical development, only 
the last case should be considered further. 

We shall break this analysis into a number of steps; 

(1) The obtained development Q‘ can be transformed into one whose all vertices 
arc equivalent, i.e., glued on factorization. In fact, assume that there are vertices in 
Q’ which are not equivalent. Then there is an edge a in Q' whose ends A , B are not 
equivalent. Let b be another edge adjacent to the vertex B and whose other vertex B 
C. Join A to C by a diagonal d. Then the edge b ' to which the edge b must be glued 
is outside the triangle ABC. Otherwise, either b = a or b = a" 1 which is contrary 
to the assumption that the vertices A and B are not equivalent or that there arc no 
combinations of the form aa~ *. Now, apply the operation of subdivision along the 
diagonal d, and then the operation of gluing along the edge b (wc glue it to b'). It 
the resultant development P , the set of vertices which are equivalent to A increase! 
to one more in number, and the set of vertices equivalent to B reduces to one lest 
(Fig. 43). In addition, if combinations of the form aa~ * appeared in the word of tht 
development P’ . then we delete them by convolution Moreover, it should be noted 
that the last reconstruction cannot alter the difference between the set of vertices, 
which are equivalent to B, and the set of those equivalent to A (verify this by 
yourself!). 
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fig 43 Fig. 44 


Furthermore, if still some vertices which are not equivalent to A remain, then we 
repeat the whole process described until we obtain a development with the required 
property. 

Thus, we shall assume from now on that all the vertices in our development are 
equivalent, and that there are no combinations of the form aa ~ l ' in it. 

(2) We show now that two similar letters in the word of a development can be 
always placed together. In fact, let two letters a and a be not placed together. Then 
draw the diagonal d joining the initial points of the two edges a and a in the 
polygon. By subdividing along d and then giuing along a, we find that there is no 
letter a in the new word as can readily be seen. However, the combination dd docs 
appear, which is what we were striving for (Fig. 44). (It is easy to verify that the con¬ 
sequences of the first step are preserved.) 

We perform the same procedure for other identical letters not placed together. 

Note, moreover, that white applying the indicated procedure, wc do not separate 
other combinations of the form aa, since only those edges which are adjacent to a 
are separated and they certainly are not equivalent to it. 

(3) Assuming that the conditions of steps (1) and (2) are fulfilled, we will show 
that if the letters a and a ~ 1 are not placed together in a word, then there are other 
letters b, b~ 1 such that the pairs a, a ~ 1 and b, b~ 1 separate each other (Fig. 45). 

We shall do this by employing reductio ad absurdum- If there is not a pair b, 
b ~ 1 then there are only combinations of the form cc between a and a ~'. But this is 



Fig. 45 


Fig. 46 



contrary to the equivalence of all vertices of the development, since such a situation 
is possible only if the vertices A , B of the edge a aTe not equivalent (Fig. 46). 

<4) Thus, there are two pairs in our word, a, a ~ 1 and b.b~\ that separate each 
other. We now demonstrate that these four can be always replaced by combinations 
of the form xyx~ *y~ 1 Whilst keeping the conditions of steps (1) and (2). First, join 
the origins of the edges a and a ~ with the diagonal x and make a subdivision along 
it; then glue along the edge b (Fig. 47). Join the ends of the edges x and x ~ 1 in the 
polygon obtained by the diagonal/, subdivide along/ again and then glue alongo 
(Fig. 48). 

We obtain a development in whose word there is the combination xyx~ '/ 1 in¬ 
stead of the letters a, b, a~ l , b ~ ’. If combinations of the form cc~ 1 appear after 
these operations, then they are removed by convolution while combinations of the 
form dd and cdc ' *d~ 1 arc not separated. Thus, the situation reached after steps (1) 
and (2) is preserved. 

By applying the constructions of steps (l)-(4), we have'transformed the original 
word to that consisting of combinations of the form xyx~ l / _1 and oa. If there are 
no aa type combinations in the word, then this is a Type I canonical development. 

(5) If there are both xyx~ */” 1 and ao-type combinations then the word can be 
reduced to the Type II canonical form in the following way. Join the common 
vertex of the edges a and a to the common vertex of the edges / and x~ 1 with a 
diagonal d. Subdivide along d and glue along a (Fig. 49). The two pairs of tb: 



Ch 2 General Topology 


65 



Fig. 51 


separated edges thus obtained, viz., x and x.y and y, arc then turned into the com¬ 
binations ZZ, ww by applying step (2) (Figs. 50 and 51). After these operations are 
over, a separated pair d~ } ¥ d~ 1 appears, which we turn into the combination vv 
(Fig. 51) again by performing step (2). We thus obtain a word of the required 
canonical form. 

Hence, the pair of combinations xyx~ ‘y ~', aa is replaced in the word by an ar¬ 
rangement of three on-type pairs. In doing so, other xyx~ l y~ 1 or aa combinations 
are not disturbed. The process can be repeated until all the xyx~ 'y ~ 1 combinations 
have disappeared. ■ 

Exercise 2°. Verify that two closed surfaces X, X' whose developments are 
equivalent to canonical of the same type and with the same number m are 
homeomorphic. 

a. The Euler Characteristic and Topological Classification of 
Surfaces. Let us now turn to the geometric interpretation of the theorem that wc 
have just proved. It was shown in Sec. 3, Ch. I, thatxyjr" l y~ 1 combinations in the 
word of the canonical development of a surface X correspond to a handle, and an 
aa-form combination to a MObius strip, both of these being glued to the remaining 
part of the surface X along its own boundary. Thus, if the canonical development 
of a surface is of Type I or II then this surface is glued together from a finite 
number of handles or a finite number of MObius strips, respectively. This gluing can 
■be easily represented as the result of gluing the handles or MObius strips to the 
sphere S 5 . 

Consequently, we see that a surface with a Type I canonical development is an 
orientable M^- type surface, where p is the number of the handles glued to the sphere 
(the genus of the surface). If, however, the canonical development of a surface is of 
Type II, then it is a non-orientable surface of the N q type, q $ 1, where q is the 
number of MObius strips glued to the sphere (also the genus of the surface). 
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In the proof of ihe theorem, wc have shown that if p handles and q > l Mobius 
strips are glued to the sphere, then the obtained surface is non-orientable and of the 

+ „ type. 

The development classification theorem leads us to the conclusion that any 
closed surface is homcomorphic to a certain surface of the type M p , N q . To make 
the result more precise, consider the Euier characteristic of our surface. Let the 
decomposition of a surface X contain a 0 vertices, a, edges and a 2 images of 
polygons. The number x(X) = a 0 — ex ( + « 2 is called the Euler characteristic of 
the surface. Obviously, this definition generalizes the one given earlier (see Sec. 3, 
Ch. I), since now the image of a polygon need not be, say, a topological polygon 
(the sides of a polygon may be glued together). 

if X is of the Mp-type, and P its canonical development whose word is 
’f>j" 1 . . . aJbtP~ l b~ \ then it is evident that a 0 = 1, a. = 2p, a 2 = 1 and 
XW = 2 - ip. 

If Xis of theNp-type ttnia l a l a 7 a 2 . . .e^a-is the word of its canonical develop¬ 
ment, then u„ = 1, a, = q, a 2 “ 1 and x(X) =2 - q. 

If Q is an arbitrary development of the surface X then it can be transformed into 
a canonical development using elementary operations. It is easy to sec that the 
elementary operations do not alter xW- It* fact, a subdivision increases the 
numbers a, and a 2 by one, a g being unaltered; gluing decreases a ( ando 2 by one,a 0 
remaining unchanged, and a convolution decreases ot 0 and cr t by one. Therefore, the 
sum <*0 — a, + a 2 remajns unaltered. Hence, we can make the important conclu¬ 
sion that the canonical development P does not depend on the choice of elementary 
transformations of the development Q. In fact, if Q could be reduced to two 
canonical developments P, P' , and both were, say, of Type 1, i.e., 

a \vr V 1 • • »M' 'V 1 and ‘Sf 1 ... a p B p a -\*, 

then the Euler characteristic calculated for a decomposition of Q would be the 
same as that evaluated for decompositions of P and P . Hence, we would have the 
equality 2 - Ip - 1 - 2 p u whence p = p { , i.e., the words for P and P would 
coincide. Similar reasoning is held when the developments P and P' are both of 
Type II. 

If, however, P is a development of Type 1, and P‘ is of Type 11, then the equali¬ 
ty 2 — Ip = 2 -- q is possible only if q — Ip. Therefore, the above reasoning 
merely establishes that a development cannot have two canonical forms, one of 
Type I and the other of Type 11 with the genera p and q * Ip. The general conclu¬ 
sion that the simultaneous reduction to both Types I and I! canonical forms is im¬ 
possible follows from the property to preserve its orientability (resp. non- 
orientability) of a development under elementary transformations (verify!). 

Consequently, we have proved the first part of the following central theorem on 
the topological classification of surfaces. 

THEOREM 2. Any closed surface is topologically equivalent to a surface of the M ■ 
or Nq-type. Surfaces of the M p - and N q -, q > 1, types are not topologically 
equivalent if p and q are hoi both equal to zero-, the surfaces M p (or N q ) for dif¬ 
ferent values of p (resp. q) are not topologically equivalent either 
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The second part of the theorem was explained in Sec. 3, Ch. 1 (Item 4) and 
above. This explanation could have been considered to be the proof, had the 
topological invariance of the Euler characteristic a'(A') for an arbitrary closed sur¬ 
face X (we have only done so for X — S 2 ), and the fact that M p and N q are not 
homeomorphic, when q = ‘2p, p > 0, been proved. These facts will be established 
in Sec. 4, Ch. Ill, using the idea of the fundamental group of a space. 

Exercises. 

3°. Draw the diagram for gluing a surface whose canonical development has the 
word 

4°. Draw the diagram for gluing a surface characterized by the word a t a [OjCjO ja 3 . 
Indicate the type and genus of this surface. 

J“. Verify that the following closed surfaces have the indicated type and genus: 

(1) the sphere has M 0 = W 0 ; 

(2) the torus (i.e., the sphere with one handle) M,; 

(3) the double torus (i.e., the sphere with two handles) ,Vf 2 ; 

(4) the projective plane (V,; 

(5) the Klein bottle N 2 . 

Draw the diagrams of their decompositions. 

6°. Call a topological space in which each point has a neighbourhood homeomor¬ 
phic to an open interval of the number line, a one-dimensional manifold M 1 . Call 
the decomposition of AT 1 into arcs which arc the topological images of the line- 
segment |0, 1) and whose ends are adjacent to each other (i.e., meet at vertices) a 
triangulation of Afwe assume that Af 1 consists of a finite number of arcs. 

Prove that a triangulable manifold Af 1 is homeomorphic to the circumference 5 1 or 
some of its replicas. 


5. ORBIT SPACES. PROJECTIVE AND LENS SPACES 

1. The Definition Of an Orbit Space. Wt consider here important ex¬ 
amples of factor spaces arising when groups act on topological spaces. 

Let H(X) be the set of all homcomorphisms of a topological space A - onto itself. 
The product of two homcomorphisms A, and A 2 is defined as follows: 
(A,A 2 Xx) = A 2 (A ,(*)). In addition, for each A 6 H(X). there is an inverse mapping 
A" 1 e H(X) and AA“ 1 = A" 'A = l x . Thus, H(X) is a multiplicative group (non- 
commutalive. generally speaking) with the identity element 1 x . 

DEFINITION 1. We will say that an abstract group C acts (from the left ) on a space 
X if a homeomorphism of the group G into group H(X) is given. 

If G acts on X then to each ge G, there corresponds h g e Ff(X): 

S ~ VSiSz “ “ <V’. l O ~ >*• 

Let x 6 X be an arbitrary point; the set U A,(.v) is called its orbit and denoted 

byO,. »«° 
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Exercise 1°. Show that two orbits O x , O y either coincide or are disjoint. 

The last statement enables us to introduce on X an equivalence R : x - y « 

» O x = O y , i.e., when x and y belong to the same orbit. 

DEFINITION 2. The factor space X/R is called the orbit space of the group G and 
denoted by X/G. 

This method of constructing factor spaces plays an important role in modem 
topology. Consider some examples. 

2. Projective Spaces RP n , CP n . Consider the sphere S" C R" + Let 
each point x = (f + ,) s S" be associated with its diametrically opposite 

point Ax ~ (—{|.—* |) e S". The mapping A : S" — S" is a homeomor- 

phism and called a central symmetry. The following relations arc obvious: 
A = A~', A 1 = Therefore, the set [A, l s „j is a group (multiplicative) con¬ 
sisting of two elements; it is isomorphic to the group Z 2 (additive) of residues 
mod 2. Consequently, the action of Z 2 on S * is defined. 

DEFINITION 3. The spaa S"/Z 1 is called the real projective space and denoted by 
RP". 

Thus, RP" can be obtained from S" by identifying diametrically opposite points 
x, —x. 

Consider the set G = R\0 (i.e., all real numbers except zero). This is a 
multiplicative group and we define its action on the space X = R" * l \ [0] to be 

A X U) = X x,\eG,xeR"+ 

O z is obviously the set of all the points of the straight line in R" * passing 
through O and x, without the point 0. Therefore, (ft" + '\ (01)/C is the set of all 
straight lines in R" * 1 passing through the origin. The space (R" * *N(0))/G is 
homeomorphic to RP". The homeomorphism is established by the correspondence 
in which a pair (x, -x) is associated with the straight line passing through the points 
x and — x. 

Exercises. 

2°. Describe the topology of (R" + l \(0j)/G and verify that the spaces RP" and 
(R" * '\(0})/G are homeomorphic. 

3°. Glue the diametrically opposite points of the boundary of the disc D" together. 
Show that the factor space obtained is homeomorphic to RP". 

Consider now the complex space C" * *. Let G = C\ jOi be the multiplicative 
group of complex numbers. It acts in C" * l \(0] by the rule h>x -• Lr, X € C, 
x e C" * 'n( 0). Therefore, (C" + '\10J)/G can be identified with the set of all 
complex straight lines in C” * 1 passing through zero. 

DEFINITION 4. The space (C" + l \(0))/G is termed (be complex projective space 
and denoted by CP". 

We shall construct another model of CP". Consider the unit sphere mC** 1 , 
viz., S(- = | x: I €, 1 2 + ... + l?„ + ,1 2 =1). The group G = (e ta . 0 < a < 2» 




Ch.2 General Topology 


69 


acts on it according to the ruie e' a x = (e fa £,, e'°( 2 , .... e'"£„ + Thus,group G 
can be identified with the unit circumference S 1 in the complex plane C. Hence, S’ 
acts on the coordinate e C, and the orbit of the point ^ in C is the circumference 
of radius !{,-l if If,-1 *= 0. Therefore, the orbit O x = (e IQ -tj (0 $ a < 2*) of each 
point x 6 Sq is a great circle on S£- But S£- can be Identified with S 2 * + 1 and O x can 
be assumed to be a great circle on 5 2/1 * '; therefore, the action G = S 1 has been 
determined on S 2 " * 1 and we have the horaeomorphisms 

S£/S 1 — S 2 " + ’/5 1 - CP". 

The first homeomorphism has already been constructed. We shall now establish the 
homeomoephism SJ-/S 1 — (C" + '\fO])/G. We define this homeomorphism by 
assigning to each complex straight line (i.e., a point of CP") that great circle on 
(a point of SJ/S 1 ), which is the intersection of the complex straight line with 

3. Lens Spaces. At the end of Item 2, we dealt with the group S 1 of complex 
numbers whose moduli were equal to unity, and which acted in the complex 
plane C. 

Consider those finite subgroups of the group S 1 which are known to be finite 
cyclic and jsomorphic to the additive groups Z k of residues mod k. Let such a group 
Z k act in the y-lh replica of the space C as follows: 



where k. is a certain integer, 0 Then the action of Z k is determined in 

C" * 1 and in SJf- thus: 

«1. *2. (/ .4- l> 





1 * - • 



DEFINITION 5. The space S£/Z k is called a generalized lens space if any k, and k are 

relatively prime, and denoted by L(k.k, .* B ).Whenn = l.the space Hk.k.) 

is called a lens space. 

Exercises. 

4°. Show that if any k t and k arc relatively prime, then each orbit of the action of 
the group Z k described above consists of k points. 

3°. Show that the following formula determines the action of the group S l on a 
generalized lens space: 


/ ‘t i- \ 

e *“«..*«*.>- .c *f„ + 

6°. Show that L{k, k t .<r n )/S ! * CP". 
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6. OPERATIONS OVER SETS IN A TOPOLOGICAL SPACE 


In this section, we again turn our attention to the investigation of the properties 
of topological spaces and consider the closure and interior operations and the boun¬ 
dary operators on a set and also two notions closely related to them, that is, the con¬ 
cepts of limit and boundary points. All these ideas generalize well-known concepts 
of mathematical analysis. 

1 . The Closure of a Set . Let (X , r) be a topological space. 

DEFINITION I. We define the closure A of a set A C X to be the intersection of all 
closed sets containing A. 


The following statements are obvious: 

(1) The closure A is thcsmaUest closed set containing A. 

(2) If A is closed then A - A. 

A closed set can be characterized by limit points, which we do below. 

DEFINITION 2. A point x e X is said to be a limit one of a given set A C X if there 
is at least one point x' e A other than x in each neighbourhood Qix) of the point x. 


Exercise 1°. Verify that this definition can be restricted to only open neigh¬ 
bourhoods of the point x. 


Examples. Consider the sets A = |n], B 



1.2,. ,,,C= (0, !),£» = 


= [0, 1] in K '. The set A has no limit points, the set B has one limit point, i.e„ 0, 
and the limit points of the sets C and D fill the whole line-segment [0, 1). 

The notion of limit point in a topological space is, as can easily be seen, a 
generalization of the concept of limit point in analysis. We shall now prove some 
useful statements associated with limit points. 


THEOREM 1. A set A C X is closed if and only if it contains all its limit points. 
PROOF Let A be closed, x a limit point of A. and x c A. Hence, 
x e X\A <= Q <>r) which is an open set, a neighbourhood of the poinlx Therefore, 
Q(x) n A = 0, which is contrary to the definition of a limit point. 

Let A contain all its limit points. To show that it is dosed, l.e., that its comple¬ 
ment V = X\A is open, it suffices to prove that for any point x c U, there is a 
neighbourhood fl(x) such that Qtr) C V. By assuming the contrary, we find that 
for a certain point x 0 e U and any its neighbourhood II (xq), there is a point 
x' e QC*o) Sl *ch that x"€ U. Then x' e X\ U ~ A , therefore, x 0 is a limit point of 
A . which is contrary 10 x 0 1 ? A ■ 

The set A' of all limit points of a set A is called the derived set of A. Thus, a new 
operation arises, viz,, assigning to each set A C X the derived set A '. 


THEOREM 2, For any set A C X, the set A U A ' is closed. 


Proof We will show that the set U A') Is open. Let x be an arbitral) 

point of hV\(A U/C). Then x is not a limit point of A, therefore, there is its 
neighbourhood Q (x) such that 0(x) n A = 0. Let x‘ 6 0 (r) be an arbitrary point. 
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Then for any neighbourhood L(x ) of the point x' such that K(x ) C B(r). we 
have V(x') H A => 0, therefore,*' is not a limit point of A and G(x) 0 A ' = 0. 
Thus, 000 C (A U A ), and because x is arbitrary, the set X\ (A U A ') is 
open. ■ 

Exercise 2°. (1) Verify that {A U B) = A' U B ‘. (A n B) C A' n B' and 
{A \B)‘ O A \B\ 

(2) Let X = (a. b\ be a space of two elements equipped with the topology consisting 
of the three sets: 0, X, (a). Give an example of a set A C X for which the inclusion 
(A')' C A' is not valid. 

We shall now prove a basic statement about the sttucture of the closure of a set. 
THEOREM 3. A = A U A for any set A C X. 

PROOF. By Theorem 2, the set A U A ' is closed. Therefore, by the definition of 
a closure, X C A U A'. On the other hand, it is obvious that any closed set con¬ 
taining A also contain^ all limit points of A, and therefore contains A '. Hence, 
A U A' C A. Thus. A = A U A’. 

Exercise 3°. Let A be the set of rational points on the real straight line R l . Show 
that A = R 1 . 

If a topological space X has a countable subset A whose closure coincides with 
X, then it is said to be separable, ft is easy to verify that separability is a topological 
property 

Exercises. 

4°. Show that the space R n , the disc D". and the sphere S" ~ 1 are sep arable. 

J\ Verify the following properties of the closure operation: A U B = A U B, 
A - A, AIYB C A n B.A \ B C A \ B. 

6°. Let Y be a subspace of a topological space X and A a subset of Y. Denote the 
closure of the set A in the subspace Y by A Y . and the closure of A in X by A. Show 
that A y ^ A O Y. 

DEFINITION 3. A point x e A is said to be isolated if there is a neighbourhood G (x) 
of the point x such that it does not contain any points of the set A other than x. 

A point x s A is isolated if and only If x e A \ A ’. 

DEFINITION 4. A set A is said to be discrete if each of its points is isolated. 

2. The Interior of a Set. Consider two other important notions connected 
with (hat of neighbourhood. 

DEFINITION 5. A point x e A is called an interior point of a set A if it has a 
neighbourhood 0(x) such that f)(x) C A. 

The set of all interior points of a set A is called the interior of A and denoted 
by Int A. 

Example. Consider A = |0. 1J, the line-segment of the real straight line R 1 . It is 
easy to see that Int [0, 1] = (0, 1). 

The operation Int is dual of the closure operation, which follows from its pro¬ 
perties as enunciated in the following theorem. 
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THEOREM 4. For any set A C X. we have: (1) Int/t it an open set; (2) lnl A is the 
largest open set contained in A\ (3) (A is open) = (lnt/1 = A): (4) 
(*■ 6 Int.4) # (xeA andx is not a limit point of X\A); (3).T\34 = A'\lnt/4. 

PkOOF. Properties (1H3) are almost evident We will verify, for example, Property (1). 
Lei x e Int A . Then there is an open neighbourhood U(x) of the point x such that 
U(x) C A ■ Therefore, Ini/t is a neighbourhood of each of its points and hence an 
open set. 

As for property (4), if are lnt/4 then, obviously, x e A andxe (2f\/4)'. Converse¬ 
ly. if x e A and rF(T\/!)' then there is a neighbourhood 0(x) C A , therefore, 
re Int/4. 

The verification of property (5) is left to the reader. ■ 

The set Int (X \ A) has to be considered quite often It is called the exterior of 
the set A and denoted by ext A. 

Exercise V. Show that A = Jf\ext/t. 

3. The Boundary of a Set. The following important concepts are those of 
boundary point and the boundary of a set A. They are associated with the intuitive 
idea of a 'Separator' between a region of Euclidean space and its exterior. Some ex¬ 
amples will be considered in the next section. Here is the general definition. 

DEFINITION 6. We call the set X \(Int A U ext A ) the boundary dA of a set A, and 
call every point of the boundary a boundary point of the set A. 

Thus, x e dA if and only if each neighbourhood ofx contains a point from both 
A and X\A. 

EXAMPLE. Let X = R 1 and A = (0. 1], Then lnt/I = (0, I), X\A = (-«, 
0] U (1, +«), Int(2f\/1) = (-<*=, 0) U (1. +<*>) Therefore, dA = |0, !| is the 
set of two points; 0 and t. 

Thus, we have the boundary operator d . Its relation to the closure and lnl opera 
tions is cleared up by the following theorem. 

THEOREM 5. For any A C X. we have: (1) 3/1 = 4(1 iX\A); (2) dA - A\ 
Int A; (3) A = A U dA , (4) lnl A = A\3A; (.5) (A is closed) » (3/4 C/4);(6H4 
Is open) » ((3/4) 0/4 = 0). 

PROOF We shall prove some of these statements and leave the others as exercises. 

(1) Let xe 3.4, then in any neighbourhood Vix) of the point x, there are p oints x„ 
Xj such that X| e A. and x 2 eX\A Henc e xeA and x e X\A . i.e., 
xe A O (2f\/4). Conversely, ifxe/4 O yf\/4), then xe A, xe (2f\/l) Since 
(AfN/I) = X\ lnt/1, A = X\exiA (see Item 5ofTheorcm 4 and Exercise 7),we 
find that x e lnt/1, x~e ext A. whence xe dA 

(2) By definition, dA = 3T\(lnM U cxt/4) = (A"\extA)\ lnt/4 = -4\ lnt/1. 

(3) Since lnl/I c A, it follows from (2) that A = Int A U dA C A U 3/t; since 
3.4 C A , we see that AD 3A CAVA = A. 

(5) it A is closed then 34C4 = A Conversely, if dA C A then by (3), 
.4 “ A U dA (see Item 3) whence A - A. i t., A is closed. ■ 
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Exercises. 

8°. Let U be open in X and A = dU. Show ihai dA - A . Prove the converse stole 
menl. 

9“. Let Y be a subspace of a topological space X, and A a subset in Y Denote the 
boundary of the set A in y by 3 yA , and the boundary of A in X by dA. Verify that it 
is not always true that dyA = (3A) n Y. Give some examples. 


7. OPERATIONS OVER SETS IN METRIC SPACES. 

SPHERES AND BALLS. COMPLETENESS 

i. Operations Over Sets in Metric Spaces. Here we consider the con¬ 
cepts studied in the previous section as they apply to metric spaces. Remember that 
the base for the topology in (AT, p ) consists of all possible balls D r (x 0 ), where r > 0 
is the radius, and x n is the centre of the ball. The metric p makes it possible far us to 
speak of convergent sequences in M (see Sec. 2, Ch. I). We can express A. A ’. 
Int A , dA in these terms thus: 

(a) the condition x 6 Int A is equivalent to the ball D c (x), for a certain e > 0, be¬ 
ing contained wholly in A ; this follows from the definition of the metric topology 
V 

(b) the condition x e A' is equivalent to the existence of a sequence (o„| con¬ 
vergent to x, where a„ e A , a„ *= x. 

In fact, if x e A' then for any r . > 0, there is an element a x in A such that 
a x eD, (x), 0 | ^ x. Let 0 < < P U. «i). then again there is an element 

fl 2 e D r Jx). o 2 * x, etc. Thus, the sequences jr„| and )aj c A are constructed such 
that p(p„, x) < r„, r n 0,a„ * x, i.e., a„ — x. 

Conversely, let there exist a sequence a n — x, where a„ x, a„ e A . Then for 
any neighbourhood 0(x) of the point x, there exist a ball D,(v) c ll(r) and N(c) 
such that p(u„, x) < a for n > N(e). Hence a„ e 0(x) when n 5 N(c) and a„ * x. 
which completes the proof. 

The definition of a limit point in terms of sequences convergent to it given above 
is always used in analysis as the definition of a limit point of a set; 

(c) the condition that a set A is closed implies, just like for a topological space, 
ihat A contains all its limit points. This condition is equivalent to the fact that the 
condition x 6 A follows from the existence of a sequence jp n j C A convergent tox. 
In fact, the condition that A is closed is equivalent, for example, to the condition 
that A ' C A (see Sec. 5) which is equivalent to the previous statement; 

(d) the condition x e dA is equivalent to D.tx) n A * 0 and D r (x) 

0 (A"\/I) 0 for any r > 0, i.e., any bail with centre at the point x will ‘scoop' 

out the points of A and This statement is obvious 

We are also giving an equivalent definition which Is often used in analysis; 

(e) the condition x 6 dA is equivalent to the existence of a sequence (o n ‘J e X\A 
convergent to x, and to the existence of a sequence [p n ) c A convergent to x. 

In fact, suppose x e dA ■ Then for any r > 0, the ball D r (x) ‘scoops’ points out 
of both A (i.e., the point «,) and X\/4 (i.e., the point a r ). Assuming that r - r n , 

r_ — 0, we obtain the sequences a, g A. a' eX\A such that a, — x. a', — x. 

1 'n *#» r * 



74 


Introduction to Topology 


Conversely, if e„ — jr, («„) C A and a' — x, (a^j C , then any ball D r (/c) con¬ 

tains both the point a„ and the point a„ for a sufficiently large n = n (r); therefore, 
xedA. 

2.Balls and Spheres in R n . We shall investigate the sphere S", the open disc 
D * + 1 and the closed disc 5" * 1 in R" * 

THEOREM 1. The following equalities are valid'. D" + 1 — ID" + *) *» ( D" * ’) . 
proof If the ‘ray’ [rx<>|, 0 s: r < +t», is considered (it emanates from the cen¬ 
tre of the ball, the point O, and passes through the pointje 0 e D" + ', x 0 0), then 

the points = —-— x c of this ray tend to x 0 and lie in D" + 1 (verify this by using 


the metric on R" * '), and the points y k 


- x 0 also lie in D" + 1 and tend to zero. 


Therefo re. ID" * z> D" * l . On the other hand. ID" * ') Cfl"* 1 (here 
ID" + r ) is the topological closure of the ball D" * '). In fact, jf x k — y, 
x k e D" + *, i.e., if y e ( D * + ’)' then 


ply. 0) < ply.x k ) + p(r t . 0) < ply,x k ) + I, 


whence by taking into account that ply. x k ) — 0 as k — t», we have />0. 0> < 1, 
i.e.,yeD" + *. 

After combining t he inclus ion relations that we have obtained with the evident 
relation ID" + ’)' c ID" + ’), we have 

D" * 1 C ID" C ID" * ') CD'* 1 , 


whence the statement of the theorem readily follows. ■ 

THEOREM 2. The sphere is the boundary of a bail-. S" - d(D" + '). 

PROOF. Let x 0 6 S"IS" * 01). Then x k - —-— x 0 e D" * ', and Ihe sequence 

converges to jr 0 as k — ». Therefore, S" C HD" + '). Conversely, let 
x 0 ed!D" * ’). Then x 0 c~D" * 1 since D" * 1 consists of interior points, and there 
exists a scquence_Jx*) € D" + 1 convergent to x 0 (see Item 1, (e)). Therefore, 
x 0 elD"+ •)' = D" * \x a eS".m 

Exercises. _ 

1°. Prove that S" = 3(O' 1 + *). 

2°. Let *>: R" — R ‘ be a continuous function. Prove that the set 
A =■ jxeR" : y>(x) < <*] is open, and the sets B = (re/?" :*»(*) < a], 
C ~ faeR" : v>(x) = at] are closed for any aeR 1 (these sets arc called the 
Lebesgue sets of the function y>). 

3° Show for the sets of Exercise 2° that A C B. Give an example when A = B, 
dA = C, and also an example when A *. B and 3 A * C. 

3. Balls and Spheres in Arbitrary Metric Spaces. Consider a metric 
space (Af, p). We define a closed ball D r (jc£ and sphere S r (jc$ (i.e., with radius 
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r > 0 and centre at the point Xq) by the equalities 

* k e M, p(x. xa) < r|. S r (*J = (x e M.a (x. jcq) = r). 

Note that B r (xS r (*o) are closed sets in M. In fact, if (x„) e O f C*o) and x n — y 
then 

P(*0.>) <S P<*0' x n) + P<*n-y) < r + />(*„. ,X>. 

whence p(x 0 . y) $ r, i.c., S,Uo) is closed as the complement in the 

dosed set 2> r (Xg) to the open set D r (x 0 ), 

Are the theorems of Item 2 valid in the metric space? The following example 
proves that the answer is negative. 

example ! (counterexample). Let M be a finite set. We specify a metric p(x, 
t) = 0, p(r, y) = I when x * y. Then for r < 1, 

£> r <xo) ° l*o). ^rC^o) - (Xol. S,C*o) = 0 
and 

(£>><,)) = S,(ro) * (0,Cro» = 0. 

However, 

— dD r tyc^j =s 0j, 

When r = 10,M=^ (Xo!._Pi = (xj and C ~D X (* 0 ). 

Furthermore, P|(rg)) *2> ( (Xo), 5 |(xq) * dD t (Xq) = 0. 

Finally, when r > l,we have 

D,(xo) = 6,C*o) = M. iV(Xo) - 0; 

moreover,(Z>,Cxj)) = 5r<*c) * ))' = 0,S,(x o = »D,ix 0 ) = 0. 

The following theorem provides a necessary and sufficient condition for a 
sphere in a metric space to be the boundary of a ball. 

THEOREM 3. The following equivalence is valid: 

<S,(Xo) = 3£>,t*o» « (5^) = D,t*o)). 

Pit oof. It follows from (D,(xg)) = £> r (Xo> that 

W = D r <x a >\D r (x 0 ) = 5^J\0,Cxo) - 5D r Cxo). 

Conversely, tf S r (xo) = dD r (Xo>, then 

W - D r (xJ U 3D r (Xo) - 0,(Xg) U S,CXfl) = 0,<Xq)- ■ 

Exercise 4°. Let M - C\ 0 ,j be the space of continuous functions with the standard 
metric (see Sec. 2, Ch. lj. Give one interpretation of D r , D r , S r and show that 
S, = bD r 

4. Completeness of Metric Spaces. In analysis, Cauchy's criterion of the 
convergence of a sequence of numbers (in the space R ') has been established: a se¬ 
quence (x„) converges to some point x 0 (x n — Xp) if and only if it is fundamental, 
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1. e., for anyc > 0. there is an integerA/(c) such that ljr„ + m — x n \ < c as soon as 
n 3 N(e), m > 1 . 

If jr n — jr 0 in (M, p), then (>•„] can be easily shown to be fundainenial as is true 
in the case of R i.e., for any c > 0, there is N(c) such that 

p<*„ + «■*«><*•" > 1 . 0 ) 

However, the converse is not always true. 

DEFINITION 1. The space (A 1, p) in which Cauchy's criterion holds true (i.e., any 
fundamental sequence has a limit) is called a complete space. 

EXAMPLES 

2. Let M = Q C R 1 be the set of rational numbers in K 1 . This metric space is not 
complete since there exist sequences of rational numbers convergent to an irrational 
number (i.e., fundamental, but having no limit in Q ). 

3. The space Af = R 1 is complete. 

4. The space M = R" is complete. This follows from the fact that the fundanicn- 
tality or convergence of a sequence of lines [({*, .... {£)) of length n is equivalent 
to the fact that sequences of the numbers R*j, i = 1,.... n, are fundamental or 
convergent. 

Exercise 5°. Prove that the space M = C" is complete. 

EXAMPLE 5. The space M = C[ 0 ,, is complete in the metric 
PiCx(0.>(0) = max lx(r) - _y(f)l 

0cCt< ) 


but not in the metric 

/» 2 Cx(0,.P(f)) 


a 


lx(0-y«)i J . 


*r 


( 2 ) 


The statement just formulated is proved in analysis. 

The examples show that the property of completeness is not topological, i.e., 
generally speaking, 11 is not preserved under homeomorphisms (e.g., the interval 
(o, b) C and R 1 itself are homeomorphic but (a, b) is not complete). 

Tbe following statement holds true but we leave its proof to the reader as an exercise. 
THEOREM 4, Let (M,fl) be a metric space , and M l C M a subspace. If is complete then it 
is closed in Af; if M is complete and is dosed in M, then M x is complete. 


8. PROPERTIES OF CONTINUOUS MAPPINGS 

i Equivalent Definitions of a Continuous Mapping. Wc shall ex¬ 
press the property of the continuity of a mapping/: X — Y of topological spaces X 
and Y In terms of other topological concepts, i.e., of the neighbourhood and the 
closure of a set. 
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THEOREM 1. Let /: X — Y be a continuous mapping. The foltowmx properties are 
equivalent: (I) / i s conti nuous: (2) for any A C X, f(A) C f(A)\ (3) for any 
A C Y, we have: f~'(A) C /"‘(A). 

Proof We shall prove some impl ication s. (1) » (2): We conclude from the defini¬ 
tion of co ntinui ty that the set/" ' (/(/t )) is closed in Y and contains A . Therefore, 
A C /" 1 <f(A )), whence f{A) C f(A). (21 = (1): Obviously, it follows from (2) 
that A C /" 1 U(A )) for an y A. C hoosinR A - f~ l (F), where F is an arbitrary clos¬ 
ed set in Y. we obtain that/''(F) C f ~ 1 iff 1 (F))) =f~'(F). Therefore,/" 1 (F) 
is closed for any closed F C Y_, i.e.. f is continuous. 01 = (3): The continuity of/ 
implies the closedness of/ 1 (A). Hence. (3) immediately follows from the inclusion 
f~'{A) C f~ ' (A ) . (3) = (1): For a closed A, the chain of inclusion relations 
/"'(/I) D f ~ 1 (<4 ) Of 1 (A) follows from (3). Whence/" 1 ^) is closed, and the 
mapping/is therefore continuous ■ 

On the analogy of the definition of the continuity of a mapping in a metric 
space, continuous mappings of topological spaces can be defined as being con¬ 
tinuous at every point by introducing the notion of continuity of a mapping at a 
point in a topological space. 

DEFINITION. A mapping/ : X — T of topological spaces is continuous at a point 
jr 0 G PC if for any neighbourhood Q(/(xo)) of the point /(x q). there exists a 
neighbourhood OfcCo) of the point x 0 such that f(U(y^) C i i(/ r (x 0 ). 

Exercise 1°. The following property of a mapping/: X — Y is equivalent to the 
continuity at a point: the full inverse image/" '(QCfd'o))) of any neighbourhood of 
the point f{x<f is a neighbourhood of the point x 0 . 

THEOREM 2. A mapping f : X — Y is continuous if and only if it is continuous at 
each point x e X. 

Proof. Let/ : X — Kbe continuous, x 0 e X an arbitrary point, and (1 /(Xq)) an ar¬ 
bitrary neighbourhood of the point/Cxo). Then there is an open set V c V such that 
V C 0(f(x„)) and/Cxq) e V. Put V = f v {V). U is an open.set and x 0 e U . Then 
f(U) C 0(/(*o)). which proves the continuity of / at the point x 0 . 

Conversely, let/be continuous at every point jr e X. Let PC Y be an arbit¬ 
rary open set and let A = f '(K). Since V is a neighbourhood of each of its points 
and / is continuous at each of its points, for any xe A. there is an 
(Ur)-neighbourhood of the point x such that f(U(x)) C V. Therefore, fl(x) c A, 
which proves that A is open. The continuity of/ is thus proved. • 

Exercise 2°. Let X - A U B be the union of two closed sets. Then the mapping 
/: X — Y is continuous if and only if the mappings fl A and/I B are continuous. 
Give counterexamples when the condition of the closedness of the sets A and B is 
not fulfilled. 

2 Three Problems Leading to Continuous Mappings, in topology 
and its applications, the following types of problems have to be solved often; 

(i) Given two topological spaces X, Y and a mapping/ : X — Y Oicck whether 
/is continuous. 
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(ii) Given a topological space A", a set Y and a mapping/ : X — Y. Equip Y with 
a topology so as to make / continuous. 

(iii) Given a topological space Y, a set X and a mapping f: X — Y. Equip X 
with a topology so as to make /continuous. 

Problem (i) has already been considered for certain spaces and mappings. To 
solve it, extra information about X, Y, and /is required. 

Problem (ii) can be solved without any additional assumptions. Let fC/| = r be a 
topology on X. We endow y with a topology by calling open in Y those and only 
those sets V C Y whose inverse images/ -1 (P) = U are open in X (including the 
empty inverse image). It is not difficult to verify that the collection of such sets |K] 
forms a topology. If V a are some sets from [V] then 

(1) Uf tE m singer 1 (ur o \ = U/-'(K„) 

o \ a / a 

= Ul/.er, where U B = r'W*) 6 r; 

a 

( 2) ( n,^e[kl,since/- 1 ( A = nr'lVJ 

k 

= n 1/6H 

I 9 I ' 

(3) Ke \V). since/ - ‘(r) = Aer; 

(4) 0 e [K], since/-'(0) = 0 e r. 

The topology constructed will be called the topology induced by the mapping /; 
this is the strongest topology in which/is continuous*. 

Consider now the continuity of a mapping* : X/R — Y, where R is a certain 
equivalence, and X/R is a factor space. 

THEOREM 3. Let g : X/R — Yandf :X — Y be two mappings.and * ; A — X/R 
the projection. Let the diagram 



be commutative, i.c,/(x) = (gw)(y), x e X. Then g is continuous if and only iffis 
continuous. 

proof, Let/ be continuous. Consequently, if V c Y is open then/ -1 (K) is open in 
X Owing to the commutativity of the diagram, the set r(f~ *(30) = O is open in 


• This method of equipping with a topology was mentioned earlier when we introduced 
the concept of quotient topology (see Sec 3) 
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Since/ = g*. 

tV-'(K)) = rrtrr-'g-'MIO = g -, (K), 
therefore, g is continuous. 

Lei g be continuous, i.e., g - '(V) is open in X/R if V is open in Y. Then 
**’(g _l (iO) >s open in X due to the continuity of ir. However, 
j~ : (g~ '(y)) =/~'(Y). and hence/is continuous. ■ 

We must find out when the space Y with the topology described above is 
homcomorphic to the factor space of the space X with respect to the following 
equivalence relation (induced by/): 

R/ x i - *2 *» /(X i) - /C*j)- 

The class of equivalent points in X is the full inverse image f~ 1 (y) of some value 
ye Y. Let ir : X — X/Rj be the projection, and/: X/R f — Y the residue class 
mapping transforming the class of equivalent points [.e| into/(*). We thus have the 
equality f(tr(x)) = f(x),xeX, which means the commutativity of the diagram 



v 


THEOREM 4. If a topology on Y is induced by a mappingf : X — Y and f is surjec¬ 
tive, then fisa homeomorphism of the spaces X/Rj-and Y. 

PROOF The mapping / is continuous if Y is endowed with the indicated topology. 
By Theorem 3,/ is continuous. Since/is bijective, it is sufficient to prove the con¬ 
tinuity of/ - ’, which is equivalent to the openness of/. To prove it. let U R be an 
open set in X/Rj.onA V - f(U R ) its image in Y. Let/ = g. Then we have 

/-‘<>0 = (gT)-'(fO = T-'te-'(fO) = *~'(U R ). 

Since the set x~ , (U R ) is open, f~ , (V) is also open; by the definition of the 
strongest topology on Y in which/is continuous, we make a conclusion that V is 
open in Y. ■ 

Exercise 3° Show that if a mappmg/is not surjective, then the factor space X/R } is 
homcomorphic to the subspace f(Xj C Y, where the topology on Y is induced by /. 

When considering a continuous mapping /: X— Y of two topological spaces, a 
question may be asked under what conditions the topology of Y is induced by the 
mapping/. 

THEOREM 5. Let f : X — Y be a surjective mapping of two topological spaces and 
let f be continuous and open (or closed). Then the topology on Y is a quotient 
topology induced by f. 

proof. Consider the case when /is open. Let = r, be the topology on Y in¬ 
duced by the mapping/, and r 2 = \U] the original topology on Y, We shall show 
that they coincide In fact, let Per,, V *■ 0. Then, since / is surjective, 
f~'(V) * 0 and/ -l (Y) is open inyY (by the method of construcuon of r t ) Since 
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/ is open, we find that the set f{f ~ 1 {K)) = V is open in Y, I.C., V e r 2 . Conversely, 
let Ueij; then it follows from the continuity of / that f~ x (U) is open in X. 
Therefore, U a r, by the definition of the topology r,. 

The case when/is closed is considered in an analogous way. ■ 

It rematns for us to consider problem (iit). Let f: X — Y be a mapping of a set 
X into a topological space T. Let r := [V] be a topology in Y. Put 
o = \f~ l (K))i/ c f . The system o satisfies the axioms of topology (verify!). It is ob- 
vious that/is continuous as a mapping of topological spaces (X, o). (T. r). It is clear 
also that a is the weakest of the topologies possessing this property. 


9. PRODUCTS OF TOPOLOGICAL SPACES 

i. Topology in the Direct Product of Spaces, obtaining the direct 
products of topological spaces makes the construction of new topological spaces 
possible. 

Remember that the direct product X x Y of the sets X, Y is the collection of 
ordered pairs (x, y), where rsfjs Y. The direct products of any number of fac¬ 
tors can be considered. An element of such a product fl X is a set 

« * <4 

x 0 e X„ or, in other words, the elements n X are functions x : A — UX a such 

a eA 

lhatx(a)eA'„. If A = (I, 2, ..., nj is a finite set then the product of X t ,X 2 , ... ,X n 
is often denoted by X x x X 2 x . . . x X„, its elements being the ordered sets (x |t 

x 2 , . . . , x„), where x,- 6 X t , i = 1,2. n. 

We endow the direct product X x Y with a topology by giving the family 
\U a x Kj| as its base, where \U a \, [Vp] are the bases for the topologies in X and Y, 
respectively. 

Exercise 1°. Verify that the covering [U a x Yg) of the set X x Y satisfies the 
criterion of a base (see Sec. 1). 

The topology determined by the base [U a x is called the product topology. 
Example. The plane/? 2 is the direct product of straight lines: R 2 - /? 1 X R 1 . The 
base for the topology on R 1 is the set of open rectangles of the form U n x Vg, i.e., 
two-dimensional parallelepipeds (Fig. 52), where U a , Vg are intervals. 



Fig. 52 





Ch. 2. General Topology 


81 


Exercises. 

2°. Prove that the two-dimensional lotus T 2 is homeomorphic- to the product 
S 1 x S'. 

3°. Prove that the space S 1 x R ‘ is homeomorphic to the circular cylinder. 
Consider the projections 

Pl’.XxY — X, (x ,y)-x; p 2 .XxY-Y k <x.y)-y. 

THEOREM 1. The mappings p,, p z are continuous in the product topology. 
Moreover , this is the weakest topology in which p, and pj are continuous. 

Proof. We show that p, is continuous. Let V„ be a set from the base for X. It suf¬ 
fices to show that p, _, (t/ a ) is open. Since the space V can be represented as the 

union U Vg of all the sets of the base, 

0 

p 7\U a ) = 14 X Ym U„x u V t = u iu a x v B ) 

t e 

and therefore pf 1 (C/ Q ) is open in X x Y The continuity of p 2 is verified in the 
same way. 

Let us verify the second statement of the theorem. For p\ to be continuous, it is 
necessary that the sets - U a x Y should be open. For p 2 to be con¬ 

tinuous, the sets A - x V a = pj'(P B ) should be open. Hence for both p ( andp 2 to 
be continuous simultaneously, it is necessary' that the sets U a x Y and X x V g , 
and therefore, the sets (U a x Y) O (X x =■ U lt x Vg should be open. 

Thus, any topology on X x Y in whichp, andp, are continuous should contain 
the sets U a x Ug (and also the topology generated by ihem). Therefore, it is 
stronger than the product topology of X x Y. ■ 

Consider the direct product n X„ of an arbitrary (possibly, infinite) number of 

ocA 

factors. We introduce the weakest of all those topologies on n X„ in which every 

• it 

projection p a ■ : 11 A 0 — X a which associates the function x with the value 

<*€ A 

x(a ’), is continuous. This topology on n X a is called the product topology or the 

aCi4 

Tihonov topology. 

We shall describe it in more detail. The subbase for the Tihonov topology can most 
easily be characterized as the collection of all the possible sets in the product n X„ 

am A 

which have the form B ag = (x : xfag) C where U ag is an arbitrary element of 
the base for the space X ag and cr 0 o A is also arbitrary. It is easy to see that 
= p~ o '(.U ao ). Thus, for a certain cr 0 , the sets \B a j form the weakest topology 
on° II A\°in which the projection p a is continuous. -Aerefore, having declared the 

Q« A 0 

set |# a j Q s a to be subbase, we obtain the weakest topology in which all the pro¬ 
jections p Q - are continuous. 

Hence, the base for the Tihonov topology consists of sets of the form 

U = n p-'(f/„,) n ... n p^(U a j, 
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where a,,. . ., a n is an arbitrary finite set of elements a e A, and U a is an arbitrary 
element of the base in . In other words, an open set of the base is a set of func¬ 
tions 

lx:x( ai )eU ai ,i~ 1.2.«) - |x: *(*,) e U a J n ... n (*:*(»„) e U a }. 


THEOREM 2. For any or 0 6 A , the projection p a ^ : ILY 0 — X a<) is a continuous and 
open mapping. 


Proof The continuity of/> 0j) has already been verified. Since the primage of a sei 
from the base for the topology is open, the image of any open set is also open. ■ 


Exercises. 

4“. Show that the base for the Tihonov topology is formed by all possible sets of the 
form 




(such sets arc often referred to as cylinders). 

5° Verify that R" = R 1 x ... x R ' . Describe the base and the subbase for the 
Tihonov topology on R". 

6°. Verify that the ^-dimensional cube /" in R" can be represented as 
1” = I X ... X I, where / = [0. 1], 


7°. Consider the n-dimensional torus V‘ = S 1 x . ■ ■ x S 1 . (there are n factors) 
and describe the subbase and base for its topology. " 

2 . Continuous Mappings into the Product of Spaces. We in¬ 
vestigate the mappings /: X — (1 X n from a topological space X inlo a product. 
«ta 

We can consider the components/,, : X — X a and /„ = pj'of the mapping/. Con¬ 
versely, if a set of mappings [/, : X — X a , a e A | is given, then the mapping 
/: X — fl X„ is determined uniquely. 

at A 

Thus, there exists a bijection between the set of mappings/ ; X — tl X a and 
the family of the sets of mappings \f a \t,r.A- 

THEOREM 3. (A mapping / is continuous) « (the mapping f a is continuous for each 
ae.A). 


proof Let all/, be continuous. In order to show that/is continuous, it suffices to 
show that/* ‘(l/) is open in X for any U from the base for 11 X a . Let 

a 9 A 


then 


V ‘L " . 3) xt '., x 


X l/„ 


r'UJ) - (re* : /„M <=*„.* .1= 1.2.*! 

n K'vcjn/; i '(v ai )n, > n/z k '(u at ) 

° * “i. • 

= x n y, n ... n 
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where V, = f ^ 1 fU a ) is an open set in X owing to the continuity of/„. Therefore, 
f~'(U) is open in x'. The proof of the converse is left to the reader. ■ 

Consider now the mapping/: II^A' a — X associating each family (x(or)J a 

with the corresponding element from X, 

Exercise 8°. Verify that if X “ X a = R\ a e A, A = (l, 2, .... n), then the 
mapping / is a numerical function in n arguments. 

In the general case, the mapping/ can be considered to be a generalization of a 
numerical function in n arguments, assuming that it depends on the variables 
x(a) e X a . If alt values* (a) are fixed (except xtaj) then a function in one argument 
is obtained, the argument varying in X . We make these ideas more precise. 

Consider a subspace X’ of the product consisting of all functions x taking the 
value x (a) = y a , a -t- a 0 , where y a e X a is a certain element. 

Exercise 9°. Verify that X^ o is homeomorphic to X a( . 

Let : X ao — AT ( ' o be the natural homeomorphism (depending on certain y a , 
a * « D ), and/I the restriction of/to X' . The diagram 

A on * 0 





can be naturally completed to a commutative one by the product of two mappings 
(see the dotted arrow). We denote it by /jf" 1 . This product of the two mappings 
characterizes the dependence of/on the argument x (oq) e X <>0 for the given values 
y a of the other arguments x(a). 

Exercise 10°. Verify that if/is continuous, then the mapping/^"” 1 : — X is con- 

tin uous for all or 0 eA,y a e X a , when a * <*(,. The converse is not true. Give an ex¬ 
ample. 

We shall consider another case of a mapping of the products of topological 
spaces. Let f a : X a — Y a , aeA be some collection of mappings of topological 
spaces. The mapping n f a : fl X„ — n Y a is determined naturally if each func- 

at A a tA 

lion xe XI X is associated with a function ye IT y„ by the rule y (a) = /(*(«*)). 

a*A atA 

This mapping is called the product of mappings f a . When A - (1, 2, ... n), the 

product of the mappings/,,/ 2l . . ,/„ is often denoted by 

/, x / 2 x . . . x /, : A, x A 2 x .. . x - f, x x , , . x f,. 

Exercises. 

11°. Prove that ( It J a is continuous) «* if a is continuous for each a e A ). 

12°. The graph of a mapping f : X — T is the subset iy C X x Y of the form 
T f = ((*, y) : x <= X. y =/(*)). Verify that 

(1) ry is the image of the mapping/ : X — X X K. fix) * (x, /(*)); 

(2) if is continuous) o if is continuous); 

(3) if is continuous) •» (iy is closed). 
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13°./?-equivalent points in A"(x — y) can be combined into a pair <jc,y) e X x X; 
denote the set of all such pairs by R C X x X. Show that (1) if X/K is Hausdorff, 
then the set R is closed; (2) if the projection ir ■ X — X/R is open and the set R is 
closed, then X/R is Hausdorff. 

14°. Show that the product of Hausdorff spaces is also a Hausdorff space. 

15°. Show that a space X is Hausdorff If and only if the diagonal A = ((*, *)) is 
closed in A" x X 


10. CONNECTEDNESS OF TOPOLOGICAL SPACES 
i. The Concept of Connectedness of a Topological Space. The 

idea of connectedness generalizes an intuitive idea of the wholeness or 
unseparatedness of a geometric figure, and the idea of a disconnected space 
generalizes that of the negation of wholeness, l.e., separatedness. These ideas admit 
a strict definition within the theory of topological spaces and are studied in detail in 
the present section. 

Consider a topological space X and its subsets A , B. 

DEFINITION 1. The sets A and B are said to be separated if 
4nfl-/tnB-0. 

For example, if X is R i.e., the number line and A ■= (a, b), B = (i>,c)are in¬ 
tervals, a < b < c, then A and B are separated; but if A - (a, b] and B = (b, c), 
then A and B are not separated (i.e., A fi B = 

DEFINITION 2. A space X is said to be disconnected if it can be represented as the 
union of two nonempty separated sets. 

A space not satisfying the condition of Definition 2 is said to be connected 
Thus, a connected space cannot be represented as the union of two nonempty 
separated sets. 

We can speak of the connectedness (resp. disconnectedness) of a subset A of a 
topological space X by considering.^ to be a topological space with the induced 
topology. 

The simplest examples of connected spaces are: 

(1) a one-point space X - (*); (2) an arbitrary set X with the topology r 0 (i.e., 
trivial). The simplest example of a disconnected space is a two-point space X with 
the discrete topology (verify that the definitions are valid)). 

We shall adduce another definition of a disconnected space which is used quite 
often. 

DEFINITION 3. A topological space X is said to be disconnected if it decomposes in¬ 
to the union of two nonempty,disjoim,opcn sets. 

Note that two mutually complementary, open (resp. closed) sets are 
simultaneously closed (resp. open). 

We shall prove the equivalence of Definitions 2 and 3. (1) Let X bejlisconnected 
in the sense of Definition 2. Then we have X = A U B, where A 0 B = 0, 
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,408 = 0 and A and B are nonempty. Therefore, A C X\B and B C X\A, 

1. e., A = A, B = B, which implies the elosedness of A and B The conditions of 
Definition 3 are thus fulfilled. 

(2) Conversely, let X be disconnected in the sense of Definition 3. Then 
X - A U B,A,B are^nonempty and open, A Q 0. It is obvious that A and 
B are closed. Hence, A Cl B = 0. since A = A; B n A = 0 because B = B. ■ 
The following theorem produces an important example of a connected space. 

THEOREM 1. Any segment [a, 6] of the number line R 1 is connected. 

Proof. Consider a topological space X = [a. ft] equipped with the topology from 
/?' . Assume that X is disconnected: X=UUV, Ur\V=0, where U, V are 
nonempty and open (and simultaneously closed). Let a e U. We will consider line- 
segments [a, x] where x e (a, b\. 

When x is near to a, [a, x] C V because U is open. Denote the supremum of x 
such that [a, x) C U by a. (a. e X)\ it is clear that a. w b. 

If a. e V then points near to a. (on the left and on the right) also lie in £/, which 
is contrary to the definition of a .. Therefore, a.eU. However, by the definition 
of a., the inclusion relation a, B Pis impossible. Thus, we have run up against a 
contradiction with the equality X = U U V. ■ 

Now the connectedness of more genera) spaces can be established. 

THEOREM 2. Any convex set T C R" is connected; in particular, the space R" itself 
is connected. 

PROOF. Let T = U UK, where V and V are nonempty separated open sets. Let |a, 
ft] = X be the line-segment joining some points a e U and ft e V. Then 
X ft U - U x * 0,X C\ V = V x * 0 and A" = U x U V x is the decomposition 
of X, which is contrary to the connectedness of the segment X. ■ 

As an example of a disconnected set, consider the set of rational numbers 

Q = 1— } on the straight Line R 1 . Let ore/? 1 be an arbitrary irrational number. 

WJ 

Then the sets 

U x = [x : x e Q, x < or) and V x — (x : x e Q, x > a) 

arc nonempty, open and disjoint. Thus, the decomposition X = U x U V x means 
that X = Q is disconnected. ■ 

Exercises. 

r. Prove that the set of all irrational numbers is disconnected. 

2°. (a) Show that the set A is connected if A is connected; (b) show that in a space 
endowed with the discrete topology, any set (except one-point sets) is disconnected. 

2. Properties of Connected Spaces. Note first that connectedness (resp. 
disconnectedness) is a topological property of the space, i.e., it is preserved under 
homeomorphisms. In fact, this follows from the fact that the separaledness of sets 
is preserved under homeomorphisms. 

Connectedness is preserved in a more general way under continuous mappings. 
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THEOREM 3. Letf : X - Y be a continuous mopping. If X is connected thenf(X) 
is connected in Y. 

proof. Assume the contrary, i.e.,f\X) = (/, U Pj, where ^ (1 K, = 0, C/ t . V, 
being open in f(X). (/, * 0 and V, & 0. That/CX) is open implies that there ex¬ 
ist two sets U and V that are open in V and such that U H f(X) = £/,, 
yn/(X) * K,. But, clearly ,f(X) - U l U V, ~ X = /-'((/,) U/~'(K,) is the 
union of nonempty,disjoint subsets. Since f~'(U x ) = =/~ l 0 / ) 

(why?) and/~ 1 \0),f~'(V) are open sets (due to the continuity of/), the decom¬ 
position X = f~ 1 (C/,) U /~ l (t' , 1 ) is contrary to the connectedness of X. ■ 
Exercise 3“. (a) Show that the graph T^of a continuous mapping/of a connected 
space is connected. 

(b) Hence deduce the theorem that the numerical continuous function /: [0, 
1] — R has a zero f :/(£) w 0 in the interval (0. I) i//(0)-/(l) < 0. 

Statement (b) of Exercise 3 is a variant of the classical Bolzano theorem proved 
in analysis. To the Bolzano theorem, a more general intermediate-value theorem is 
related, viz., if a numerical function /(*) is continuous on a line-segment [n, hi, 
/(a) * /(b), and a number C is included between the numbers/(a) and/(f»), then 
there exists a point c e [a, bl such that/(c) = C- 

This theorem also follows from Theorem 3. In fact, the intermediate-value 
theorem is equivalent to the nonempty intersection of the graph T, of a numerical 
function fix) with the straight Uney ■= C in the plane R 2 , which follows from the 
connectedness of the graph ry and the choice of the number C. 

The Bolzano and the intermediate-value theorem could have been proved 
without resorting to the graph of the mapping /. Instead, the proof could have 
relied on the connectedness (in the space R ’) of the image/([a, 6]) and the property 
of connected sets in R 1 to contain every intermediate point together with and be¬ 
tween any two points (prove!). 

Exercise 4°. Prove that the circumference S 1 is connected 

Hint: Consider the mapping [0, 1) — 5’ given by the formulae x = cos2r/,y = jin2W. 

The following theorem is intuitively obvious. 

THEOREM 4. A space X is connected if any two of its points can be ‘joined’ by some 
connected subset {i.e., they lie in a connected subset). 

Proop Assume the contrary. Then X = U U V is the corresponding decomposi¬ 
tion into open parts iff D V = 0). Let u 0 e J and v 0 e P be two points, and 
LCX a connected set containing u 0 and v 0 . Put (/, = U fl L and V\ = V f> L. 
They are open (and nonempty) sets in L, moreover, L — C/, U Pj and 
(/, fl K| = 0, but this is contrary to the connectedness of L. ■ 

Exercise 5°. Verify that: (a) A U B is connected if A , B C X are connected sets in 
X. and A H B 0; and (b) A U B U C is connected if A , B, C C X are con¬ 
nected and Anc*0,snc*0. 

It follows from Exercise 3 that, for example^ the sphere S",n ^ 1 is connected. 
In fact, S" consists of two closed hemispheres S^. and S"_ whose intersection is the 
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equatorial sphere S n *, and each hemisphere is connected as it is a continuous 
Image of the disc (see Sec. 2). ■ 

We shall now establish the following more general criterion of connectedness. 

THEOREM 5. Given a family of sets jAJ that are connected in X and pairwise 
unseparated, then C — U A a is connected in X. 

a 

PROOF. Assume the contrary: let C =• £), U D 2 , D x n £> 2 = 0, and />,, D 2 be 
nonempty and closed in C. For an arbitrary A a , the following cases arise: 

(1) A a C O,, (2 )A a C D 2 , (3)v4 q O D, * 0, A a O D 2 * 0. 

However, case (3) can be excluded due to the connectedness of A a . Hence, we 
have die sets A a C D,, i = 1, 2. but the closedness of D { in C implies that 
(A n C) C />„ «' - J. 2. 

It is evident that (A a> O C) H A ai = 0,^ n (/! flC) = 0, and by tak¬ 
ing into account the inclusion relations /t^ C C, i= I, 2, we obtain that 
A a O A a = 0 and A a/ n /4 aj = 0, which is contrary to the assumption that 
Aj and A are not separated. ■ 

One special class of spaces satisfies Theorem 4. They are termed path-connected 
spaces. To describe them, we introduce the concept of path in X. 

DEFINITION4. The continuous mappings: (0, 1) — X, r(0) = a,r(l) = bis called 
a path connecting two points t and ft of a topological space X. 

Exercise 6". Verify that the image s(/) of the line-segment / = [0, 1] is a connected 
set connecting the points a and 6. 

DEFINITION 5. A space X is said to be path-connected if any two points in it can be 
connected by a path. 

An example of a path-connected space may be given by a dosed surface (see 
Sec. 4). 

It follows from Theorem 4 that a path-connected space is necessarily connected. 
That the converse is not valid can be demonstrated by the following example. Con¬ 
sider the union of sets in R 2 : 

X = [(0. 0), (I, 0)J ^, [(^ • °) • (~ 

and denote the line-segment connecting the points P and Q in R 2 by [P. g); X is 
connected but not path-connected (the point (0. 1) cannot be connected by a path 
with any other point from X). 

Exercises. 

V. Verify that convex sets in R n and the sphere S", n & 1, are path-connected. 

8°. Provethat HA C A" is connected, then any Ssuch that A CSC A is also con¬ 
nected. Give examples. 

Finally, we shall consider the product of connected spaces. 

THEOREM 6. The product X x Y of connected spaces is connected. 

proof. Assume the contrary. Let X x (J U V be a decomposition into open 




(0. I). 
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(nonempty) sets, U O V = 0. Let (x 0 ,e V The set x 0 X Y is homeomorphic to 
Y and therefore connected; intersecting U at the point tx Q ,yJ. it lies wholly in U, 
which follows from the connectedness of U. The sets X X y. y c Y, intersect 
x c x Y and therefore U. However, being connected, they lie wholly in U. Thus, 
U (X x y) = X x Y C U. Therefore, V » 0. The contradiction proves the 
,eY 

theorem. ■ 

Exercises. 

9°. Prove Theorem 6 for the product of /I connected spaces (n > 2). 

10°. Prove the connectedness of the Tihonov product n X a = Y of connected 
spaces.Y a . ° eM 

Hint: Consider the set R of the points of the product that can be joined to a certain point by 
connected sets, and verify that R = Y. 

3. Connected Components. If a space is disconnected then it is natural to 
attempt to decompose it into connected pieces. We describe this decomposition. Let 
x e X be a point in a topological space X. Consider the largest connected set con¬ 
taining the point x : L x = U A x , where all A f are connected sets containing the 
point x. The set L x is closed_since the closure L x of the connected set L x is connected 
(see Exercise 2) and hence L x C i.t.; L x = L x -t 

DEFINITION 6. The set L x is called the connected component of a point Jr in a 
topological space X- 

Lel x, y 6 X, x * y. Consider the sets L x , L ■ Owing to their connectedness and 
maximality, there are two possibilities: either (l)£ x = L y or (2) L x fll, = 0-In 
the second case, L x is separated from l- y , since i- x O L y = 0, L y D L x = 0. In 
the evident equality X = U L x , where the union is taken over all x 6 X, we reject all 
repeated components. 

Thus, the following theorem has been proved. 

THEOREM 7. Any topological space can be decomposed into the union of its con¬ 
nected components which are closed and disjoint. 

Note. Generally speaking, connected components cannot also be open (give ex¬ 
amples). 

Exercises 

11 Verify that if a space X possesses a finite number of connected components, 
then they are open. 

12°. Verify that the number of connected components of a space X (either finite or 
understood as the power of the set) is a topological characteristic of the space. 


11. COUNTABILITY AND SEPARATION AXIOMS 

The topological spaces usually encountered in various mathematical problems 
possess other properties. A number of these properties are expressed by what are 
called the countability and separation axioms. 
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I. Countability Axioms. In Sec. 1, the notion of base for a topology was in¬ 
troduced. It becomes clear, while investigating topological spaces, that spaces 
possessing a countable base for a topology have a number of useful properties. 
Hence, the following definition is introduced. 

DEFINITION I, A topological space (X, r) is said to satisfy the second countability 
axiom if its topology possesses a countable base. 

EXAMPLE l. The spaces R 1 and R" satisfy the second countability axiom. ♦ 

It is interesting to compare spaces satisfying the second countability axiom, and 
separable spaces. It turns out that a separable space does not necessarilly satisfy the 
second countability axiom. 

example 2 . Consider an uncountable set X whose topology consists of the com¬ 
plements to all possible finite subsets of the set X, the whole set X and the empty 
set. (Verify that such a set of subsets really forms a topology.) Any infinite subset in 
this space is dense since it intersects each open set. This implies the separability of 
X. On the other hand, assume that there is a countable base SB in X. Consequently, 
if x e X is a fixed point then the intersection of all the open sets containing x equals 
(x). Therefore, the countable intersection of all those elements of the base that con¬ 
tain x also equals JxJ. But then the complement X\ (xj is the union of at most a 
countable set of finite sets and hence is at most countable loo. This is contrary to 
the assumption that X is uncountable. ♦ 

On the other hand, the following theorem is valid. 

THEOREM I. A space satisfying the second countability axiom is separable. 

We leave the proof of this theorem to the reader. 

It is important to note that the converse statement that is, generally speaking, in¬ 
correct (which has just been demonstrated by way of an example) happens to hold 
for metric spaces. Viz., the following theorem is valid. 

THEOREM 2. Any separable metric space (AT, p) satisfies the second countability 
axiom. 

PROOF. Let A = {o„ aj, .... a n , . . .| be a countable and everywhere dense set in 
M. Take the collection of open sets 

j\,* = j* : PlX, o n ) < - 1,2, ...J 

as a base. It is easy to see that this is indeed a base. 

In fact, the separability of M means that for any x e M, in any ball 
D C M = [y : p(x,y) < e). there is an element a n e A\ moreover, there is a number 
k such that V„ k C D c (x). Since any open set in M can be represented as the union 
of bails, it can also be represented as the union of sets * from SB ■ 

We need the following statement for the future as weii. 

THEOREM 3. (LINDELOF’S THEOREM). If a space X satisfies the second countabili¬ 
ty axiom then in its arbitrary open covering \U a \, there is at most a countable sub¬ 
covering 
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Proof. Let £6 be a countable base for the topology on X. Since any element of th 
covering (l/J is the union of sets from £8, a subfamily C can be singled out in fiS, 
which is at most countable, also covers X and such that each element of C is con¬ 
tained in some element of the family {Uj. Then, having chosen for each element of 
the covering C a set from (C/ Q ) containing it, we obtain at most a countable sub¬ 
covering of the covering (U„). ■ 

Besides the base for the topology introduced in Sec. I, there is the important 
concept of base for the neighbourhood system of a point x of a topological space X. 

DEFINITION 2. The family (£(x)| of the neighbourhoods of a point x is called the 
base for the neighbourhood system of * if there is a neighbourhood from this family 
in each neighbourhood of the point x. 

Thus, the family of ail open neighbourhoods of a point is a base for the 
neighbourhood system of the point. 
example 3. Let X =■ Af be a metric space, and 

fl(x) - F*(x) - fji : p(y, x) < J 


a base for the neighbourhood system of the point x. A spherical neighbourhood can 
be made a refinement of any neighbourhood of x. For any spherical neighbourhood 

O t (x) = [y : p(x, y) < *], a number k can be chosen such that - < e; then 

k 

V*(x) C D c (x). 


DEFINITION 3. A space X is said to satisfy the first countability axiom if the 
neighbourhood system of any of its points possesses a countable base. 

examples. 

4. A metric space is a first countable space. 

5. The space of continuous functions C (0. ,1 satisfies the first countability axiom. * 

Does the space Cj 0 satisfy the second countability axiom? That it does follows 
from , C (0. jj being separable, and also from Theorem 2 of this section. 

The separability of the space C I0. ij follows from the Weierstrass theorem which 
states that any continuous function on the line-segment (0, IJ can be uniformly ap¬ 
proximated by a polynomial to any degree of accuracy. Thus, a countable and 
everywhere dense set A in C| 0 ]( consists of the set of all polynomials with 

rational coefficients. 

Exercise 1°. Verify that a space satisfying the second countability axiom also 
satisfies the first. 

That the converse is not true is demonstrated by the following example. 
Example 6. Any uncountable .space X with the discrete topology satisfies the first 
countability axiom. In tact, any point xe X possesses a base for the neighbourhood 
system consisting of a single neighbourhood V — {x). But such a space does not 
satisfy the second countability axiom. This follows from UndelOf s theorem and 
from the fact that the covering formed by one-point sets (xj, xeX, has no coun¬ 
table subcovering. 
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Thus, the fulfilment of the second countability axiom is a stronger condition on 
a topological space than is the first countability axiom. 

2. Properties of Space Separation. Some important topological proper¬ 
ties are characterized by the separation axioms. These axioms enable us to restrict 
the class of the spaces studied in order to consider their deeper properties. 

We shall adduce the main separation axioms T 0 - T 4 . A topological space X is said 
to be a T'Space if an axiom 7% i = 0, 1, 2. 3, 4, is fulfilled for it. 

(T q ). At least one of any two different points in a space possesses a 
neighbourhood which does not contain the other point. 

<T,). Each'point of any pair of different points possesses a neighbourhood 
which does not contain the other point. 

Any one-point set in a T.-space is closed. 

( T 2 ). For any two points x.yoX.x * y, there exist their neighbourhoods U(y), 
U(y) such that l/(x) ("I I/O’) = 0. In this case, X is said to be a Hausdorff space 
(see also Sec. 1). 

In order to proceed further, we must introduce the concept of neighbourhood of 
a set in a topological space. 

DEFINITION 4. A neighbourhood of a set Am a topological space X is any open set 
V containing A. 

(Tj). For any point x e X and any closed set F from X. xeF, there exist 
neighbourhoods (J(j c), U(F) such that U(X) O U(F) = 0. 

II the axioms 7", and T } are fulfilled simultaneously then the space X is called a 
regular space. 

(T a ). For any two closed subsets F t , F 2 C X. F, ft F 2 = 0, there exist 
neighbourhoods U(F X ), U(F 2 ) such that l /(F,) fl U{F 2 ) = 0. 

A space X is called a normal space if the axioms T l and T 4 are both fulfilled. 
We must emphasize that each subsequent axiom from T 0 to T 2 is a stronger con¬ 
dition on the space than the previous. The same is true for the axioms T 2 -T t but 
only if the axiom 7", is fulfilled since T l does not follow from either T 3 or T t . We 
give some examples. 

EXAMPLES. 

7. Let R 1 be the real straight Ime equipped with the topology whose base is formed 
by rays of the form a < x < It is not complicated to show that in such a 
topology, the space ft 1 satisfies the axiom T 0 but does not even satisfy the axiom T ] . 
There is an example of a T 0 -space which is not a Tyspace in Exercise 2, Sec. 6, too. 

8. Consider the line segment [0, 1] equipped with the topology whose open sets are 
the empty set and ait the sets obtained from (0, 1] by discarding either a finite or 
countable number of points. This space satisfies the axiom T t , but is not Hausdorff, 
i.e., the axiom T 2 is not fulfilled. 

We introduce the following definition: 

9. In the line-segment (0,1], the neighbourhoods of an arbitrary point, except zero, 
are ordinary neighbourhoods and all the possible half-intervals [0, a) with the 

discarded points — , n = 1, 2.are called the neighbourhoods of the zero 

n 
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point. It is easy to see that this space is Hausdorff but not regular, because the dis¬ 


joint closed set E 




and the zero point are not separated m 


the sense of the axiom T y 

These examples demonstrate that the class of regular (and also normal) spaces is 
essentially narrower than that of the Hausdorff spaces. However, the class of nor¬ 
mal spaces is quite wide and includes, for example, all metric spaces as will be shown 
in the next section. 


Exercises. 

2°. Show that in a T t - space, for any subset A, the following inclusion relation is 
fulfilled: (A ')' C A'. 

3“. Verify that a closed surface (see Sec. 4. Ch. II) is a Hausdorff space. 

Note in addition that the difference between normal and regular spaces is quite slight, 
which is demonstrated by the following. 

THEOREM 4 [VEDENISOV). Any regular space satisfying the second countability axiom is nor¬ 
mal. 

The proof of this theorem is not given here. 


12. NORMAL SPACES 
AND FUNCTIONAL SEPARABILITY 

i. An Equivalent Definition of Normal Spaces. The property of nor¬ 
mal spaces that is enunciated in the following lemma and which can be assumed to 
be an equivalent definition of a normal space is useful quite often. 

MINOR URYSON LEMMA- A space X is normal if and only if for any closed set 
F C X and any of its neighbourhoods U, there exists a neighbourhood V' of the set 
F such that U' C (J. 

Proof. Let X be normal. Consider two closed sets F and F, = X\ V. Since the 
space is normal, there exist twodisjoint neighbourhoods U' and U\ of the two sets 
F and Fy It is clear then that IF O F, = 0, whence U' C U. Conversely, let the 
lemma be fulfilled, and let F p F 2 be disjoint closed sets. Consider the set L/| = X\ 
Fy Then F, C [/,, and it follows from the data given that there exists a 
neighbourhood U\ of F, such that {/j C (1,. Having set U 2 = X\ U\. we obtain 
an open set U 2 , F 2 C U 2 , whereas U\ D U 2 = 0. ■ 

COROLLARY. In a normal space X. two disjoint closed sets Fp F, possess 
neighbourhoods C/,, U 2 such that C/, IT U 2 = 0, 

Generally speaking, the normality of a subspace does not follow from the normality of the 
space. However, if any subspace in a normal space X is normal then X is said to be hereditari¬ 
ly normal. The conditions for hereditary normality arc given by the following theorem 
THEOREM I (URYSON) A space is hereditarily normal if and only if any /wo of Us separated 
sets possess disjoint neighbourhoods. 

We do noi prove (his theorem here 
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The image of a normal space under a continuous mapping is not necessarily nor¬ 
mal. The simplest example is the identity mapping of the straight line R 1 endowed 
with the usual topology into the same straight line with some non-Hausdorff 
topology, for example, trivial. However, there exist sufficient tests for the image of 
a normal space to be normal. For example, the following statement is valid. 

THEOREM 2. Let X be a normal space andf: X — Ya continuous closed surjective 
mapping. Then the space Y is also normal. 

proof. Let A'be a normal space, A C Ye closed subset, and/*'(^) = A'. Then 
the set A ' is closed due to the continuity of/. Let f/be a neighbourhood of A in Y 
Then the set f~ 1 ( U) = V is open (due to the continuity of f) and contains A'. 
Therefore, U' is a neighbourhood of A '. and by the minor Uryson lemma, there ex¬ 
ists a neighbourhood V of the set A' such that V C Li'. 

We thus obtain the inclusion relations: A ' C F'_C V C U'. A dosed surjec¬ 
tive mapping is open. Therefore,/(V) is open, f{V) is closed, and we have the 
relations: _ 

A =XA-) C/(K ) C AY ) C /(£/ ) = U, 


hence, the normality of Y follows easily. ■ 

2. Functional Separability. The Uryson Theorems on Extend¬ 
ing Numerical Functions. The separation of sets was defined above in 
terms of ‘neighbourhoods’. Uryson introduced another notion of separation, or 
what is called functional separability. It is quite a convenient concept for studying 
normal spaces. 


DEFINITION. Two sets A, B in a topological space X are said to be functionally 
separable if there exists a continuous numerical function <p : X — R 1 such that 


•fiW 


0 if xeA 
1 if x 6 B 


and 0 < tp(x) $ 1 at all points of X (Fig. 53). 


The close relationships between the two concepts of separation are shown up by 
the following simple lemma. 

LEMMA. If two sets A and B are functionally separable in a topological space then 
they have disjoint neighbourhoods. 


The proof is left to the reader. 

Thus, the functional separability of any pair of dosed disjoint sets of a T,-space 
implies its normality. It is interesting that the converse statement is also true! 

MAJOR URYSON LEMMA. For any two closed.disjoint sets of a normal space X, 
there exists a continuous function y> : X — R * such that y> I A m 0. yj 1 8 1 and 

0 < y>(x) $ 1 for any xeX. 

Proof Let A and B be two arbitrary closed sets in X, A fl B = 0 . We associate 

each rational number of the form r = k/2", where k = 0, 1. 2”, with an 

open set G(r) so that the following properties are fulfilled; 
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(]) A C 0(0), X \ B = G(l); 

(2) G(rJ C G(r ') if r < r \ 

The proof of the existence of such a family of open sets will be performed by induc¬ 
tion on the index n. Let n = 0. Since X is normal, there exist disjoint 
neighbourhoods U(A), U(B) of the sets A and B. Put 0(0) = l/(A). 
0(1) = X\B and assume that such a family of sets G(r) is constructed for an in¬ 
dex n — 1. We will now construct it for the index n. Since Zm/2" = m/2" ~ ', it 
suffices to construct G(r) for r = k/T for an odd k. 

Let * = 2m + 1, then (k + l)/2" = (m + l)/2 n ~ \{k - l)/2" ■= m/2" - ', 
and therefore b y the inductive hypothesis, we already have the i nclusion rela tion 
G((k - l)/2") C G((k + l)/2"). ft is evident that the sets G((k - l)/2") and 
X\G((k + l)/2") are closed and disjoint. The n ormality of X means that there ex- 
ists a neighbourhood V of the set G((k — l)/2"),which does not intersect a certain 
neighbourhood of the set X\C((* + l)/2"). Put V = G(k/2 n ). it is clear that 

G{(k - l)/2") C G(k/2") and G(k/2") c G((k -t- l)/2") 

The induction argument is complete. 

We extend the domain of the sets G(r), having put 

O(r)>f 0 ‘ f r< °’ 

(Jf if r> I. 

Now, we specify the function <p as follows; wC*) = 0, jc o 0(0) and y>(x) = 
= sup (a : x gX\ G(r)}. We have to show the continuity of #>• To this end, we con¬ 
struct a neighbourhood U N (X() for each point jc 0 6 X and each N > 0, such that 
1 #>(*(,) - *>(*•)I < 1/2* x e Ufj(x^). Let r 0 (of the form k/2") be such that 

*<*o> <r 0 < w(Xo) + 1/2* + (1) 

Put = G(rJ\G(r 0 - 1/2*). Then je 0 e U^Xq) since r 0 > ffi(Xg) and 

r 0 - 1/2* * 1 < (ofX(P- If xe U N tX() then xe 0(r„). Therefore e(x) « r 0 . Fur¬ 
thermore, 


xe X \ G(r 0 - 1/2*) C X \ G(r 0 - 1/2*), 
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therefore r 0 - i/2 N < »»(-*■). Thus. 

r 0 - 1/2* < *(*) < r 0 . (2) 

By comparing (1) and (2), we obtain 

t *>(*„) - w(*)l < 1/2*. *6 C/^CXo), 
which means that y> is continuous. 

It is clear from the method of construction that ifi\ A m 0. <• I and 

0 < <p(x) < 1. The function that we have just constructed is also called the Uryson 
/ unction. ■ 

To apply this result, consider the extension of a bounded function from a dosed 
subset of a normal space to the whole space. Note first that the major Uryson lem¬ 
ma is equivalent to the statement that there exists a continuous function <e a b (x) 
that satisfies the following 

9Va'/t • "•''Vo's “ $ *«.*(*) <S b.xeX, 

where a, b (o < ft) are arbitrary real numbers. In fact, if y(r) is the Uryson func¬ 
tion then the function v> 0 _ 6 W = (b — o)v>(x) + a is the one required. 

THEOREM 3 (TIETZE-URYSON). For any bounded continuous function v? \ A ~ R 1 
defined on a dosed subset A of a normal space X, there exists a continuous function 
* : X — R* such that Q\ A m <p and sup !4>(x)l = sup Iv>(x)I. 

Proof. We shall construct the function $ as the limit of a certain sequence of func¬ 
tions. Put y> 0 = v and 


a 0 = sup I v> 001. A 0 


: e 0 (x) < - y j . fl 0 = : «p 0 (x) £ ^ j . 


It is dear that the sets Aq, B 0 are dosed and disjoint. By the major Uryson lemma, 
there exists a continuous function g a : X — R 1 such that tg 0 (x)l < and 


s 0 M 


-n 


- Oq/ 3 if x e /t 0 

Oq/I if X 6 S 0 . 


Now. wc define the function y>, on /t by the equality «a, = ys 0 - g 0 . The function 
*s, is therefore continuous and o, = sup ly>|l < ^ o 0 . Similarly, by introdudng the 
notation 


A, = ^.<r : v»,Cx) « - ^ j . B, = j* : y>,(x) ^ ^ j 
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and choosing a Uryson function g, such that lg t (x)l ^ ~ and 



when 

when 


xeA. 
x e B, 


we put i/> 2 = »>i - g| and a 2 = 


sup ly> 2 ) « - o | on the set A. 


Thus, we are constructing a sequence of functions </> 0 = v>. <p\, ■ ■ ■ . f H , ■ 

that are continuous on A, and a sequence of functions g 0 .g,., 

arc continuous on X such that 


that 


where a n 


2 

V»* + i = ~ + 

su^> n = 0, 1, 2.Hence, 








The latter inequality means that the series £ g„(x) converges absolutely and 

* m 0 

uniformly to a continuous function in X. Having denoted its sum by ♦(x), we ob¬ 
tain an estimate 

Let xeA, then the partial sum S n (x) = g 0 W + . . . + g„(x) by the method of 
construction of the functions y>„ + ,(x) will equal •p 0 (x) - •P„(x), and v n M — 0. 
Therefore, *fcc) = v> 0 (x) = fix) for any xeA. ■ 

The Tielze-Uryson theorem can be generalized for a mapping of the space X into 
an n-dimenstonal cube. 

COROLLARY. Any continuous mapping <p ■ A — l" of a closed subset A Of a nor¬ 
mal space X Into an n-dimensiorta! cube l” can be extended to a continuous map¬ 
ping 4> : X — /". 

Exercise. Prove the corollary. 

Hint: Use a coordinate system in R" and apply the Tielze-Uryson theorem to the components 
of the mapping v 

And now the following important fact can be proved. 

THEOREM 4. A metric space is normal. 

THE Proof of this theorem is left to the reader 
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13. COMPACT SPACES AND THEIR MAPPINGS 

1. The Notion Of Compact Space. We turn now to the study of a quite 
important class of topological spaces that are characterized by the properties of 
their open coverings. These properties are an abstract (and convenient) analogue of 
the property of compactness of a closed segment or an n-djmensional cube (or ball) 
known from analysis. Compact spaces and their mappings arise in many branches 
of mathematics. 

We shall first discuss some of the ideas related to the coverings of topological 
spaces. Let o = [A] be some system of subsets A of a set X. The union of all A from 
a will be denolcd by 3 and called the o-field. 

We shall now extend the idea of a covering mentioned in Sec. 1 and given after 
the definition of a base for a topology. 

DEFINITION I. A family a is called a covering of a subspace Y of a topological 
space X if o o Y. 

In particular, a is a covering of the space X if a = X, which agrees with the no¬ 
tion of covering used earlier in Sec. I. 

DEFINITION 2. A covering o is said to be a refinement of a covering a'(a > o') it 
each element of o is contained in some element of the system o'. The refinement 
relation introduces a partial ordering on the set of all coverings of the space. 

Coverings consisting of a finite (or countable) number of elements are said to be 
finite (or countable ), respectively. 

DEFINITION 3. A covering a of a space X is said to be locally finite if each point 
xeX possesses a neighbourhood which intersects with only a finite number of 
elements of o. Coverings consisting of open sets are particularly important and said 
to be open. 

There are many important properties of spaces which are closely related to the 
properties of open coverings. Hence, the following classes of spaces are singled out. 

DEFINITION 4. A Hausdorff topological space X is said to be (A,) compact. I<4 2 ) 
finally compact, (A } ) paracompact if an open covering that is (o,) finite, (af) coun¬ 
table. and (aj) locally finite, respectively, can be made a refinement of any of the 
open coverings of the space. 

Exercise 1°. Verify that we will obtain an equivalent definition of (4,) and (AJ if 
we require that a covering of ( a ,)- or (Oj)-type, respectively, could be selected from 
any open covering of the space. 

It is important that the properties A r i = I, 2. 3. of a topological space are in¬ 
herited by each of its closed subsets considered as a subspace (prove it by yourself!). 

Examples 

1. Let X = [<7, C R 1 be a space endowed with the topology induced by that from 
R 1 . The space X is compact, since, by the Heine-Borel theorem, a finite subcovering 
can be picked from any covering of X with intervals. 

2. Let X - /?'; this is an example of a noncompact space, the reason being that a 
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finite covering cannot be picked from the covering ((—n, n)!"_ |- (However, a 
countable subcovering can be chosen from any open covering of R 1 . Therefore R 1 is 
finally compact. Prove it.) 

Similar reasoning demonstrates that the space R" is also non-compact, nor 
are any of its unbounded subsets. Hence, it follows, in particular, that the require¬ 
ment for a compact subset in R" to be bounded is a necessary condition. 

3. The space X = R’ is paracompact. In fact, let (t/J be an open covering of R l . 

Then/? 1 = U (n, n + 1). Each line-segment [n, n + 1] is‘a little'extended to 

the interval (n — e, n + I + e). Consider the covering [U a fl (n - «, 

n + I + e» of the line-segment [n, n + ]]. A finite covering V[ .VJ can be 

singled out of it. The union of such coverings (for all n) produces a loealfy finite 
covering of R x which is a refinement of (l/J. ♦ 

If V C X is a subspace of a Hausdorff space X then by considering coverings of 
the space Y which are open in the hereditary topology from X, we obtain, from 
Definition 4, the concept of compact, finally compact and paracompact subspace 
(a compact, finally compact and paracompact set Y in the space X is also often 
spoken about). We could, in an equivalent manner, consider the coverings of the 
space Y which arc open in X. It is useful to note, moreover, that a closed set Y C X 
inherits the properties A jf i = 1,2,3, from the space X. In fact, to any open cover¬ 
ing o = (KJ of the space Y, where V a = Y n U a , and {/„ is open in X, there cor¬ 
responds an open covering a. = [U a , U . = X\ Y] of the space X t . Now, we pick 
a refinement o > a m (of a,-type) of the space X. U is easy to reduce the covering 5 
which we obtain to the covering 5 y of the subspace Y by intersecting the elements of 
a with Tend discarding those dements which are contained in V,. It is obvious that 

Oy > a. 

The following theorem is often used in analysis. 

THEOREM 1. Any infinite set Z C X of a compact space X has a limit point in X. 

PROOF. Assume, on the contrary, that Z' = 0. Then Z = Z. Therefore, Zis closed 
and, consequently, compact. On the other hand, each point z e Z is isolated in X. 
This implies that there exists an open neighbourhood G(z) in X such that 
G(z) n Z = z. Neighbourhoods U(z) = G(z) ft Z that are open in Z form an in¬ 
finite covering of the space Z from which a finite subcovering cannot be selected, 
and so we arrive at a contradiction to the assumption that Z is compact. ■ 

The concept of compactness is intimately related to the concept of elosedness. 
This is demonstrated by the following statement. 

THEOREM 1. If X is a compact subspace of a Hausdorff space Y. then X is closed. 

PROOF Let y e X. For any point x 6 X. since Y is Hausdorff, there are oped 
neighbourhoods U x fy), U y (y) of the points y, x such that U x (y) O U y ix) “ 0. 
The family 1 U y (jc)) xm x f° rms a covering of X. Because X is compact, there is a 

k 

finite subcovering iU, (*,))* „ ,. It is easy to see that the sets U(X) - U U y ly t ) 
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and n [A (y) = U(y) arc open and disjoint. Thus, we have shown that a com- 

-» i ' 

pact set X and a point not in it can be separated in a Hausdorff space by the disjoint 
neighbourhoods 1/(20 and I/O'). Hence, it follows that the complement KVA' is 
open, and therefore X is closed. ■ 

Exercise 2°. Prove that a compart space is regular. 

DEFINITION 5. A system fAf Q ) of subsets of a space X is said to be centred if any of 
its finite subsystems possesses a nonempty intersection. 

A dual statement of the definition of a compact space is the following theorem. 

THEOREM 3. A Hausdorff space X is compact if and only if any centred system of 
its closed subsets a = [MJ possesses a nonempty intersection. 

Pa oof. Let o = (Af) be an arbitrary centred system of closed subsets of the space X, 
and let X be compact. We show that H M * 0. Assume the contrary, i.e,, 


fi M = 0. Then U (X\Af) » X. i.e., the system !-V\Af] A , e „ is an open 

Me* M*o 

covering of X. Since X is compact, there exists a finite subcovering {XNAf^jJ _ , 

• » 

Therefore U C X\M k ) = X and, consequently, ft M k = 0. which is con- 
*- i * -i 

trary to the assumption that the system o is centred. 

Let the intersection n M be nonempty for any centred system a = (Afj of 

dosed subsets. Let |(/J be an arbitrary open covering of X. Then the system 
(2f\ VJ has the empty intersection and, by the assumption, is not centred. 

Thus,the subsystem (2f\l/„ j; m , has the empty intersection for some a,, a 2 , 
... , or,, whence (U a/ )f = j is a finite subcovering of the covering |l/ 0 ). Therefore, 
(he space X is compact. ■ 

We now consider the property of paracompactness. It is interesting to examine 
the relation of paracompactness to the other properties of topological spaces. Con¬ 
sider the so-called locally compact spaces. 

DEFINITION 6. A space X is said to be locally compact if it is Hausdorff and each 
point xe X possesses a neighbourhood U(X) whose closure is compact. 

One example of a locally compart space is the space it"; another is a two- 
dimensional manifold (see Sec. 4, Ch. II). 

THEOREM A. If a topological space X is locally compact then it is regular. 

proof. Let o 6 X be an arbitrary point, and fefa dosed set not containing the 
point a. Then X\F is open, and a e X\E. Because the space Xis locally compact, 
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there is an o pen n eighbourhood K(a) such that t'(a) is compact, and V(a) c X\F. 
Therefore, V(a) H F « 0, and for any po int xeF, there exists an open 
neighbourhood Ulx) which is disjoint with V(a) (sec the proof of Theorem 2, viz., 
the passage about the 'separation' of a compact set and a point in a Hausdorff 

space). Put U(F) = U then P(o) f) U(F) = 0. ■ 
nr 

The paracompaci space of Example 3 is a special case of the spaces described by 
the following theorem. 

THEOREM 5. Let X be a locally compact space and X = U C„, where C„ is a 

A * I 

compact set, then X is paracompaci. 

proof We represent X first as a countable union of nested open sets whose closures 
are compact. We shall construct these sets by induction. First of all, we set U n = 0 
when n $ 0. We assume the neighbourhood of the set C, whose closure is compact 
to be l/,. Now that the set_l/„ is constructed, we take a neighbourhood with a com¬ 
pact closure of the set U n U C„ + , and call it U n + The existence of such 
neighbourhoods is stipulated by the local compactness of the space X. 

Now, let [ v a \ acM be an arbitrary open_covering of X. Denote the compact set 
U„\ U„ _ | by D n . The open set l/ n T i \ U„ _ 2 is thus a neighbourhood of the set 
D n , and the family of sets 

m n ({/„ + , \ V n _ ])] ac u = [H'SUa, 

forms an open covering of the set D n . We select one of its finite subcoverings 
|. Having performed the described procedure for all n, we obtain a count¬ 
able covering U «, |1 (of the whole space X) which is a refinement of 

A *■ I 

the covering j V a ) aeM . 

We now show that this covering is locally finite. Let x be an arbitrary point from 
X, and n 0 = min (n : x e t/„j. Sincejr e U n _ ,, there exists a neighbourhood 0(x) 
of x lying in U n such that Otx) D U na _ 2 °= 0. Consequently, Olx) can only in¬ 
tersect the sets #*, where I ^ m $ p k , n 0 — 2 < * < n 0 + 1 . By the method of 
construction, the number of such sets is finite. ■ 

COROLLARY. If a locally compact space X possesses a countable base then it is 
paracompaci. 

In factjjf a space is locally compact then it possesses a base [t/ 0 ] of open sets 
such that U c is compact. By choosing from the countable base those sets of which 
(/-consists, we obtain a countable base f t such that t'fis compact for any i. 
Then X = U yf, and its paracompaclness follows from Theorem 4. ■ 

We now investigate the relationship between the concepts of compactness and 
normality. 

THEOREM 6. A compact space X is normal . 



Ch. 2. General Topology 


101 


Proof. First establish that X is regular. Let A C/bca dosed subset, xeX\A . 
Since A'is Hausdorff, for any ye A, there exist the neighbourhoods 17*00, l/ v (x) of 
the points y, x such that U x (y) n U y (x) = 0. The system |i40’)L, e/) fonns 
a covering of A: since A is compact, a finite subcovering a => [V x , 
car be singled out. Because U x (yji is included in the closed set 

X\U r M,U,{y i )C X\U '(x) C A\M. We find that U <40-,) C A\l*J 

' ' i m l 

bi _ m __ 

Buc U V x {y f ) is closed, therefore, X\ U U x {y t ) «= U A { x) is ar» open 

J m I I - l 

m 

neighbourhood of the point x. The union U U x (y,) = Y X (A ) is an open 

< - i 

neighbourhood of the set A in A. It is evident that V^A'i n U A (x) = 0, and the 
regularity of X has thus been proved. 

We now have to prove that A' is normal. Let sets A and B be closed in X, and A 
n B = 0. Then for any point x e X, there exists an open neighbourhood (/(*) 
for which at least one of the relations U(x) n A = 0, U(y) n B = 0 is true 
because X is regular. Consider the covering ILHx)} xeJ( of the space X with such 
neighbourhoods and select a finite covering(j{/ a , from it. For each l/ 0 ., at least 
one of the relations U' C\ A = 0> U D B = 0 is fulfilled. Let U' = U U be 

“| _ i I 

the union of those sets for which O A = 0, and similarly, V = U U a , 
U fl B = 0 - U is easy to see that the open sets A\ V, AN V contain A and B, 

“l 

respectively, and are disjoint. Thus, the normality of A has also been proved. 0 

2. Mappings Of Compact Spaces. We shall study some important proper¬ 
ties of continuous mappings of compact spaces. 

THEOREM 7. Let X, Y be topological spaces, X compact, Y Hausdorff, and 
/: A — Y a continuous mapping. Then the image /(A) is a compact subspace in Y. 

Proof. Consider an arbitrary open covering [VJ of the space Z - JXX). It is ob¬ 
vious that/: A — Z is also continuous, therefore, \f ~ 1 (K Q )) is an open covering of 
A. We select a finite covering \f ~ 1 ( V„))t' a , which exists due to the compactness of 
A. Then (K a , is a finite open covering of Z. ■ 

Exercise 3°. Show that a dosed surface (see Sec. 4, Ch II) is a compact topological 
space. 

A stronger statement is given by the following theorem. 

THEOREM 8. Let f: X — Y be a continuous mapping, X compact, and Y 
Hausdorff. Then f is a closed mapping. 

Proof. Remember that any closed subset of a compact space is compact. Let 
MCA be an arbitrary closed (and therefore compact) subset in A From 
Theorem 7, the set f(M) is compact in Y and is therefore closed due to 
Theorem 2. ■ 

We hence derive an important test of a homeomorphism. 
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THEOREM 9. Let the previous theorem be fulfilled,and the mapping fbijective, then 
f is a homeomorphism. 

PROOF. Consider the inverse mapping/ - — X. Show that it is continuous. Let 
A c X be an arbitrary closed subset. Since / is a closed mapping, 
fiA) = is closed in y, which implies the continuity of the 

mapping/ -1 . ■ 

Many examples of compact spaces arise when constructing factor spaces. 
Example 4. Let AfbeaHausdorff factor space of some compact space Y. Then A" is 
compact since it is a continuous image (with respect to the projection) of a compact 
space. 

Consider a continuous numeric"’ function/: X — R' on a compact space X. 
The following Weierstrass theorem which plays an important part in mathematical 
analysis is valid for it. 

THEOREM 10. Any continuous function f: X — K l on a compact space X is 
bounded and attains its maximum (and minimum ) value. 

proof. In view of Theorem 7, the set f(x) is compact. By Theorem 2, any compact 
subspace In R 1 js closed. It has already been mentioned that any compact subspace 
in It n is bounded. Therefore,/fAf) is bounded and closed. It is the boundedness of 
f(X) that implies the boundedness of the function /. Since a closed set contains all 
of its limit points, sup f{X) ef(X), and inf /(x) c f(X). This completes the 

xlX xtX 

proof of the theorem. ■ 

3. Products of Compact Spaces, in this section.lhe following important 
theorem will be proved. 

THEOREM 1) (TIHONOV). The topological product X = XV X of any system 

a «Af 

pg o c M of compact spaces is compact. 

Proof. The compactness criterion which we shall use is that any centred system of 
closed subsets has a nonempty intersection. Let (/V x ) — » 0 be an arbitrary centred 
system of closed subsets in X. In the set of all such systems, consider the partial 
ordering relation determined by the inclusion relation a" > o' if any set from o' is 
a subset of a". Let G be the set of all systems a such that a > o 0 . It is clear that any 
strictly ordered subset from G has a maximal element (the union). Then by Zom’s 
lemma, there is a maximal centred system a in G, i.e., a system such that for any 
system oe G, either a > a or o and o are incomparable. 

Let 5 = jA^J. It is easy to show that any finite intersection of elements from o 
belongs to o, and also that any closed set M which intersects with any IP belongs 
to o. (Verify this property!) Dearly, if it is shown that o possesses a nonempty in¬ 
tersection, i.e.. n IP * 0, then the proof will be completed. We denote the 
/v*e« 

projection on the factor X a by x a : X — X a . For a certain a, the system 
[*0 (IPIlc m {Af£} = o a is_centred (the constituent sets need not be closed) in X a , 
and therefore the system [Art] is also centred. By taking into account that X a is com- 
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pact, there exists an element x a e X a such that for any of_its neighbourhoods 
V a = t/(x n ), the intersection (/' 0 fl NJ r 0 for any N? e o a . Consider now an 
element x = (xj e X. Each of its neighbourhoods U = U(x) contains the closure 
of a certain elementary neighbourhood of the form 


(U x U x 

' “i “j 


. x U_ 


X„) - V. 


“i- 


which is in tum the intersection of a finite number of neighbourhoods of the form 
(f/ x II X ) = V C X. It is clear that V intersects all the sets e a, since 

* or * erj - _ < 

U a D JVJ *■ 0 for all y. Consequently, V e <r and therefore 


Hence, the neighbourhood U = l/(x) intersects all e o. Since t/ is arbitrary, we 
deduce that x e H A rr (and therefore x e D N T ). ■ 

Aft 6 Aft e * 

Here are some examples which demonstrate how the compactness of a space can 
quickly b t determined by the Tihonov theorem. 


Examples. 

5. The cube /" = .[0, 11 x [0, 1] x . . . x [0, l]. is a compact space since it is the 
product of n line-segments. 

6. The boundedness and closedness of a set in R" are equivalent to its compactness. 
In fact, such a set in R n can be included in a closed parallelepiped (a,, ft,) x [o 2 , 
bjl x .. . x [o„, &„], whose compactness can be established as in Example 5. 

We have thus proved that the condition is sufficient. That the condition for 
closedness is necessary was proved in one of the theorems in this section, and that 
the condition for boundedness is necessary was noted in Example 2. 

Exercises. 

4®. Prove that the sphere S n is compact. 

5®. Verify that the n-dimensional torus T" = S 1 x S' x ... x S \ is compact. 
Examples. 

7. The projective space RP" is compact because it is the factor space of the sphere 
$". 

8. The lens space S"/Z p is compact for the same reason.* 

4. Compactness in Metric Spaces. Compact metric spaces are often called 
compacta , and compact subspaces are called compact sets of a metric space. 

The property of compactness in a metric space can be expressed in terms of con¬ 
vergent sequences. 

DEFINITION 7. A set X of a metric space M is said to be sequentially compact if any 
sequence of its elements contains a subsequence which is convergent in M. 

THEOREM 12. A set X of a metric space M is compact if and only if it is closed and 
sequentially compact. 
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PROOF Let A" be sequentially compact and closed. Then for any e > 0, there exists 
a finite set of points A t = (xj such that balls D c (x k ) with centres in x k and radius £ 

cover X*. In fact, otherwise, for some £„, there are points Jr,, jr 2 . x„, ... in X 

such that r>(x„, x„ + ^,) J £ 0 for all n, p. The availability of such a sequence is con¬ 
trary to the sequential compactness of X. Thus, finite s-ncts exist for any e > 0. 
Now, let [U] be an arbitrary covering of X. Assuming that a finite subcovering can¬ 
not be singled out of it we find that in the finite c,-net A c , there is an element x k 
such that the closed set X D D ti (x k ) = X t cannot be covered with any finite sub¬ 
system from (l/). It is easy to sec that the set X, is closed and sequentially compact, 
and that its diameter is not greater than 2a,. Applying the same reasoning to X t , we 
can construct a set X 2 c X t with the same properties and a diameter not greater 
than 2 e 2 < 2fi,. 

Thus, having taken into account the sequence e n — 0, we can construct a system 
[X„] of closcd.sequentially compact sets X n + , C X„ whose diameters tend to zero. 

o» 

Exercise 6°. Show that D X k * 0, 

* - t 


We infer from this that there exists a point x 0 a n X„. Since (C/i is a covering, 

i - l 

x 0 6 U a for one of its elements U a , and because U a is open, there exists e > 0 such 
that © t C*a) C U a . By taking n sufficiently large for the diameter of X n to be less 
than e, we obtain the inclusion relations X„ C C U a and arrive at a con¬ 

tradiction with the assumption that X n is uncoverablc with a finite number of 
elements from ft/). 

Closedness and sequential compactness follow from the closedness of a compact 
set (see Theorem 2) and existence of a limit point for any infinite sequence (see 
Theorem 1). EH 

We leave the proof of the following useful statement to the reader. 

THEOREM 13 (ON THE LEBESGUE NUMBER). Let X be compact and (l/) an ar¬ 
bitrary open covering of X. Then there exists a real number 6 > 0 such that any set 
in X of diameter less than 5 lies wholly in a certain element of the covering (l/J. 

Exercise 7° Let a metric space X be compart,and f ■. X — Y a continuous mapping. 
Prove that for any covering U = (l/J of the space Y. there exists a Lebesgue 
number 4 = 4( If) such that for any subset A in X, of diameter less than 4,the image 
f(A) is wholly contained in some element of the covering V. 

One of the most important questions in mathematical analysis concerns the com¬ 
pactness of sets in function spaces. There are many special criteria of compactness 
in concrete spaces. One such criterion for the space C. 0 ,, which is widely used in 
mathematical analysis is given by the ArzeU theorem (416]. 


The set A t is called a finite e-net of X. 
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14. COMPACTIFICATIONS OF TOPOLOGICAL SPACES. 
METR1ZATION 

1. CompactificatlOnS. The property of compactness proves to be quite useful 
and convenient in many questions. For this reason, it is natural to attempt to find a 
construction which would enable us to construct, for a given noncompact space, a 
compact space containing the given one and to investigate the relationships between 
the topologies, the properties of functions on these spaces, etc. 

DEFINITION 1. A compactification of a topological space A is any compact space 
CX containing X as an everywhere dense subspace. 

Consider a compactification which is used quite often, i.e., the Alexandrov one- 
point compactification. 

DEFINITION 2. A compactification CX of the form CX = X U f,where £ is a point 
not isolated m CX, is called a one-point compactification X' of the space X. 

THEOREM 1 (ALEXANDROV). For a space X, there exists a one-point compactifica¬ 
tion X' = X U {if and only if X is locally compact. Moreover ', the topology of X' 
coincides with the topology of X as a subspace in X '. and the topology on X' is 
uniquely determined by the topology of X. 

Proof. Let X' = X U f be a compactification of X. We show that X is locally 
compact. In fact, it is evident that X is open in X‘ , therefore each point xeX 
possesses a neighbourhood CA(x) in the topology X' such that U(x) C X. However. 
U(x ) is a closed set in A" and therefore compact in X' and X. The local compact¬ 
ness of A has thus been proved. Note also that any open set In X containing a point - 
£ is of the form £ U G where G is open in A. However, the closed set 
T\(fUO) = X\G is compact because X' is compact. 

Conversely, let A be locally compact. Let us describe a topology on A' which 
satisfies the requirements of the theorem. We will consider all sets U which arc open 
in A and also those of the form (UC, where G is an open set in A such that AX G 
is compact, to be open in X' = X U £. (The sets G exist due to the local compact¬ 
ness of A; it suffices to take the complement up to a compact closure of a certain 
neighbourhood.) 

Exercise I °. Verify that the family of sets described forms a topology on A'. 

We have to show that the space A~ is compact with respect to the topology de¬ 
scribed above. Firsl, we verify that X‘ is Hausdorff. The separatedness of any two 
points from A follows from A being Hausdorff. We then show that £ and x e A 
possess disjoint neighbourhoods. Having taken a neighbourhood Utx) of the point 
x such that U(x) is compact in A, and setting K({) = ( U (A\f/(x)), we have 
U D V = 0. Thus, X' is Hausdorff. 

Now, let a = (CIJ be an arbitrary open covering of A'. Then there exists an ele¬ 
ment U aa in a that covers the point £ and therefore f U G = where 
A\G = K is compact in A’. The subcovering o’ = jt/ 0 j a r covers the set K. 
Since K is compact, a finite subcovering can be extracted from a . We denote it by 
a'' = t/ J. Then the collection [U ' , U a> .If ] is a finite cover¬ 

ing of the space A'. "Atus, the compactness of A’ has been proved. ■ 
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A well-known example of a one-point compactification of the space H" is the 
sphere S n . One homeomorphism of R" onto the punctured sphere S" is, for in¬ 
stance, stereographic projection. 

The Tihonov theorem given below singles out quite a wide class of spaces which are 
homcomorphic to a subset of a certain compact metric space called a Tihonov cube. Before we 
state it, we must give the necessary definitions. 

DEFINITION 3. The product II 1 of line-segments, where Af is a set of power r,l a = f, is 
called a Tihonov cube f of weight r. 

For any r, the product T is compact. Note that if Mis countable, then f = /“ is the 
Hilbert cube (by definition). 

definition 4. A space X is said to be completely regular if each closed subset and a point 
outside it are functionally separable. 

DEFINITION 5. The weigh/ u (Af) of a topological spare Af is a minimal cardinal number which 
is the power of some base (it being a set) for the topology on X 

THEOREM 2 (TIHONOV). Any completely regular space X of weight r is homeomorphic to a 
subset of the Tihonov cube E. 

We now outline the proof of this theorem. Consider some set E = (y>J of continuous 
functions : X — (0, 11 such that for any x e X and any open neighbourhood t/(x) of the 
point x, there is a function <r o e E for which v>„(x) These ‘splitting’ sets 

exist for completely regular spaces; e.g., the set of all continuousYunctions/: X — [0, l). It 
happens that in a space of weight r, such a family of power r always exists. 

A homeomorphism ? of the space X into a subset or the Tihonov cube is determined by 
assoc iating each point x with a set of numbers v>C») = (w„(*))„■ Note that the compactness of 
viX) follows from the condition cCVt c T (due to the compactness of /'). 

It is easy to see that any splitting set of functions on X determines a certain compactifica- 
tion of X. In fact, by identifying X with y>iX), X itself can be considered to be embedded in 
v{X) in its capacity as an everywhere dense subset. Consider the case when the splitting family 
l/y is maximal. i.e., coincides with the set of all continuous functions * = If: X — (0, 1]). 
DEFINITION 6. The compactification ft corresponding to the maximal family * is said to be 
maximal or the Stone-Cech compactification of the space X. 

The Stone-Cech compactification possesses a number of useful properties. We list some 
of them. 

THEOREM 3 (STONE-CECH]. Each of the following three conditions is necessary and sufficient 
for a given compactification CX to be homeomorphic to the maximal extension £■ 

_ (1) Each continuous function f : X — (0, 1[ is extended to a continuous function 

f -.CX- (0. 1). 

_(2) Each continuous mapping f : X — B into a compact space B is continuously extended 
tof.CX-B. 

(3) For any compactification C 'X, there exists a continuous mapping o ; CX — C'X 
such that «> I x = i x . 

t. Metrizability of Topological Spaces, we discuss here how to in¬ 
troduce a metric on a topological space so that it induces the same topology. 
Topological spaces which will admit such a metric are said to be metrizabie. In par¬ 
ticular, we may speak of the introduction of another metric on a metric space so 
that it generates the original topology but is itself more convenient, e.g., such that 
Ihe space with this metric may be complete. Such metric spaces are said to be 
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topologically complete. One example of a topologically complete metric space is an 
interval (er, b) C R l . M = ( — 1, 1) in pyticulai. Besides the standard metric p(x, 
y) = lx — y 1 in which ( M , p) is not complete, wc can introduce a topologically 
equivalent metric 


p.U.y) 




induced by the homcomorphism of an interval and a straight line (the distance be¬ 
tween the points of the interval is calculated in the metric p, as the distance, in the 
usual metric, between their images on the straight line). It is easy to verify that o. is 
a metric, (M, p) and (M, p.) are homeomorphic, and that (Af, p.) is a complete 
metric space. One example of a topologically incomplete metric space is the set of 
rational numbers under the metric from R 1 . 

The Tihonov product of a countable number of metric spaces (M„, p„) is 


metrizable. In fact, if Jr = <X|,x 2 , • • •).> = (y,, y 2 , . . .) are elements from II M l 
then a metric can be given by the formula: 


flix.y) = 



y„) 

1 + Pn&n- rJ 


Exercise 2°. Verify that p is a metric and that the topology induced by it is 
equivalent to the Tihonov topology. In particular, the Hilbert cube ( i.c., a coun¬ 
table product of line-segments /) is a metrizable topological space. 


It follows from the Tihonov compactificaiion theorem that the following proposition, 
for instance, is true: 

THEOREM 4 (URYSON). A regular space with a countable base is metrizable. 

The proof is based on the regularity of the space and its countable base ensuring the nor¬ 
mality of the space and hence its complete regularity. 

According to the Tihonov theorem, such a space is embeddable in a metrizable space /** 
and hence is itself metrizable. 

In conclusion, we state A. Stone's important theorem, viz., that a metrizable topo/ogicul 
space is paracompact. 


FURTHER READING 

This chapter is, basically, a recapitulation of the classical results of general topology 
which can be found in more detail in the extensive literature on the subject. We would recom¬ 
mend. first of all, some books marked by their systematic approach to the dements of general 
(i.e., set-theoretic) topology, e.g., Introduction to Set Theory and General topology [3] by 
Alexandrov, General Topology 1451 by Kelley, and General Topology 161 by Alexandryan and 
Mirzachanyan. The book by Alexandrov contains a thorough account of set theory and many 
of the brandies of general topology, illustrating them with a number of the dassica! examples 
of subspaccs in /?*, /? 5 , R?. Wc strongly recommend this book to students. 

The basic topics of general topology can also be found in Introduction to Dimension 
Theory by Alexandrov and Pasynkov (subtitled Introduction to Topological Space Theory 
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and General Dimension Theory) [4), some parts of the treatise by Bourbaki Topologie 
Gtnirale J18J, Kuratowski’i Topology [48|, and Pontryagin's Continuous Groups [64] 

The following books arc useful extra material to the topics in this chapter: First Course of 
General Topology in Problems and Exercises [7| by ArchangeUJcy and Ponomaryov. Pro¬ 
blems in Geometry [61J by Novikov ct al , and Problems in Differential Geometry and 
Topology [59) by Mishchenko et ai. 

As regards individual branches, we would make the following recommendations. 

For the study of the concepts of topological and metric space and their continuous mapp¬ 
ings (Secs. I and 2), the corresponding chapters of the above titles are recommended 

Sec. 3. The theory of factor space is most thoroughly expounded in the book by Kelley 
[45] (Ch. Ill), and that by Bourbaki [18] (Ch. I, Sec. 3). 

Sec. 4. The classification of closed two-dimensional surfaces is presented well by Seifert 
and Threllfall (711 (Ch. VI), and a more modem approach by Rakelman et al. in Introduction 
to Differential Geometry 'In the Large' (13) (Sec. 10), and by Massey in Algebraic Topology : 
An Introduction (52). (Ch. 1). 

Sec. 5. The concepts of projective and lens spaces can be studied from Teleman (79| 
(Ch. I, Sec. 10), Seifert and Threllfall [71] (Chs. II, IX), and Fuchs et al. in Homotopv 
Theory [321 (Chs. Ml). 

Secs. 6 and 7. The closure operations, boundary operator of a set in a topological space, 
etc., arc referred to Alexandrov 13) (Ch. IV, See. 1), Alexandrov and Pasynkov (4) (Ch. I, 
Sec. 1), Bourbaki f 18) (Ch. I, Sec. 1), and Kelley [45] (Ch. I). 

Sec. 8. As far as continuous mappings are concerned, we would like to recommend the 
book by Kelley [45] (Ch. 3). 

Secs. 9-12. The theory of product topology, connectedness, separation, normality of 
topological spaces is effectively handled by Alexandrov in (3) (Ch. VI, Sec. 4), Alexandrov 
and Pasynkov (4) (Ch. 1. Sec. 8), Kelley [45] (Ch. 3), and Bourbaki [18] (Ch. 1, Sec. 4). 

Sec. 13. The concept of the compactness of a topological space can be referred to in 
many of the above books. We would recommend [3,4, 18,45,67,79|. Though somewhat dif¬ 
fering in the terminology, wc most closely follow (4J. In particular, it should be noted that at 
present no universally accepted term for the basic concept Of compact space has been 
established. We have chosen the term 'compact spaces',whereas in [3, 4|,they are said to be 
bicompact in accordance with the term introduced by Alexandrov and Uryson (see, for in¬ 
stance, A Memoir on Compact Topological Spaces [5) which can also be recommended for a 
more profound study of these questions). 

Sec. 14. Somewhat more specialized aspects of general topology (i.e.. compact!fication, 
metrization) are expounded in this section. For a deeper understanding,see [3, 4, 18, 79]. 



Homotopy Thaory 


One of the main methods of topology is to study ihe geometric 
properties of topological spaces algebraically. A number of ap¬ 
proaches have been used in topology to associate a topological 
space with a number of algebraic objects, such as groups and rings. 
Algebraic topology has the same idea underlying it, viz., that there 
is a correspondence (or functor) associating a collection of 
topological spaces with a collection of certain algebraic objects, 
and continuous mappings or spaces with the corresponding 
homomorphisms. This functorial approach makes possible the 
reduction of a topological problem to a similar algebraic one. The 
solvability of the ‘derived’ algebraic problem in many cases implies 
Chat of the original topological problem. 

One of the first concepts that have arisen on this way is that of the 
fundamental group of a topological space; later a more general 
concept, that of homocopy groups, has been introduced. It is to the 
latter that the present chapter is devoted. 




.. 




1. MAPPING SPACES. HOMOTOPIES, 
RETRACTIONS, AND DEFORMATIONS 


This section studies the set of all continuous mappings of one topological space 
to another. Various topologies can be introduced on this set thereby turning it into 
various topological spaces. The connectedness of this space is a particularly impor¬ 
tant question, which naturally leads us to the idea of homotopic mappings, wheas 
the consideration of special classes of mappings and their homotopies leads us to the 
concepts of the deformation of one space into another, of retraction, etc. All these 
concepts play important roles in homotopy theory. 

i . The Space of Continuous Mappings . Consider the set c(x, Y) of 

ail continuous mappings from a topological space X to a topological space Y. The 
properties of this set, and many of those of the spaces^", Y, are interrelated. One 
simple example is that if X is one-point,then C(X. Y) = T, where the sign ' =■ ’ 
means a bijection. 

A topology may be introduced on the set C(X, Y), as on any other, in different 
ways. This makes us ask how It should be done in the most natural manner. An in¬ 
tuitive idea of the nearness of mappings may help considerably to settle the issue. 
Two mappings /,./ 2 are said to be near if the images/, C*) and f 2 (x) for any point 
x e X are near in Y. If Y is a metric space then these notions are expressed in terms 
of the metric on Y. Hence, various topologies can be introduced on the set C(X, T), 
viz., the topology of pointwise convergence, the topology of uniform convergence, 
etc. 

If (Y, p) is a metric space and X is compact, then the set C(X, Y) is equipped 
with a metric p thus: 

fC/./z) = sup pihM./iM.A.heCVC. n 


DEFINITION I. The topology r, on C(X, V) as determined by the metric p is called 
the topology of uniform convergence. 

Exercises. 

1°. Verify that p possesses the properties of a metric. 

2®. Consider a convergent sequence/,—/in C(X, T) and give an equivalent defini¬ 
tion of convergence in terms of a topology on Y. In the case of X = 10, 1], compare 
this convergence with uniform convergence in C, 0 

DEFINITION 2. Consider in C{X, Y) the sets (r„ U $ m , = fe C(X, Y) : fix,) e 

6 Up i — I.IrJ, where X ,, jr 2 . x k e X, l/,, ... , U k are open sets in Y. The 

topology r 2 generated by these sets in their capacity as a subbase is called the 
topology of pointwise convergence on C(X, Y). 

Exercises. 

3°. Verify that sets of the form \x f , l/ f )f = 1 and their finite intersections satisfy the 
criterion of a base. 

4°. Consider a sequence f„] that is convergent to/in a given topology and prove 



112 


Introduction to Topology 


that its convergence is equivalent to the convergence of the sequences f„(y)~ fix) 
for any point x e X. 

5°. Given the set IJ'Jjnj* of the replicas of a space Y which have the elements x e X 
as their subscripts and the Tihonov product n Y„ show that the set C(X, Y) can 

nX * 

be identified with a subset of this product, and that the product topology induces 
the topology of poimwisc convergence r l on C(X, V). 

The following definition supplies another version of a topology on the set C(X, y). 

DEFINITION 3. Consider all possible sets of mappings of the form 
I*. l/l = tfe C(A\ Y ) :/(X) C U], 

where K is a compact set in X, and V an open set in Y The topology r 3 generated by 
these sets [X, (/] as a subbase is called the compact-open topology on CUT. Y). 

Exercises. 

6°. Verify that the family of sets [X, t/J, and their finite intersections satisfy the 
criterion of a base. 

7°. Show that Tj < Tj, and that r 3 < t, Tor a metric space. 

8°. Prove that if T is a metric space and X is compact, then the compact-open 
topology coincides with the topology of uniform convergence. 

9°. If X is a noncompact space and Y is a metric space, then sequences of mappings 
which are uniformly convergent on any compact subset of X are often considered. 
Show that this convergence is equivalent to the convergence in the compact-open 
topology. 

10°. Prove that If {Y, p) is a complete metric space, then the space C(X, Y) is a 
complete metric space in the metric p. 

11°. Show that if X is locally compact, then the spaces C(X x Z, Y) and C(Z, 
C(X, Y)) are homeomorphic in the compact-open topology. 

The space C(X, Y) is often denoted by Y x . The statement of Exercise 11 can 
then be written as Y XxZ = (y*) 2 (the exponential taw). 

By way of an example, consider the space of w-periodic continuous functions 
which are defined on the number line X 1 . By virtue of their periodicity, each of 
these functions/is completely determined by its values on the line-segment [0, u], 
and /(0) = /(<*■). Therefore, we actually consider a set of functions on the line- 
segment 10, w| whose extremities are ‘glued together’ or, what is equivalent, on the 
circumference S 1 . This is the set C(S\ R ') on which each of the topologies r,, r 2 , r 3 
may be introduced. 

The function space can be considered in the same way on the torus: 

r -.ccr.R 1 ) = c (s‘ x ... x s' .x 1 ). 

II 

This can be interpreted as the space of periodic functions in n variables. 

2. Homotopy . It turns out in many problems that two mappings, one of which 
can be changed ‘without abruptness', i.e., deformed into the other, are liable to 
possible identification. A continuous deformation of one mapping into another can 
be naturally thought of as a path in the space C(X, Y) which begins and ends at 
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given points/, and/ 2 . Brouwer made the concept of continuous deformation more 
precise with the aid of the following concept of homotopy. 

DEFINITION 4. Two continuous mappings /,, /, e C(X, T) are said to be 
homotopic (/, - /,) if there exists a continuous mapping/.- X x 10, 1] — Y such 
that/(x, 0) = /,(*),/(x, 1) = /,(*) for allxe Jf. 

The mapping / is often called a homotopy connecting the mapping /„ to/,. 
Thus, if/o - /i then there is a family of mappings/, X — Y that depend on a 
numerical parameter / e (0, 11 and connect the mapping/, to /, so that the mapping 
X x 10, 1) — Y induced by this family by the rule (x, t) — / (x ) is continuous. The 
converse is obvious. 

Exercise 12°. Show that giving a homotopy / : X x [0, 1] — Y is equivalent to 
specifying a path s in C(X, Y) (the topology being t } , X locally compact). 
Examples. 

1. Let X=Y=R n , f 0 (x) - x, /,(*) = 0 tor all xeR”. We define 
F : R n x / — R" asFix.t) = (1 — r)x, t e l. It is easy to see that/ 7 is a homotopy 
between/, and/,. 

2. Let X be an arbitrary space, Y a convex subset in R", and /„,/, e CiX< Y) ar¬ 
bitrary continuous mappings. Then the mappingF : X x / — Y, given by the for¬ 
mula Fix, t ) = r/,(x) + (1 - t\fo<X). « a homotopy between/, and/,. ♦ 

Note that the concept of homotopy is related to the mapping extension problem. 
In fact, let /, g : X — Y be two continuous mappings. Defining a mapping 
e> : X x (0) U X x (!) — Y by the formulae y>Cx, 0) = fix). *>(x, 1) = «C*), it Is 
easy to see that / - g if and only if there exists an extension of v to X x (0, 1]. 

THEOREM 1. A homotopy is an equivalence relation on the set CiX, Y) 


Proof. The reflexivity (f — f) is established by using the homotopy Fix, /) => 

“ fix). 

Symmetry. Assume that /„ - /, with the homotopy Fix, t ). then Fix, t) - 
= Fix, 1 — f ) defines a homotopy from/, to/„, i.e. /, — /,. 

Transitivity. Let/, — /,,/, - / 2 with homotopies F,(x, /), F 2 (X, I), respective¬ 
ly. Then the mapping 

[F 2 (x, It - I). 1/2 < / 1 


(F 2 (x, 2 /- I). 1/2 < / 1 

is continuous, since Its restriction to each of the closed sets X x 


X X , tj is continuous. It is easy to see that Hix, I) is a homotopy betw"een/„ 
and/,. ■ 

The equivalence classes of hontotopic mappings are called homotopy classes. 
The factor set C(X, Y)/R is denoted by t (X, Y). It is easy to sec that r (X, Y) is the 


N 


set of path components of the space C(X, Y), The homotopy class of a mapping 
fe C(X, Y) Is denoted by [/|. 


DEFINITION 5. A mapping/e C(X, Y) is called a homotopy equivalence if there 
exists a mapping g e C(Y, X) such that gf - 1 x ,fg — 1 Y . 
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DEFINITION 6. A space X is said to be homotopy equivalent to a space F, or X and 
F are to have the same homotopy type if there exists a bomotopy equivalence on 

CiX' y). 

The concept of homotopy equivalence is a useful 'coarsening' of that of 
homeomorphism of two spaces. In fact, if / :X — Y is a homeomorphism then, 
having putg = /” 1 : Y — X, we shall haveg/' = ly./g - 1 y* the condition 
for the homotopy equivalence of X and Y. In view of this, the mapping g in the 
definition of a homotopy equivalence is said to be homotopy inverse t of 

The simplest (nonempty) topological space is one-point. We shall now consider 
which spaces have the same homotopy type as a point. 

DEFINITION 7. A space X is said to be contractible if the identity mapping 
!_*■: X — X is homotopic to a constant mapping (i.e., the mapping of X into a 
point x Q e X). The homotopy between them is called a contraction of the space X 
(into a point x„). 

Exercise 13°. Prove that any two mappings of a space X into a contractible space Y 
are homotopic to one another. 

THEOREM 2. A space is contractible if and only if it has the same type as a point. 

PROOF. Let X be contractible, and ♦ : X x l — X a contraction of A" to a point 
x 0 e X. Denote the one-point space consisting of the point x 0 by Q. Let y> : X — Q 
be a mapping into the point x^and j : Q — X an embedding. Then <pj = 1 q, and * 
is a homotopy connecting 1 x with j<p. Thus, is a homotopy equivalence between X 
and Q. The proof of the converse is left to the reader. ■ 

Exercises. 

14°. Prove that any convex subset in R" (in particular, R n itself) is contractible. 
15°. Prove that the space X x Y is contractible if X and Y are contractible spaces. 

3. Extending Mappings. We now consider the mapping extension problem. 
It can be formulated thus; Can a given mapping/: A — Y defined on a subspace A 
of a space X be extended to the whole space X, i.e.. is there a mapping <p : X — F 
such that its restriction^I^ ; A — Y coincides with the mapping/? Such a mapping 
<P is called the extension of the mapping/. 

The solution of this problem has only been found for some special cases, and a 
complete extcns'.on theory has not yet been created. One example of a partial solu¬ 
tion of this problem is the Tietze-Uryson theorem for normal spaces, which we 
proved in Sec. 12, Ch. II. 

The following theorem establishes the connection between the mapping exten¬ 
sion problem and the concept of homotopy. 

THEOREM 3. Let y>: S n — F be a continuous mapping of the unit sphere.‘Then the 
following two conditions are equivalent: 

(i) the mapping <p is homo topic to the constant mapping: 

(ii) the mapping y> can be extended to the whole ball D” +l c R "+ 1 

Proof. ( I ) <=» ( II ): Let / — c. where c is the constant mapping of S " into a poinc 
p e Y. Let F : S" x I— F be a homotopy between/and c. We specify the exten- 
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sion/' of the mapping/ to the ball D"* ' as follows- 

/'(*) - \ P ' /x \ * ,X “ * W2 ‘ 

It is easy to see that/T s „ = /and that/' is continuous since its restrictions to each 
of the closed sets 

Sx e 7 ) n + 1 : 0 < »jt« ^ 1/2), {x e D n * x : 1/2 ^ ixl < 1) 
are continuous. 

(ii) =* (/). Let /'. the extension of / to the whole ball D"+ \ be given. Let 
y 0 e S". We define the mapping <t>: S” x / — y as 

+(*.') -/'{(1 - O* + Vol- 

It is clear that <t>(x, 0) = /'(x) = /(x), 4>(x. 1) = f(y$ = pe Y. and therefore 
$(x, r) is the required homotopy. ■ 

Exercises. 

16". Show that any mapping/ of a space X to a contractible space Y is homotopic lo 
a constant mapping (cf. Ex. 13). 

17". Using the result of the previous exercise, deduce from Theorem 3 that any 
mapping of the sphere S" to a contractible space can be extended to the whole ball 
2>" +1 

4. Retraction. A special case of the extension problem is that of a retraction 
enunciated in the following manner. 

DEFINITION 8. Let A be a subspace of A',and 1 A : A — A the identity mapping. If 
there exists a mapping r : X — A such that r\ A = 1,,, then it is called a retraction 
of X onto A , and the space A a retract of X. 

Exercises. 

18°. Verify that any point of a topological space A - is a retract of X. 

19". Verify that any linear subspace in R" is a retract of R". 

20". If Z = X x Y is the Tihonov product of spaces and p e A\ <j e Y are fixed 
points, then A = A’ x ?, B = p X Y are retracts of the space X x Y, and the 
mappings r x : (x, y) — (x, q). r r : (x, y) — ip, y) are the corresponding retrac¬ 
tions. 

21°. Show that the zero-dimensional sphere S° = (—1,1) is not a retract of the one- 
dimensional disc/! 1 = l— I, 1], 

Hint: Use the properties of connected spaces. 

DEFINITION 9. If there exists a mapping r : X — A such that r\ A - then A is 
called a weak retract of X , whereas r a weak retraction of X on A. 

It is easy to see that a retract is always a weak retract. Generally speaking, the 
converse is not correct, which is demonstrated by the following exercise. 

Exercise 22°. Given a square I 7 = [0, 11 x [0, I] and its subset A, a ‘comb space’ 
consisting of (a) vertical line-segments whose bases are at the points (l/n, 0), 
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n = 1, 2.... ; (b) (0, 0). and (c) the base of the square (Fig. 54). Show that (i) the 
set A is not a retract of the square t 2 , (ii) A is a weak retract of I 2 , (iii) if a finite 
number of teeth are left in the ‘comb space' A , then the set A ' that we obtain is a 
retract of l 2 . 

DEFINITION 10. A homotopy D : A x / — A such that D{x, 0) = x, and 
D(x, 1) 6 A for all x e X, is called a deformation of a space A" into a subspace A. 

DEFINITION 11 .If (here exists a deformation of X into A, D : X x 1 — X, such 
that Z)(jr, r) = jc for jt e A , t 6 /, then A is called a strong deformation retract of 
A, and D a strong deformation retraction. 

EXAMPLE t A point is a strong deformation retract of any convex subset of R" con¬ 
taining it. 

Other examples of strong deformation retracts are given in the following exer¬ 
cises. 

Exercises. 

23°. Let a space X be contractible to a point x Q eX. Show that x- 0 x Y is a strong 
deformation retract of the product X x T. In particular, consider a two- 
dimensional cylinder and show that its base is a strong deformation retract. 

24°. Verify that the vertex of a cone in three-dimensional space is a strong deforma¬ 
tion retract of the cone. 

25°. Show that a strong deformation retract A of a spaced is homotopy equivalent 
to X. 

Hint-, ihe embedding i : A — X and the retraction 0(1. x) of the space X onto A 
arc homotopy inverse. 

5. Mapping Cylinder. Consider some operations over topological spaces first. 

The topological sum ( disjoint union ) X V Y of two spaces X. Y is defined as the 
union of the disjoint replicas of X and Y. 

The topology on A V Y is defined as follows: V is open irt X M Y if and only if 
VOX and V D Y arc open in X and Y. respectively. 

If/'. A — Vis a continuous mapping, where A c A, then A and Y can be glued 
together with respect to the mapping /. With this in mind, we introduce an 
equivalence relation on A V Y thus: 

R : x ~yifxeA,y^Y and /(x) = y\ 
x, ~ x 2 if x„x 2 e A and/(X|) = f(x 2 ). 
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The factor space of the space A V Y with respect to the equivalence R is denoted 
by A' Uy Y and called the sewing of the spaces A" and Y with respect to the mapping 
/. If. in particular, A is a point >r 0 e A. and the mapping/ : X — Y carries x Q into 
y 0 = /(*,)), then the sewing X Uy Y is called the wedge of the spaces X, Y and 
denoted by X Xa v„ Y. It is easy to sec that this is the factor space of the disjoint 
union X v Y witnrespect to the equivalence relation gluing together the points 
x 0 e X and y Q e Y. 

Exercises. 

26°. Show that the homotopy type of the wedge X^ Y coincides with the 
homotopy type of the space Y if X is contractible to the point jr 0 e X. 

27°. Prove that the line^segmenl 1 = (0, l) and the wedge / 0 S l , where p 0 e S l , 

0e /, have two different homotopy types. 

DEFINITION 12. Let f.X — Y be a continuous mapping. Then we may assume that 
the mapping <p: X x (lj — Y, v(x, I) = /(*) is defined, where X x (l) is a 
subspace of X x /. The cylinder Zj of the mapping f: X — Y is a sewing 
IX x /)U f Y of the spaces Ax/ and Y with respect to the mapping <p. 

The mapping cylinder can be represented as it is depicted in Fig. 55. 

The notion of mapping cylinder is important seeing that A and Y can be con¬ 
sidered to be subspaces of Zj. Thus, the mapping/is replaced, in a sense, by the 
embedding of A into Zj. Note also that Y is a strong deformation retract of Zp and 
the embedding of Y into Zy is a homotopy equivalence (verify!). 

DEFINITION 13. The cylinder of a constant mapping c : X — p is called a cone over 
the space A and denoted by CA. 

THEOREM a. A mapping f : X — Y is homotopic to a constant one if and only if 
there exists an extension /: CA — Y of the mapping f 
PROOF. If / is homotopic to the constant mapping c 0 : A — (•), then 
F .X X 1 - Y. Fix. 0) = x, FIX, 1) - (*). 

Thus, F is constant on the upper base of the cylinder Ax/, and therefore induces 
the mapping F of the factor space (A x /)//?. where R stands for shrinking the 
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upper base to a point. But the space (X x l)/R is homeomorphic to CX (verify!) 

The proof of the converse statement is left to the reader. ■ 

Exercises. 

28°. Let a mapping/ : A — P be continuous, A C X closed in X and X , P normal 
spaces. Prove that X Uy Y is normal, 

29°. Prove that / : A — Y can be extended to all X(A C X) if and only if V is a 
retract of X U jY. 


2. CATEGORY, FUNCTOR AND ALGEBRAIZATION 
OF TOPOLOGICAL PROBLEMS 

A description of a mathematical object in terms of categories implies that this 
object, for instance, a group or a space, is considered as a member of a collection of 
similar objects rather than separately. Intuitively, a category can be represented as a 
collection of sets (possibly, with an additional structure) and mappings agreeing 
with this structure. Correspondences between elements of different categories obey¬ 
ing special rules are called functors. 

I. Category. DEFINITION 1. A category .of is said to be given if there are given: 
(i) a certain collection of objects: (ii) for each ordered pair of objects X, Y, the set 
Mor^XX. P) of morphisms * from X to Y, and (hi) a mapping associating any 
ordered set of three objects X. Y, Z and any pair of morphisms / s Mor^XX, Y), 
ge Mor^XP, Z) with their composition g/eMor^X, Z). Thus, a commutative 
diagram of the morphisms in the given category (the morphisms being denoted by 
arrows) results: 



Furthermore, two properties must be fulfilled: 

(A) Associativity. If 

fe Mor„XX, Y).gc Mor ^Y. Z), h e Mor^Z. WO. 

then 

hig/j = (hg)f in Mor^fX, WO. 

(B) The existence of the identity element. For any object Y in Mor^P, P), there 
exists a morphism I Y such that for any f e Mor l/ (X, Y), ge Mor^XP, Z), 

1/ = fond gl y = g. 


It is assumed that Mor^X. Y) n Mor^X'. P ) = «. when X * X' and P * V 
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Note that the uniqueness of the element I Y follows from the above properties; 
this element is called the identity morphism of the object Y. If for two morphisms 
/e MoVjfiX. 30. * 6 Mor^y, X), the equality gf = 1# is valid, then the mor¬ 
phism g is said to be left inverse of /, and /right inverse of g. A morphism which is 
both right and left inverse of / is said to be two-sided inverse of/. 

DEFINITION 2. A morphism/e Mor^^Jf, Y ) is called an equivalence (J ■. X 10 
if there exists a morphism/" 1 6 Mor^K, X) which is a two-sided inverse of/. 

Exercise 1 Prove (hat if a morphism/6 Mor S /X. 30 possesses a left inverse and a 
right inverse, then they coincide. 

It follows from the exercise that if / ; X => Y, then/ -1 : Y <= X. 

Here are some important examples of categories. 

1. The collection of sets and their mappings. 

2. The collection of metric spaces and their continuous mappings. 

3. The collection of topological spaces and their continuous mappings. 

4. The collection of linear spaces and their linear mappings. 

5. The collection of groups and their homomorphisms. 

6. The collection of pairs of topological spaces and their continuous mappings. 
By a pair of topological spaces (X, A), we mean a space X and its subspace A. 

The mapping of pairs f: (X, A) — (Y, B) is a mapping /: X — Y such that 
f(A) CB.* 

Exercises. 

2°. Show that in categories of Examples 2, 3. and 6, the homeomorphisms and only 
they are equivalences. 

3'. Verify that the equivalences in the category of Example 1 are bijective mappings 
of sets. 

4°. Show that the equivalences In Examples 4 and 5 are isomorphisms of linear 
spaces and groups, respectively. 

2. FUNCTORS. We will consider natural mappings of one category to another, i.e., the 
mappings which preserve the identity elements and compositions of morphisms. 
Here we enunciate this concept more precisely. 

DEFINITION 3. Let st and SB be two categories. A covariant functor T from jsf to SB 
is a mapping which associates each object X from .afwith an object TIX) from SB, 
and assigns to each morphism/ ; X t — X 2 in St/ a morphism T<f) : T(X t ) —T (XJ 
in SB, while the following relations are true; 

(I) T(\ x ) - 1 W) , (2) T(gf) = T(g)T{f). 

Properties (I) and (2) of a functor can be visually represented as follows; any 
commutative diagram of the category ssfis mapped by a functor into the correspond¬ 
ing commutative diagram of the category 0: 
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Example 7. A covariant functor is a correspondence associating a topological space 
with the set of all points that make it up, and a continuous mapping of spaces with a 
mapping of sets. This is a functor from the category of Example 3 to the category of 
Example 1. It is said to be forgetful, since it ‘forgets’ the topological space struc¬ 
ture. 

Similarly, a covariant functor from the category of metric spaces to the category 
of topological spaces with the topology induced by the metric ‘forgets’ the metric. 

DEFINITION 4. A contr'avorianl functor T from a category ja^to a category sS is a 
mapping which associates each object X from s ?with an object T(X ) from SS . and 
each morphism f \ X ) — X 2 with a morphism T[f) : TVC-f) — TiX\) from 
Mor^(rWfj), T(X |)), while the following relations are fulfilled: 

0) T{\ x ) = l TW .(2)r(gD « T(f)T(g). 

In other words, a contravarianl functor transforms the commutative diagram of a 
category .ar'into the commutative diagram of a category JSB, reversing the arrows: 



Important examples of the functors studied in algebraic topology are homology 
group and homotopy group functors. These are functors from the category of 
topological spaces to the category of groups. In the next' section, we shall dwell at 
length on homotopy group functors, whereas homology group functors will be con¬ 
sidered in Ch. V. 

Wc now consider an example of how a functor to the category of groups is ap¬ 
plied to the investigation of some topological problems. In the previous section, the 
mapping extension problem was enunciated. We now formulate it as follows: let 
A c X be a subspace of a topological space X, i: A ~ X the natural mapping 
associating any point a e A with itself, but in the space X {i.e., i is an embedding 
mapping), and * : A — Y a mapping of the space A to a space Y. The mapping 
y> : X — Y extends the mapping <p if and only if the diagram 


v 

is commutative. 

By means of a functor T (for example, covariant), we can derive an algebraic 
problem, viz., is there a homomorphism T(y>) such that the diagram 



tty) 


is commutative? 
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It is clear that Ihe solvability of the original problem emails that of our algebraic 
problem. Thus, the existence of the homomorphism TQ>) is a necessary condition 
for an extension of the mapping <p to exist. For example, if the homomorphism 
T(<) happens to be zero, and T(p) nonzero, then the homomorphism TQ>) does not 
exist (otherwise, commutativity of the diagram would be violated), and then there is 
no extension of the mapping <p. 

3. FUNCTORS OF HOMOTOPY GROUPS 

In this section, we shall retrace our steps to the study of topics touching upon 
mapping spaces. In some cases, the set ie(X, Y) turns out to be a group, sometimes 
Abelian, and may be helpful In constructing various algebraic functors on the 
category of topological spaces and their continuous mappings. The construction 
and use of these functors form the basis for homotopy theory. 

i. The Homotopy Group of a Space. Note at first that to each 
topological space Y and continuous mapping/ : X t — X 2 of topological spaces X ,, 
X v there corresponds the natural mapping 

t r (f) : xCYj. Y) - ir(A-,, Y). 

More exactly, if [y=] 6 ir(X 2 , Y) then there is a unique element l<pf] correspond¬ 
ing to [(<>) in t(A,, Y). Similarly, to any topological space X and continuous map¬ 
ping g : Y| — Y 2 ,there corresponds the mapping 

T X <g)-*{X, Y,)- tr(*. Yj). 

Exercises. 

1°. Describe the structure of r x ig) and prove the correctness of the definitions of 
v r Cf) and rr x (g). 

2®. Using the notes given, show that for a fixed Y, the correspondence X — riX, 
Y) is a contravariant functor into the category of sets, and the correspondence 
Y — w<X, Y) (for a fixed AO is a covariant functor. 

The correspondence (X, Y) — x(X, Y) is said to define a bifunctor from the 
category of topological spaces to the category of sets, which is covariant with 
respect to the second argument and contravariant with respect to the first. 

A bifunctor t on the category of pairs of topological spaces determined by the 
correspondence {X, A; Y,B) — x{X, A; Y,B) may be considered in a similar way. 
Note that the homotopy F(x, t ) between mappings / and g : (X. A ) — (Y. B) of 
pairs of spaces is understood to be a mapping of pairs F : (X x I. A y. I) — <Y, 
B) such that 

F(x, 0) = /tx), Fix. I) = g(x). 

Exercise 3°. Describe the structure of the mapping 

*1*. A)C/) : *l*. ^; Y„ B|) - r(J(. A ; Yj, Bj) 


naturally induced by a continuous mapping of pairs / : (Y,. B,) — (Y 2 , BJ, and 
verify that the correspondence (Y, B) — r(X, A; Y, B) is a covariant functor 
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DEFINITION J. The pair (X, Xg) is called a base point space, Ihe base point being 
*0 ^ Af 

Now, we fix the pair (7", 37"), where 7" is an d-dimensional cube, and 37" its 
boundary, and associate the pair (2f, Xg) with the set»(/", 37"; X, Xg). 

Remember that the elements ir (7", dl n \X,Xq) are classes of the mappings of pairs 
v >: (/", 37") — CAT, Xg) which are homotopic to one another and often called 
spheroids. Each of these mappings carries 7" to X, and 37" to the point x 0 . in addi¬ 
tion, this property should be preserved when the mapping v> is changed in the course 
of the homotopy, The sets t(7", di n ;X,x n ) and x (S", p 0 ] X , Xg) coincide (correspond 
bijectively). Here p Q Is a base point of the sphere S". In fact, we noted earlier 
that the factor space 7"/37" is homeomorphic to the sphere 5", the interior Int 7" of 
the cube 7" bijectively corresponding under this homeomorphism 8 to the set S" \ p 0 , 
and the boundary 37" being transformed into the point p 0 of the sphere S n . A relative 
homeomorphism is then said to be given, viz. 

8: (7”. 37")- (5",po). 

Hence, to any mapping/: OS”, />g) — (A', Xg), there corresponds the mapping 
fO : ( 7", 37") — (X , Xg), and vice versa, to a mapping g : (/", 37") — (X, Xg), there 
corresponds the mapping g : (5”, Pg) - (X, Xg) which coincides with on 
S”\p 0 , and carries the point p 0 into x 0 . 

Exercise 4°. Show that this correspondence between mappings ensures bijection be¬ 
tween t(S" , p 0 ; X, Xg) and x{7", 37"; X, Xg). 

Thus, we have given another interpretation of the set x(7",37"; Af.Xo), which 
makes it possible to consider the case when n » 0. 

Exercise 5°. Show that the set p 0 ; X, Xg) is the set of path components of the 
space X. 

Consequently, we have defined a covariam functor (X, x d> — x(7", 37"; X, x<j) 
from the category of base point spaces to the category of sets. 

The structure of the set x(7", 37"; X, Xg) is of the greatest interest as far as 
homotopy theory is concerned. 

THEOREM t. The set x(7"; 37"; X, Xg), n > I, is an Abelian group. This group is 
called an n-dimensional homotopy group of the space X with the base point x 0 eX 
and is denoted by r„(X, Xg). 

Proof. Let |*>], (\f) g t(7", 37", X, xg). We define the sum |y>] + ftp] as 
(»>] + IV 1 ) = Iv> + f). where the mapping w + is defined thus: let 

‘ = (f„ li . i„) e I n , t t e I = (0, 1), i = 1. n, 

then 

<*+ *>< 0-1 .*«> when 

l ^(27 1 - l./j, — , t „) when 1/2 < f, < 1. 

This definition can be illustrated visually by Fig. 56. where the square represents Ihe 
face (I,. <j) of the cube 7". 

We define the zero element as the class of the constant mapping 6: (7", 37" ) — 
— (Af.Xg) for whichd(7")=xg. and show that Iv>] +• [8] - [*>) for any [vj, i.e.,y> + 8 
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is homolopic to <e. In fact, the required homotopy is determined by the mapping 
* : (/" x l,Sl n X n - 


where 




(■ 


2 /, 

T + 1 
*0 


l 2 , ... 



when 0 < I, < 

7+1 

when —— % l, < l, r e /. 


The homotopy $(/, r) is represented schematically in Fig. 57. 

Exercises. 

6 °. Verify that the equality [ 8 ] + (*>) = (y>l is also valid. 

7°. Explain the reason why the equality [i*] + [ 9 ] = |v>], when |\1| yt [ 8 ], cannot 
be proved in the same way as the last two statements. 

For any [< 0 ), the inverse dement in r n (X,x^) is the class (y> ij], where ij:/ n — I" 

is defined by the formula tj( t) = (1 - f|, / 2 . („). Thus, (w)(t) = p(l - f,, 

<2 .'*>• 

To verify that |v>I + \e”i) - [81. we show that a homotopy between the map¬ 
pings y> + ynj and 8 Is given by the mapping 

X 0 0 € < t / 2 , 

*(2f, -r,f 2 .f„, t/ 2 < f. <1/2, 

wtf. 7J = 

*(-2/, +2-r, <2 .r„),l/2 < I, < 1 - r/2, 

. x 0 , I - r/2 <>,<!. 

In Fig. 58. this homotopy is represented diagrammatically. 

Exercise 8 ®. Verify that the conditions for the homotopy ot pairs are fulfilled. 

Finally, we have to verify the associativity of addition in *„{X, * 0 ) and the com¬ 
mutativity of addition when n > 1. Wc first prove the associativity. 

Let {if], (f] t [><] e ir„(A\ Xq). We shail show that 

([*>) + »» + H - M + (M + [hi)- 







124 


Introduction to Topology 



<t> tvo; 



<S>d,U 



Fig 59 


It is easy to verify that the required homotopy is given by the mapping 
* 




V * 


(ttt-' 2 .4 °^^~- 

.'«>• —C'i*—. 

/4t, - 2 - r \ r + 2 

(-TrT-'^. 


From the diagrammatic point of view, this homotopy is explained quite simply 
(Fig. 59). 

Now’, to show that if n > I, then |vs) + [\f| = [0] + foe], remember that 

(v + *X0 = i ’’ (2 '"'* •" *'" ) " hCT 0 < '* « ,/2 - 
l V-(2/, - l.fj./„) when 1/2 § < 1. 

w + *>«o =|* (2 ' 1 ' '* - •'■> when ° < '* « 1/2 - 

(p(2f| — l t Ij- ••• • f„) when 1/2 < < 1. 


We shall verify that the mappings ie + if and if + y> arc homotopic to the same 
mapping. (Hence, it follows that they are homotopic to one another.) Consider the 
homotopy *,(/, r): 


1 

*0’ 

0 ^ t 2 ^ r/2 

1 

in \ . 

^ y / / \ r/2 ^ < I 

+)(». 0 = -\ 

IP ^Z/| 

if 4», 

» 2 _ ^ *'3» ••••■!» !• H *2 ^ 1 

.'«)•<>< '2 < 1 “ J 


*0» 

k 

1 ~ f « 'l < 1 
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It is easy to see that $>,(/, 0) = y> + and 


0 «; f, < 1/2 
1/2 < fj « 1 

0 $ l 2 £ 1/2 

1/2 < lj $ 1 


Consider another homotopy <t 


It is easy to verify that <*> 2 (f, 0) = 1), and 
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* 2 «. I) = 


*.(/„ 2/, - 1, ... , /„). 0 < /, < I. - < f, < J. 

0(r t . 2/ 2 , , t n ). o « r, * i. o < /, < 2 . 


The homotopies * lt t> 2 are represented in Kg. 60 as diagrams. 

Thus, we have 

<p + <!> - *\(t, 0 = *iV.O) ~ * 2 (i, 1 ). (•) 

We perform a similar construction for the sum i> + *>. Let us write out the 
homotopies: 


* .'»)» 0</ 2 O-l 


*i V.r) 


1 £ fj « 1 


0 « l 2 « _ 
2 


.'■) f 


« t 2 < I 


2 


J < <l S 


It is easy to see that ♦,(/, 0) = ^ + *>, and 


* . 


+,«. 1) = 


o < < - 


2 < < 1 


0 « t 2 £ - 


2 


|^v>(2f, - 1, 2fj - 1, r J( ... , l„), - s£ t 2 « I 


I *'■< 1 


It follows from another homotopy 
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— I +J 
1 + S 



1 * 0 - 

1-V 


H 


I *f s 


'» 



1 — s 


4 ti 4 I 


0 r i < 


l - S[ 2 


« r 2 < I. 


I + s 


H h * > 


o < r, < 


I + s| 


0 sj / 2 < 


that ♦ 2 (t. 0 ) = 1 ) and *j(t, 1 ) =» 4 2 (f, 1 ). 

The homotopies * t (r, 7 ), *j(r, s) are represented in Fig. 61 as diagrams. We ' 
find that 


* + v ~ *,(<. I) = *2<‘> 0) - * 2 (f, 1) = *j<f, 1) 

Finally, we obtain from the last chain of homotopies and the chain (• ) that 
<p + * - *i<f, 1). * +" v - * 2 (*■ *)■ 


therefore v> + ^ — ^ + c>. ■ 

THEOREM 2. Any mapping / : (A'.Xo) — (Y.y^ induces the group homomorphism 
T (/*,3/ n )CA) : rr^tAf,X q) x„(y,>* 0 ). 

THE PROOF is left to the reader. 

HJnf: Use the construction in Exercise 3° 

The homomorphism 3i „,(/) is denoted by/ n and called the n-dimensional 
homotopy group homomorphism induced by the continuous mapping f- 

Thus, the functor t„, n > 1, acts from the category of base point spaces and 
their continuous mappings to the category of Abelian groups and their homomor¬ 
phism*. Therefore, if 

/■(X.x^- (Y.y^.g :(Y,y^)- (Z.Zo) 

arc continuous mappings then (gf) n = g„f„, where/,, g„. (g/)„ are the corre¬ 
sponding homomorphisms of n-dimcnsional homotopy groups. 


2 . The Fundamental Group. It will be interesting to consider separately the 
set 

TjCX.Jto) = »(/, a/; X.x<) = T<s‘. p 0 ; X. Xu) 

which is endowed with a group structure in the same manner as n > 1 , and is 
applied in many problems. By general definition, each element of r,(X. x a> is a 
homotopy class [ip] of a certain mapping <0 : (/, 9/) — (X.x^, where the image f(I) 
is a loop in the space X, starting and ending at the point x 0 (Fig. 62). The direction 
for circumnavigating the loop is given by a parameter / e /. The product y> • ^ of 
two such loops y> and is defined as a loop in X such that the image (y> • '£)(f) 
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runs over the loop v as the parameter t changes from 0 to 1/2, and the image 
(w ' 'r'X') runs over the loop ^ (Fig. 63) as I ranges from 1/2 to 1, viz., 

w(2r), 0 tg / < 1/2; 

lM2/ - 1), 1/2 « / € 1. 


W ■ v >)(0 = 


As can be seen, the product of loops is defined in much the same manner as the 
sum of spheroids. The difference in terms (i.e., sum and product) is explained by 
the generally accepted custom of employing additive notation (i.e., the 1 + ’ sign) for 
Abelian groups. The composition of loops described above is not always com¬ 
mutative. Therefore, the product [y>] • (</') = lv> • iAI (generally speaking, not com¬ 
mutative) may be defined on the group it,(A\ x<$. 

Exercise 9°. Verify that the group r, of the wedge of two circumferences is not com¬ 
mutative. 

DEFINITION 2. The group r l (X. -r 0 ) is called the fundamental group of a 
topological space X with a base point jr 0 . 

PROPOSITION, The set (X. Xg) is a group under the described product operation 
of the product. 

Proof Note that in the proof of Theorem 1, the condition n > 1 was used only 
while proving the commutativity of the group *•„, where the second coordinate of 
the spheroid was taking part in the necessary homotopies. Therefore all the previous 
steps of the proof for Theorem 1 can be used for t 1 (X,x ( J without introducing any 
changes. In doing so, the unit and inverse elements in jt , {X, Xq) are defined exactly 
in the same way, viz., 0 = [y>nl. where v> 0 (/) = jr 0 is a constant loop; for each 
Xg). M " 1 = [so - ‘I. where v> -1 (f) = o(l - r) is the loop circum¬ 
navigated in,the reverse direction. Thus, the required statement follows directly 
from the proof of Theorem 

In order to distinguish the difference between the groups sr, (Jf, jTq) and 
*i (X , jt ( ) of the same space having different base points x 0 e X. x, e X, we shall 
need some more concepts. 
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Fig. 64 


The product u, ■ uij of paths* u, and w 2 such that cj 2 (0) = u,(l) is defined in 
the same way as the product of loops: 


(u, • uj)(/) 


f«,(2r), o 1/2, 

[u 2 (2/ - 1), 1/2 sj / < 1. 


It is evident that u, • w 2 is a path in the space X. A constant path in A - is a path 
C ■ / — X such that C x (t) ■ x 0 Tor t e [0, 1], The reverse path of a path u is a path 
u - ** 1 : / — X such that oj 1 (r) « w(l — /). Since (» _1 • «){0) = (w~* • w)(I), the 
path (<■>“ 1 • <j)(f) is a loop at the point <j(0). 

Exercise 10°. Draw the path (u _l • u)(/). Show that [u“ 1 - «] = 0 in r t (X, Xq) 
THEOREM 3. Any path u : I — X joining points x 0 and x lt i.e., u(0) = Jt 0 , 
w(l) = AT], induces the isomorphism of groups 

S? tr.Uf.x,) 


which depends only on the homotopy class of the path u. 


PROOF. Let fc>] e *,(*, Xo). Consider the mapping ^ : l/, 91) — (AC, x,) which is 


given by the formula 


( u<l — 3/» if 0 t < 1/3, 
V><3 1 - 1) if 1/3 < t C 2/3, 
w<3 1 - 2) if 2/3 < t $ 1. 


The path <j>(t) can be represented visually as the loop <£(r) = (u ~ l * u>W) 
(Fig. 64); we thus associate each element M e ir, (AC, x^ with an element 
Me t,(A',x 1 ), and obtain a mapping S": r^A", x„) — t,(A',x,). Sf happens to be 
a group homomorphism. (Verify!) 

Similarly, we associate each element M e x(X, x t ) with an element (y>] e t(X, 
x„), where / 

* l w(3f) if 0« t < 1/3, 

f (f) = (u ■ Jr ■ «”‘)(r) = j H3t - I) if 1/3 « t $ 2/3, 

[ w(3 - 3/) if 2/3 < / < 1. 


We thus obtain a mapping 

Sf- 1 :»iW.x 1 )6x 1 yf.x 0 ). 

Exercise 11°. Show that S “~ 1 is a group homomorphism and that the homomor- 
phisms 1 and S“ are reciprocal, i.e., Sf = (S“~*)“ 


* Remember that a path in a space A' is a continuous mapping of a line-segment, 

«. / - X. 
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Thus, is an isomorphism It is clear from its construction that it remains 
unaltered under a fixed*end homotopy of the path w ■ 

Exercise 12°. Prove that if f : X — Y is a continuous mapping, then for any path w 
joining points jc 0 and x v the diagram 

",r*V--- —*,(*'(* 

s ' \ - I s ' 

~XjiY.tO'J) 

•i 

is commutative. Here Z> = fu is a path joining the points/U q) and/C*j). 

It follows at once from Theorem 3 that if a space X is path-connected, then the 
groups x, (X , Xo) at different points jr 0 e X are isomorphic to each other and can be 
considered as one abstract group x, (A - ). This group is called the fundamental group 
of the path-connected space X. 

We shall now adduce another fact that follows from Theorem 3. 

COROLLARY. Any element la] e x ( (X, jCq) defines an automorphism S\“* of the 
group T|(A". jtq). 

Proof In virtue of Theorem 3. there is an isomorphism : n j (A", Xq) — x,(Ar. Xq). 

since a is a loop at the point x 0 . In addition, the isomorphism S° only depends on 
the homotopy class of the path a■ ■ 

An important class of spaces is singled out by the following definition. 

DEFINITION 3. A path-connected space X is said to be I-connected if any two paths 
“l ■ I — X and u 2 : / — X such that <^(0) = w 2 (0) = x v - w,(l) — ui 2 (l) = x, 
belong to the same homotopy class in x, (/, 8I-: X,x 0 U jr,), i.e.. are homotopic in 
the class of paths starting at x 0 and ending at X,. 

THEOREM 4. A path-connected space X is 1 -connected (f and only if x,(AQ = 0. 

This theorem describes 1-connected spaces in terms of their fundamental 
groups The proof is easy, and we shall skip It. 

Exercises. 

13°. Verify that the Euclidean space R n is 1-connected, and S 1 and the torus 
S* x S 1 are not 1-connected. 

14°. Construct an example of a connected space with non-isomorphic groups 
r,iX,x o) at different points x 0 . 

Hint,’ Use the example of a connected, but not path-connected space from Sec. 10, Ch. 11 ■ 

Wc shall now investigate how higher homotopy groups depend on a variation of a base 
point. The homotopy group »„LY, x„) turns out to vary in the same way as the fundamental 
group r,(X. xj when its base point changes. 

THEOREM 5 Any path u •.[ — X joining points x 0 and x , determines the isomorphism 
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depending on the homoiopy class fw) e r (l t df , X, x Q U x { ). In addition, for any mapping 
f ; X — Y. the diagram 

n„ Ot,x,l -—- *~x„tY y t ) 

d S? , 

< x . *o> -jT-— ”n< v . Yj 

In which SjJ is an isomorphism determined by the path a - fw between the points > 0 = /(r ft l. 
y, = /(x,) is commutative. 

We will just outline the idea behind the proof of this theorem. Let |y>] c r n (V, x,) As 
was in the case of the fundamental group, the clement (?] is associated with an element 
hi) 6 t„W, xj. This procedure can be represented visually as pulling a 'whisker' out of the 
spheroid at the point x, to the point w(r) and extending it along the path w to the point x 0 
(Fig. 65). 



Thus, we obtain a mapping S" : *„(Af, x,) — x n (A'.x 0 ) which is an isomorphism with the 
requn . 1 properties. Here, we have omitted all the details. 

A corollary to Theorem 5 states that any element [a| 6 a, iX.xJ determines an automor¬ 
phism of the group r M (X, x„). 

Thus, the group r,(X, acts on the group *„(X, Xg) as the group of automorphisms. 
It is now natural to define the following generalization of 1-connected spaces. 
DEFINITION a. If, for a space A" and any pomtsx 0 ,x, e X, lying m the same patn component, 
the isomorphisms": x^Uf.Xj) — *„ CV.x„) does not depend on the choice of the path a join¬ 
ing x 0 to x, then the space X is said to be n-simple (or homoiopy simple in dimension n). 

Exercise 15°. Verify that a 1-connected space is 1-sirople. 

We leave the proof of the following statement to the reader. 

THEOREM 6. A space X is n-simple 1} and only iffor any point x a e X, the group t, IX.Xq) 
acts trivially on r a {X. Xq). l.e., does not alter the elements of (x , xj. 

11 immediately follows from Theorem a that a 1-connected space Is n-siraplc for all 
n > 1. 


4. COMPUTING THE FUNDAMENTAL AND HOMOTOPY 
GROUPS OF SOME SPACES 

In this section, the fundamental group of the circumference, and also of an ar¬ 
bitrary M p - or Nq-lypc closed surface will be calculated. The necessary com¬ 
binatorial technique is based on the results of Sec. 4, Ch. II, and given at the begin- 
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ntng of the section (see Items I and 2). Meanwhile, the topological invariance of (he 
Euler characteristic of a closed surface (see Item S) is established. Further, the prob¬ 
lem of computing higher homotopy groups is discussed, and their application to a 
problem concerning the fixed points of a continuous mapping is given (the Brouwer 
theorem and the fundamental theorem of algebra). 

i. Line Paths on a Surface and Their Combinatorial Homo- 

topies. Consider a closed surface A" given, as in Sec. 4,Ch. 11, by its subdivision. 
This means that a development ft is given, and the surface X is homeomorphic to 
the factor space Xl/R, where R is an equivalence determined by the gluing 
horaeomorphisms of the development. 

Denote the product of the residue class mapping a: n — fl /R and the 
homeomorphism 0\ U/R — X by x. Then the mapping *: n — X is the one deter¬ 
mining the subdivision of X into the images of polygons, edges and vertices of the 
development (we will call the x -images of edges the edges, and therr-images of ver¬ 
tices the vertices of (he subdivision). An edge of a subdivision is the ar-image of two 
edges, a and a~ ', or a and a. We will denote it by the letter a; the v-image of a 
vertex A will be denoted by the same letter A; and wc will call interior points of an 
edge its points which are different from the vertices. 

We shall require the following two elementary operations over subdivisions: <a) 
adding a new vertex: an interior point of an edge is declared to be a new vertex of 
the subdivision; (b) adding a new edge: one of the polygons of the development is 
subdivided into two by its diagonal. The x -image of this diagonal in A" is declared to 
be a new edge of the development. 

Consider an edge a in the development n, and let y: I — a be an affine mapping 
(linear path) under which the points 0 and 1 are mapped into the vertices of the 
edge. Then the mapping y = xy : 1 — X determines a path on the surface X, which 
we will call the elementary path. It is evident that the image of an elementary path 
either coincides with one of the vertices of the edge a of the subdivision of the sur¬ 
face or completely covers the edge. In the first case, an elementary path is constant 
and considered to be zero (y = 0). In the second case, the beginning of the linear 
path y either coincides with the beginning of the oriented edge a, or with its end. 
Accordingly, we will denote an elementary path by a or a ~ 1 fy = a or y — a~ \ 
respectively). We will use the same notation for 1 ) if y : f — o -1 , assuming that 
(a -1 ) -1 <= a. 

Thus, to each oriented.edge a{a~ 1 ) of the development, there corresponds an 
elementary path a(a~ ') in the subdivision. 

DEFINITION 1. A finite product of elementary paths in a subdivision II of a surface 
X is called a line path. A closed line path is called a line loop. 

By Definition 1, a line path X can be written in the form of the product of 
elementary paths X = X,X 2 ... X,, where X f = a ? 1 or X, = 0. Omitting zeroes, we 
associate the path X with the word w(X) = ... a* 1 indicating the order and di¬ 

rection of circumnavigation of the edges of the surface X along the path X. 

Consider the boundary T ( of a polygon Q t of a development II. By associating 
each edge of the boundary with an elementary path as described above, we shall 
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associate the whole boundary with the line path \ in X. determined by the word 
u(X,) = u(Qi), whereas the word w (Q,) in turn describes a plan for gluing the 
polygon Qi (see Item 2, Sec. 4. Ch. U). 

For example, a line path X corresponding to the oriented boundary of the 
polygon Q which represents the torus development (see Fig. 41) is determined by the 
wordw(X) = aba~ l b~'. 

DEFINITION 2. A combinatorial deformation of Type I (Type II, respectively) of a 
line loop X is an introduction or deletion of an no - '-type combination (or the word 
a(Q/)) into the word iv(X), respectively, determining that line loop in X which cor¬ 
responds to the oriented boundary of the polygon Q t of the development fl. 

DEFINITION 3. Line paths y and y ’ in II are said to be combinatorialiy homotopic 
in II if one is obtained from the other using a finite number of Type I or II com¬ 
binatorial deformations. 

Note that any line path in a subdivision II of a surface X can be considered as a 
tine path in a subdivision n, which is obtained from n by applying a finite number 
of (a)- or (b)-type operations. 

LEMMA l. Let a subdivision II , be obtained from a subdivision fl by applying a 
finite number of (a>- or (bytype operations. Then for any line loop X in II,, there 
exists a line loop X' in T\ .which is combinatorially homotopic in n 1 to the loop X. 

PROOF. It is obvious that it suffices to consider the case when II, is derived from II 
by having applied one of the operations (a) or (b). Let n, be obtained from II by 
subdividing an edge a into two new edges b and c (the operation of adding a new 
vertex having been applied). If the loop X contains one of the combinations bb~\ 
cc~', b~ l b. c~ 'c, then it can be omitted having obtained a loop which is 
homotopic to X. Having omitted all such combinations, we obtain a loop either not 
containing 4*', c* 1 at all or containing them in the form bc(= a ) or 
c~ , b~ , (~ a"'); in cither case, it is the required line path X’ from II. 

Now, let II, be obtained from n by adding a new edge d which subdivides a cer¬ 
tain polygon in II, into parts E and F. Let the boundary paths of E and F be ud ~ 1 
and dv, respectively (Fig. 66). If the line loop X includes the edge d 11 , then we 
replace it by the path v ?l (otu*'). The loop X' thus obtained is combinatorially 
homotopic to X and is a line loop from II. ■ 



Fig. 66 
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LEMMA 2. Let II, be obtained from n by an (a)- or (b)-type operation. Then any 
line loop X in IT which is combinatorially homotopic to zero in II,, will also be com- 
binatorialiy homotopic to zero in II. 

PROOF. By the data given, there exists a sequence of line loops X = v 0 , v,, , 

v, = 0 in n,, where v /+ I Is obtained from v,- by means of one combinatorial defor¬ 
mation. In addition, v,, ... , v r are not, generally speaking, loops in II. For each 

loop v,, I ~ 1. r, we construct aline loop<j ( homotopic to it in II so that each 

loop <4 J+ , in the sequence of loops X,«„ ... , w, = 0, is obtained from w, via one or 
more combinatorial deformations. 

Assume that XI, is obtained from II by subdividing an edge a into edges b and c 
(i.e., by an (a).type operation). Then we associate each loop v, with the loop u,, hav¬ 
ing assigned to an edge different from 6* 1 and C' L 1 the same edge, the edge e* 1 to 
the edge ft* 1 , and nothing to the edge c* 1 . It is easy to verify that then the transfer 
from ut, to ,, I = 1, ..., r is performed by a Type 1 or 11 combinatorial defor¬ 
mation. 

If. however, II, is obtained from n by a (b)-type operation, then we associate 
any edge different from the subdividing edge <1 with itself, and replace d(d " *) by 
the path u(u ~'). If, now, to obtain v l+ ,, we insert or delete the combination dci ~ 1 
in v,. then the combination uu ~ 1 should be inserted or deleted, respectively, in u>,. 
Type II deformations in n, will correspond to Type I or Type II deformations in 
n.a 

2. Combinatorial Approximations of Paths and Homotopics. 

We will show here that any continuous path in a triangulation K is homotopic to a 
line path, and also study the relationship between combinatorial and continuous 
homotopies. 

Hereafter, we consider only fixed-end homotopies of paths and loops. 

LEMMA 3. Let a triangutation K of a surface X be given. Let X: / e X be a con¬ 
tinuous path in X, X(0), X(l) being the vertices of the trianguiatton. Then there ex¬ 
ists a tine path in K, which is homotopic to it. 

PROOF. Subdivide the line-segment 1 - (0, 11 with a finite number of points (/*)£_ 0 
(l 0 = 0, t n — 1) into sufficiently small line-segments so that for each interval (r^_,, 
+ Ar = 1,.. , n — I, there may be a vertex A k — K such that the image 
X(r*_ |. 4 4 ,) of the interval may lie wholly in the star S(A k ). the union of the open 
triangles and edges of the triangulation K adjacent to a certain vertex A k and the 
vertex A k itself. Since SCdj) is an open set in X, and X is a continuous mapping, this 
can always be achieved (see Ex. 7, Sec. 13, Ch. II). 

Now, we associate each point t k e I with the vertex A K e K. Note, moreover, 
that for any k = I, ... , n — 1, 

<= SW*) n 

where S(/4 t ) ft S (4 ) obviously contains the triangle which is adjacent to both 
A k andA t + 1 . Therefore, if A k * A kk , then they are joined in K by an edge which 
we will denote by t k . Let X): f t k . t kr ,) — l k be an elementary palh which is the ex¬ 
tension of the indicated correspondence of the vertices and points t k , t k +,. If 
A k = A k t , then we consider \ k to be equal to zero. The product of elementary 
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paths X^ determines a line path X*: / — K called a line approximation of the path 
The paths X and X' are homotopic to one another In fact, in virtue of the structure 
of the path X", for any point re/, the images X(r) and X' (r) tie in the same dosed 
topological triangle from K, Therefore, they can be joined by a Tine-segment', the 
homeomorphic image of a line-segment in a triangle of the development; conse¬ 
quently. it is natural to give a linear deformation of the point X(r) into the point 
\'(r) which determines the required homotopy. Note, moreover, that point X(r) 
does not leave that closed triangle, edge or vertex, in which it initially was in the 
course of the homotopy. ■ 

It is necessary to distinguish between line loops which are homotopic to a con¬ 
stant one *a the topological or combinatorial sense. We will call a loop which is 
homotopic to a constant one contractible or combtnaionally contractible loop, 
respectively 

LEMMA 4. A contractible tine loop X in a triangulation K is combinatorially contract¬ 
ible in K. 

proof Let a line loop X be given by a mapping of a line-segment ^ — K. Let 

F : /) x /j — /T be the contraction of the loop to a vertex Xq e K, i.e., 

^r,xto| = f'/ixll) = c 0 :/) — jr 0 e/T. 

It is clear that F I Wxlj : / 2 - jr 0 and FI |Ilx/j :I 2 -x^ 

Since F is a contraction keeping the ends of the loop fixed, the edges AB, CD 
and BD (Fig. 67) are mapped into one point We mark those points on AB whose 
images are the vertices of K , and draw vertical straight lines through them. Then, by 
drawing additionally other vertical and horizontal lines and diagonals (Fig. 67), we 
will obtain a sufficiently fine triangulation £ of the square ABCD for the image of 
the star S(IO of the triangulation £ under the mapping F to lie m the star S(H’) of a 
certain vertex of the triangulation K (this follows from Ex. 7, Sec. 13, Ch. II). 

We now associate the vertex V with the vertex W and perform a similar opera¬ 
tion over all the vertices of the triangulation £. Then wc extend this mapping to the 
edges of the triangulation E in precisely the same manner as we did in the proof for 
the lemma on a line approximation of a path. The mapping which we obtain, i.e., 
F x \ £, — K, where £, is the union of the edges of ihe triangulation E. transforms 
the subdivided side AB_ into a certain line loop % in K. 

We now show that X is combinatorially deformable into X. In fact, during a line 
approximation, no point of a path leaves the triangle, edge or vertex,in which it was 
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positioned. Therefore, the loop X consists of the same elementary paths as X (if the 
null paths arc neglected). However, generally speaking, some edges can be run 
several times in different directions. Thus, we can make a transfer from X to X by 
Type 1 combinatorial deformations. 

Note now that in the triangulation E, the subdivided side .4 B can be transformed 
into the subdivided broken lin e ACDB via combinatorial deformations of Type i 
and II by successive ‘squeezings' of a single triangle (Fig. 68). However, each of 
these combinatorial deformations applied to AB determines, due to the structure of 
the mapping F { . its own Type I or II combinatorial deformation of the loop X in K 
(verify I). 

Thus, we have -,-hown that by means of Type 1 and II combinatorial deforma¬ 
tions, the line loop X can be transformed into the loop X, and then into the F,-image 
of the path A CDS. B, I this image is the point x Q and therefore X is combinatorialiy 
homotopic to a constant. ■ 

We leave the proof of another two uncomplicated statements which we will use 
later to the reader. 

Exercises. 

1°. Prove that a line path X in a subdivision II, determined by the word 
oi(X) = aa~ *, is homolopic to a constant path. 

2°. Prove that a line path in a subdivision II equal to the image of the boundary of 
some polygon of the development n is homotopic in X to a constant path. 

It follows from Exercises 1 and 2 that any combinatorial homotopy determines a 
usual continuous homotopy between line paths. 

NOTE. In the next item, we shall have recourse to a special case of the combinatorial 
technique which we developed above, viz., subdividing the circumference S 1 . 

We fix a finite number of points A ' ,B', C', ... on S* and specify a homeomor- 
phism ip of the boundary of a convex polygon ABC ... in S ’ so that e(A ) = A'. 
•p(B) = B' , ip (C) = C’ ... - We will say that the homeomorphism ip determines a 
subdivision o f S 1 with the edges A*!)' = p(AB) t B r C‘ - <p{BC), 
C’A ' = p(CA), ... and vertices A', B', C',. . . Line paths and Type I com¬ 
binatorial deformations are defined naturally here. It is easy to see that Lemmata 
1-4 remain valid for such subdivisions, with the operations over (b)-type subdivi¬ 
sions and Type 11 combinatorial deformations vanishing. 

3. The Fundamental Group of a Circumference. We now can 
calculate the group *■,($*). 

THEOREM 1. The group x, (S') ir Abelian and isomorphic to the group Z. 

To prove this theorem, we shall require the following auxiliary statement which 
will be strengthened later (see Theorem 4, Sec. 4, of the present chapter). 
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LEMMA 5. The fundamental groups of hameomorphic spaces are isomorphic. 

Proof. Let X, Y be topological spaces with base points x 0 . y 0 , respectively, and 
ip : ( X , *(,) — (Y, Fq) a homeomorphism. Then the homeomorphisros of the fun¬ 
damental groups are defined: 

*(*>) : *iPf, Xfl) — 

and 

x.yr.ito), 

and due to the functorial property, we have 

= *(v>~ , v>) = U^.xo)- 
- v( w -') = l T|(ri>o) 


therefore, x(y) = |ir(y>''» l - ■ 

the proof of theorem i. By the last lemma, it suffices to compute the fundamental 
group of a plane triangle. Let A be a triangle with vertices/!, ft, C, oriented edges a, 
b, c and the base vertex A (Fig. 69). 

We first compute the group ir, (A, A ). Let X be an arbitrary loop in A with the 
origin at the point A. According to Lemma 3,there exists a line loop X' in the 
homotopy class of the loop X. (It is clear that the triangle A is a subdivision.) 
Associating each edge a, b, c with loops S, 0, C according to the following rule: 
d = cab, b = b~ x b,l = cc~\ we show that the classes of the loops 0, D,C, which 
need not necessarily be different, are generators of the group »,(A, A ). Any line 
loop X" consists of elementary paths that correspond to the edges, i.e..X' = ip{a,b, 
c ). By replacing each edge by its corresponding loop in this expression, we obtain a 
new loop X " = <p{Q, 0, f). It is easy to see that the loops X' and X ' are com- 
binatorially homotopic. 

In fact, this replacement of an edge by a loop makes us first 'reach' the origin of 
the edge from the fixed vertex A , and then, having passed through this edge, 
'return' to A along the shortest path (Fig, 69). Therefore, during each successive 
replacement of an edge by a loop, we must, after returning to A from the end P of 
the previous edge, 'start' for the origin of the next edge, i.e., for the same point P. 
Thus, after this replacement,a im~ ‘-form path is inserted between each two adja¬ 
cent edges of the loop, i.e., a path which is combinatorially homotopic to zero. 
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Consequently, in the bomotopy class of the loop X , a line loop X which is a finite 
product of the loops a, 0, S, and their inverses can always be found. 

Note now that the loops O.t, are homotopic to constant loops. Therefore, the 
loop d (or, more precisely, the homotopy class determined by it in rr,(A, A )) is a 
unique generator in the group x,(A, A). The element a is non-trivial, because if the 
loop d were contractible then, by Lemma 4, it would also be combinatorially con¬ 
tractible, i.e.,reducible to zero by a finite number of combinatorial Type I deforma¬ 
tions, which is obviously impossible. Consequently, the loopd is not combinatorial¬ 
ly contractible and therefore determines a non-trivial element A e * t (A,A). Similar¬ 
ly, any element [a 1 ] er,(il,4), where / > 1, is non-trivial. 

Thus, *,(A, A) is a free cyclic group generated by the element [a], i.e., an 
Abelian group isomorphic to Z. g 

Exercise 3°. By generalizing the structure of the proof of Theorem 1, prove that the 
fundamental group of the wedge of m circumferences is a free group with m 
generators. 

The following theorem is a useful instrument for calculating the fundamental groups of 
more complicated spaces. 

THEOREM 2 (VAN KAMPEN) Let X be a topological space obtained as the union 
X » A, U X 2 of open subsets X,and X 2 such that the spaces X v X 2 and X 0 = X, n X 2 are 
path-connected and nonempty, and let p e X B . Consider the commutative diagram generated 
by the embedding mappings. 



Then the group is a factor group of the free product T,yf,, p) » t.CXj, p) by the 

norma! subgroup generated by the set (0,a ♦ ' : a e ir,CAT 0 . /r>j In other words, the 

group *, lx, p) is generated by the images of the elements r , iX ( , pi, i = 1. 2, and the only 
relations between the generators are derived relations in each of the groups * J (X i . pi, I - (, 
2, and the relations u>,0 t a — u 2 6 2 o, where or e t, (A' C1 p). 

Exercises. 

4°. Using the van Kampen theorem, derive the statement of Exercise 3. 

5° Calculate the fundamental group of the space consisting of two circumferences joined by 
line-segments (Fig. 30). 



Fig 70 
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4 . The Fundamental Group of a Surface. Turning our attention to the 
fundamental groups of surfaces, we may assume on the basis of Lemma 5 that a 
closed surface can be given in subdivided form determined by a canonical develop¬ 
ment. 

THEOREM 3. Let X be a Type I or J1 closed surface determined by a word u of the 
formafifl^ 'b {'... Opb^J 'b ~ 1 oxaj> q , respectively , and letx 0 e X be 
a certain point on the surface (i.e., triangulation vertex). Then x, {X. x^isa group 

with generators a,, 0 ^,... , a p , £>,. t> 2 . b B or a,, o 2 ,... . a q , respectively, and one 

defining relation w = e, where e is the identity element. 

Proof. Let X t be a closed surface, 3* its canonical development determined by a 
polygon Q and the word a>(Q). Let X t = x(Q t ), where Q, is the union of all edges 
of the polygon Q. Since all the vertices of Q in the development .‘J’are equivalent, 
their images under the mapping x coincide in X. Consequently, the image of each 
edge is homeomorphic to a circumference, and X , is the wedge of circumferences 
glued at the point jr 0 which is the image of the vertices of the polygon Q. In addi¬ 
tion, the number of the circumferences in the wedge equals Ip if the surface X has 
the type M p , and q if X has the type N„. It follows from one property of the fun¬ 
damental group of the wedge of circumferences (see Ex. 3) that x,^, x<j) is a free 
group generated by o,. c 2 , ••• . a p> *i. f> 2 , ... , b p if X has the type M p or by a t . 
o 2 . a q if X has the type N q . we denote this group by G. 

We shall now consider the embedding mapping i ■. X v — X and the homomor¬ 
phism of the fundamental groups / which is induced by it, viz., 

U -tttiX^x^ - w^.Xt). 

We will calculate the group v,(X. Xg) as follows. First, we prove that /, is an 
epimorphism. Then, using the theorem concerning epimorphisms, we obtain 

r,(X, x) =. x,yf. x)/Keri. = G/Keri. . 

The calculation of the kernel Ker/. will complete the proof of the theorem. 

We first prove that i. is an epimorphism. Let aex,(Af, Xf) and K some 
triangulation of the surface X. Then, by Lemma 3 concerning line approximations, 
there is a line loop X (in the subdivision K) in the homotopy class of a. AT may be 
assumed to be obtained from the canonical subdivision i?of the surface X with the 
aid of a finite number of (a)- or (b)-type operations. 

Therefore, due to Lemmata I, 2 and Exercises 1, 2, in the same class of 
o 6 x,(Af, Xfj), there is a line loop X' (i.e., made up of the edges of X x ) in the sub¬ 
division 3*. Thus, a certain class d a e w t (X, Xg) is defined for which it is obvious 
that t.WJ = n. The surjectivity of/. is therefore proved. 

We now take up the task of calculating the kernel Ker t. of the epimorphism i,. 
Let 7 6 Keri,, and X a line loop of the subdivision ^from the class of 7 . Then X is 
obviously contractible to a point in X. According to Lemma 4, there exists in 3' a 
combinatorial contraction of X to the vertex Xg. In other words, the word w(X) 
which determines the loop X is reduced to the zero word by a finite number of 
Type I or U combinatorial deformations. It then becomes clear that the word w(h) 
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may only consist of combinations of the form 

(1) aa~ 

(2) ^or more complex, such as 

’UJ'^A j A j 'ujAj ^Wj, (*) 

where u, • u 5 b u, a), • o> 2 • u, = u; A,. A 2 , A are the words of the given subdivi¬ 
sion, and I, m are integral exponents (they may be both positive and negative); and 

(3) combinations similar to (*), hut with other partitions of the word u into 
components. This follows from the given development not having any bounding 
words other than <•>. 

It is easy to see that Type 1 combinatorial deformations (i.e., additions or dele¬ 
tions of an aa~ ’-type combination) do not take the loop X out of its homotopy 
class, since the loop co _ 1 is homotopic to zero in A - ,. We may assume, thanks to 
this fact that there are no Type I combinations in w(X). The combinations of type 
(*) are simplified by combinatorial Type 1 deformations as follows: 

(*) o^A^UjAci/A”’wj"*A’ wjAj"’ wj u^A^Aoi* X A -1 

uj 'wjUjWjwf ’Aju> m A j'’wjA£' , uij ■» d) 4 tljh<Jh~ ’A^’u^" ’cj^AjwA^ ’ujuJ’ l x Aj 

*-> 'Zi' '~K *T r ' -"**—'' 

Aw m A"’A^"’(jj *• w 4 A 2 Ao/^~ , A^'’w^’w^AjrjA^"’AjAw m A“’A 2 ’uij_ 

a o-' ? e-r 


■» oru’a - ’ u^AjuAj > u^it > n '8 1 
■» gur’or ~J ci ^ary ~ 2 §ta m P 


a<Ja 'w 4 fai 5 u 5 ’AjivA^ 1 ■» 

u 7 y~ 1 

(*•) 


Hence, it is easy to deduce that any combination of form (♦) is reduced to form 
(* *), i.e., to a finite product of combinations of the form aJa ~ 1 (a), where /is a 
positive or negative integral exponent. 

Thus, for any element |X] e Kerf,, there exists its representative, viz., a line 
loop X whose word u>(X) consists of combinations of the form (# ) only. Converse¬ 
ly, it is obvious that if a line loop X has a word u(X) only consisting of combinations 
of the form (#). then it determines an element from Kerf.. 


Exercise 6°. Prove that the set of words of the described form is a normal subgroup 
N of the group G and is generated by the element oi = u(Q). 

It follows from the computation of the kernel Kerr, and Exercise 6 that 
Kerr. = N, and therefore »|CA, x) - G/N. The latter equality is equivalent to in¬ 
troducing the unique relation ui = e among the generators of the group G . ■ 

We now list some corollaries to Theorem 3. 


COROLLARY 1. The fundamental group r x (flP 2 ,p)of the projective plane RP 2 is a 
cyclic group Z 2 oj order 2. 

PROOF The surface X = RP 1 possesses a canonical development whose word is 
a l a t . therefore IX, *o> is a cyclic group having one generator tr, and the defining 
relation ij - t. ■ 
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COROLLARY 2. The fundamental group of the torus t,(7" 2 , Xq) is a free Abelian 
group with two generators. 

PROOF. The torus T 1 possesses a canonical development with the word aba~ ‘b - ', 
and, consequently, we obtain that the group r,(T 2 , Xp) is generated by a, b. The 
relation aba~ *b~ 1 ** e provides a condition for its commutativity, viz., ab - ba. ■ 

Geometrically, to the generator a, of the fundamental group of the projective 
plane, there corresponds its absolute (see the models of RP 2 in Sec. 4, Ch. II). To 
the generators a,, 6, of the fundamental group of the torus T 2 , there correspond its 
parallel and meridian, the two principal noncontractible loops on the torus. 
Exercise 7°. Find out what geometric meaning the generators of the fundamental 
groups have for the surfaces M , N q . 

The fundamental group of the knot complement plays an important part in knot 
classification. 

Exercise 8°. Prove that the trivial knot is not equivalent to either the trefoil or 
figure-of-eight knots. 

Hint: Show that the fundamental groups of the complements in R* to ihesc knots are not 
isomorphic. 

5. The Topological invariance of the Euler Characteristic of a 
Surface. Let X and X' be two homcomorphic dosed surfaces with some subdivi¬ 
sions II, n*; let x(n) and x(It’) he their Euler characteristics calculated relative 
to the subdivisions II, II', respectively. We shall prove that x(n) = x(H'). 

The development II(IT) is reduced to the canonical by equivalent Type I or II 
transformations (determined by the number of handles pip') or Mobius strips 
q(q ’) that are pasted to the sphere). 2p(2p‘), q(q') are the numbers of generators 
(connected by the denning relation u> = e) of the fundamental group of the surface. 
Owing to the homeomorphism of X and X' , the groups r,(2f) and r t (X' ) are 
isomorphic. Therefore, if the canonical type of the developments n, TV cor¬ 
responds to Type I, then Ip = 2p\ whence x(U) = x(H') in virtue of the 
equalities x(H) = 2 — ‘ip and x(B ) = 2 — Ip'. The case of Type II canonical 
developments can be considered in an analogous manner. Thus, two different M p - 
type surfaces of different genera (this is equally true for the N q -type surfaces) are 
not homeomorphic. 

Two M p - and N q - (q > 1) type surfaces are not homeomorphic either. This 
follows from the fact that the fundamental groups of an oricntable surface M p of 
genus p and a nonorientablc surface N q< q > I, of genus q are not isomorphic. In 
fact, is a group with generators a .a b,. b p and the defining rela¬ 
tion a ib^ibf 1 ... [ b~ 1 = e, whereas the group r t lf/ q ) is a group with 

generators a,. a q and the defining relation 0 , 0 , 0 ^; ... a q a q = e. It is clear that 

these groups are not isomorphic if "lp * q. If we assume, however, that tp = q, 
then r,(Af„) is not isomorphic to e,(f/ q ) because in the factor group 
^(AO/IxttA^), x,(N ? )) of the group ^(/V,) relative to its commulant (t , (N # ) . 
t (N„)], there is a cosct of order 2, which contains the element a,Oj ... a.. There are 
no elements of the second order in the factor group T,(Afp)/lTj(/H p ), T,(Af p )l, 
since the element a,b( 0 f ’bf 1 ... a sPff>p 1 of the free group with the generators 
a,, ... , a p , b, ... , b p is contained in the commutant of this group. 
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Note that the classification Theorem 2 of Sec. 4, Ch. fl, is now proved com¬ 
pletely. The genus of a surface and its orientability or nonorientability completely 
determine its topological type. 

6. On Calculating Higher Homotopy Groups. The calculation of the 
homotopy groups of spaces is an important but a difficult problem. Methods for 
calculating these groups have been worked out. However, when they are applied to 
concrete cases, considerable difficulties are encountered. Nevertheless, certain 
homotopy groups have been calculated for sufficiently ‘good’ spaces and play an 
important part in many problems. 

The following theorem enables us to reduce the computation of the homotopy 
groups of a space X to that of the corresponding groups of a space Y which is 
homotopy equivalent to X. 

THEOREM 4. Iff : X — Visa homotopy equivalence then for any point xe X, the 
homomorphism 

f„:x n (X,x)- r„(Y.f(x)) 

which is induced by f is an isomorphism. 

PROOF. Let a mapping g be homotopy inverse off, and a representative of a cer¬ 
tain class M e T n (X,Xf). Then (g/V is a representative of its image The 

spheroid y> is ‘attached’ to a point x 0 , and the spheroid (g/V to the point 
Cs/X*o) = the former being homotopic to the latter in virtue of gf — I x . Sup¬ 
pose that the point shifts to a point i 0 under this homotopy, describing a path 
«(/) in doing so (Fig. 71). 



Let <u(0 induce an isomorphic mappingT n CY,io) — (see Theorem 5, 

Sec. 3). The homotopy of the spheroids v and (g/V generates the homotopy of the 
spheroids gfy> and or from S %~ 1 [p\. Therefore, gj„ [*>] = (g/V) = [a| = 

which means that the following diagram is commutative: 


n n iX,X0j 
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Similarly, it may be shown (try it yourself) that the diagram 

is commutative, where u' ; / — Y is a path from the point f<jc$ to the point 
t/’g/)C*o). e< l ua J t0 /<■>• lt follows from the commutativity of these diagrams (taking 
into account that S" -1 , S*“ >_l are isomorphisms) that/„, g n are isomorphisms □ 
Exercises, 

9°. Prove that the one-point space and the circumference S* have different 
homotopy types, 

I0 D . Prove that the two-dimensional disc and the two-dimensional cylinder over a 
circumference have different homotopy types. 

Although it has not yet been completely resolved at present, the problem of 
calculating the groups r t (S n ) has stimulated the development of many branches of 
modem topology. Here are two very distinct cases, viz., it $ n and k > n. Though 
requiring a development of a special method, the former is elementary enough We 
list the following results without proof*: 

x,(S") = tj(S") = ... = r„. ( (S”) = 0. *„(S") = Z(fi > 1). 

Hence, it follows, in particular, that the sphere S" is noncontractible to any of 
its points. 

The second case has not been fully investigated, and the difficulties increase with 
the growth of n and k - n. Here are some of the simplest results: 

x 3 (S 2 ) = Z, w„(S 3 ) = Z,.*.*,($*> = Z 2 (n > 3). 

This refutes the intuitive assumption that r k (S") = 0 when k > n 

Thus, when n = 1, 2, ... the groups x„(S n ) are free Abelian groups with one 
generator y, y„ being the homotopy class of the identity mapping t s „ : S n — S" 
The multiple classes I • y„ can be imagined as the homotopy classes of mappings 
«;S" — S" such that ‘twist’ the sphere S n onto itself / times. In addition, if / > 0, 
then the orientation of the sphere under the mapping v> is said to be preserved, 
whilst if / < 0, the orientation is said to be changed (cf. the homotopy classes from 

MS 1 )). 

Exercise 11°. Let S" be a sphere with the centre at the origin of the space R"* 1 . 
Show that the mapping of S n into itself given by the correspondence 

(*l.JC 2 .Jr,*]) - (.-x,.x 1 .x„ +l ), 

determines a homotopy class equal to (—■>„). 

It is quite simple to prove that r„{X,x^ = 0,» ) I, if the space X is contract¬ 
ible to a point (Theorem 4 should be applied). In particular, we obtain the following 


The group x,(S*) was calculaied in the proof of Theorem I 
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for the disc D" and space S": 

»,(£>") = 0, *>(£>") = 0, **(R") = 0, * <= 1, 2. 

7. Some Applications. We first prove an important property of the sphere S". 
THEOREM 5. The sphere S" (i.e., the boundary of the disc D"*')is not a retract of 

D»*> 

PROOF. A necessary condition for the existence of an extension of a mapping was in¬ 
dicated in Sec. 2. It was formulated in terms of a functor to the category of groups. 
We apply this conditions, taking the functor *■„ as the functor T. We know already 
that x„(S") = Z, r„(D n * ’) = 0, and if the spheres' 1 were a retract of D n + \ then 
we would obtain the following commutative diagram 



where i is the embedding of the sphere into the ball, and r the required retraction. 
Since r„isa covariant functor, it would convert diagram (1) into the commutative 
diagram (2) which is of form (3). The latter is contrary to its commutativity. 
Therefore, the assumption that there is a retraction r is not valid. 

With the aid of Theorem 5, the following interesting theorem, which has impor¬ 
tant applications, is proved. 

THE FIXED-POINT THEOREM (BROUWER). Any continuous mapping f:D”* x ~ 

— D" + l of an (n + 1 )-dimensional closed ball ( disc) into itself possesses at least one 
fixed point, i.e., there exists a point x, e D” +1 such that fix, ) — x,- 

proof In fact, if there is no such point, i.e., for any point xeD n * l ,f(x) * x, 
Ihen the line-segment joining the point fix) to the point x can be extended beyond 
the point x to meet the sphere 5” at a certain point r(x). Then the mapping r : p" * 1 

— S n , x — r CO is an extension of the identity mapping of the sphere S" to 

But we have just proved that there is no such extension. The contradiction proves 
the theorem. ■ 

8. The Degree Of a Mapping. The group x„(S n ) = Z is closely related to 
the notion of the degree of a continuous mapping/ : S " — S". which is often used 
in analysis. Let y„ be a generator of the groqp w„(S n ). Then/. (y„) = cry„, where 
a is an integer, and/, a homomorphism of the group * n (S n ) induced by the mapp¬ 
ing/. The number a is called the degree of the mapping f and denoted by deg/(tbe 
sign of deg/ does not depend on the choice of a generator). 

Exercises. 

12°. The mapping of the unit circumference S' = jc : Izl = 1) of the complex 
plane is given by the fonnula/(z) = t". Show that deg/ »= n. 

13”. Show that iff: S 1 — S 1 is a local homeomorphism, then the number of points 
in the full inverse Image/ - *(x) of any point x e S' is constant and equal to I deg/I. 

The notion of the degree of a mapping is also introduced naturally for the mapp¬ 
ings/ : S" — Sj from one replica of the sphere to another. (To do this, the basis 
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classes yj; in ^(S?) and y 2 in 7r B (Sg) should be fixed, and then/, (y^) = deg/ • 

• yj|.) Since y„ is the homotopy class |l s „) of the identity mapping, we have the 
following relation Tor the mapping/ : S" — 5": 

/* (y„) =>/.U s »l - l/l 5 "J “ l/l. 


therefore, deg/ • y„ is the homotopy class of the mapping/; thus, deg / is ‘the 
number' of the homotopy class If]. 

If/ = /is the identity mapping,then deg/= I; if/ — 0 (homotopic to the con¬ 
stant mapping) then deg / = 0; if f: S n — S ", g : S n — S" arc two mappings, then 
they are homotopic if and only if they are of the same degree: deg/ = degg. We 
also adduce one useful formula, viz., deg (fg) = (deg/) • (degg) that follows from 
the relation \fg] = f,lg]. 

The notion of degree is used while investigating whether it is possible to extend 
continuous mappings/ : S" — R n * 1 \ [0] to the ball D n * 1 bounded by the sphere 
S n . Since the space R n *‘ \ [6] is homotopy equivalent to S", their homotopy 
groups are isomorphic and therefore we may speak of the degree of a given map¬ 
ping, usually called the characteristic (or rotation) of the vector field /; we denote it 
by x s -<f). 


LEMMA 6 . The condition Xs*(f) = 0 is necessary and sufficient for the extension 
/: P n * 1 — R n +1 \ (0) of the mapping f to exist. 


The proof is evident from our note that the mapping/ determines the homotopy 
/ - 0 by the formula 

/<*.*)=/(»>. x 6 S". t e |0, 1) 


(if S" is the sphere of radius l and centre at 0), and vice versa. 

Exercise 14°. Construct the extension / when / - 0. 

An obvious corollary follows from Lemma 6. 

COROLLARY. If Xs«(/) * 0 ,/len an * extension / : B" + * — R" has a zero, i.e., 
there exists a point x 0 e D n 4 ’./Uo) " 0. 

This corollary is often used for the proof of the existence of a solution to the 
equation/(x) « 0, where/: D"* 1 — R "* 1 is a given mapping. 

EXAMPLES 

1. It is easy to verify that with the conditions of the Brouwer fixed-point theorem, 
the mapping/( jt) = — f(x) + x either has a zero on S" or x s n(/) = Uf : S" — 
— R a * '\(0| is homotopized to the identity mapping/(x, f) = — tf(x) + x.xe S”, 
0 < I < ]). Therefore./has a zero in D n **, 

2. The fundamental theorem of algebra: a complex polynomial 

/(z) = z” + o,z'"“ 1 + ... + 0 m -iZ + « m 


has a root in the complex plane. 

We denote the circumference on the z-plane (z : Izl = p\ by Sj,. 

LEMMA 7. For a sufficiently large p, we have 

/:.?* — /f 2 \ (01. 
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and in addition xst(7) = rn. 
proof. Consider the homotopy 

/(*.<) = z m + /<o,z m " 1 + ... + + aj.te |0. I]. 


We have an estimate 

1/(1./)( > Izl 




+ 


III * 0. 


1 _l_ 

1*T + + i*r-i ui* 

It is evident that there is p > 0. sufficiently large for l/fe, /)I > 0 when 1*1 = p, 

the mapping g : — 


U)]- 


I e [0, I], Therefore / : S' p - R 2 \ [0J is homotopic to 
— /t 2 \ [0], g(z) = z m - According to Exercise 12. 

X-i (/) - rr? as well. To complete the proof, we now use th'e corollary to Lem- 

s p 

ma 6 ■ 


Xgi(g) = "t; therefore 


FURTHER READING 

As regards the classical topics of homoiopy theory covered in this chapler, we recom¬ 
mend, above all, Homotopy Theory by Hu Sze-isen (431, as it provides a thorough and quite 
complete account of homotopy theory. In addition, the reader will find it useful to see the ac¬ 
counts of these topics fin some instances, somewhat formalized, bui quite detailed) in 
Spanier’s Algebraic Topology \li\. We also recommend Homoiopy Theory |33| by Fuchs et 
al. and Modern Geometry (28] by Dubrovin el at. as boih of them are noteable for their 
geometrical approach. The elements of homotopy theory can be found in First Course of 
Topology. Geometric Chapters (70) by Rohlin and Fuchs, which contains a systematic ap¬ 
proach to homotopy group theory. A good book of problems related lo this chapter is Pro¬ 
blems in Geometry 161) by Novikov cl al. 

To study the notions of category and functor, see Maclane's Homology (51) (Cb I, 
Secs. 7 and 8). These topics are also well covered in Spanicr's Algebraic Topology (731 (Ch. I, 
Secs I and 2). 

A considerable part of the book by Massey Algebraic Topology; An Introducllon [321 is 
devoted to fundamental groups and related topics, Chs. 2 and 3 being recommended for an 
initial study of these topics. 

In our proof of the theorem about the fundamental group of a surface, we quile closely 
follow Lehrbuch de' Topologie (71) (Ch. VII) by Seifert and Threlifall. The theory of the fun¬ 
damental group is also expounded visually and fully by Dubrovin el al. in Modern Geometry 

m) 

A strict topological theory of the degree of a mapping and the vector field characteristic 
(based on homology theory) may be found in Combinatorial Topology |l| (Ch. XVt, Secs. 3 
and 5) by Alexandrov. Some applications of the theory of the degree of a mapping are given in 
Geometric Methods of Nonlinear Analysis [47) by Krasnoselsky and Zabreiko. 




Manifolds and Fibre 
Bund (as 


We considered the general properties of topological spaces and 
their mappings in the previous chapters. However, there arc spaces 
with other structures in topology and its applications, e.g., smooth 
manifolds and fibre spaces,which play an important part in many 
branches of modem mathematics. In this chapter,wc study smooth 
manifolds in detail as well as tangent bundles which are naturally 
related to them. We cover the elements of the theory of critical 
points of smooth functions on manifolds and deal with the 
elements of fibre space theory. 




1. BASIC NOTIONS OF DIFFERENTIAL CALCULUS 
IN n-DIMENSIONAL SPACE 


1. Smooth Mappings. Remember that R n is the space of ordered sets 
x = (x,, ... , * n ) of « real numbers (see Sec. 2, Ch. II) called points or vectors. We 
will assume that R" is standardly embedded in R" * k , i.e., a point (*,, ... , * ) 

from R" will be identified with the point (x,. x n , 0.0) from R n + k . The 

numbers x,,. . . ,x n from the set (x,, .... x„) are called th e standard coordinates 
of the point x = (x,, ... , x„) in R n . 

Let V C R n be an open set. Any mapping / : U — R m can be represented (see 
Sec. 2, Ch. II) as an ordered set of m functions: 

/<*l.” V|t*l...../„tr.x n )). 


DEFINITION 1. A mapping/: U — is said to be smooth (or differentiable ) of 

class O', r ? 1, on t/if each function/*, k = 1. m, has all continuous partial 

ay. 

derivatives—-*—— , J, + . . . + s„ = s, on V for every order up to s = r 

<rUfj . , , “"Xjj 

inclusive. 


Smooth mappings / of class C' axe also called C r -mappings and written as 

/etT. 

If all the functions f k possess continuous partial derivatives of any order then the 
mapping/is said to be infinitely smooth If e C”). Continuous mappings are called 
C°- mappings . It is obvious that the following relations are valid 

C°DC 1 r>...2)C r D...D C* 


In case all the functions/, arc analytic (a function is said tobe analytic if its Taylor ex¬ 
pansion converges to it in the neighbourhood of each point), the mapping / js said to be 
analytic (fe C"). The following set inclusion is valid C“ D C". 

DEFINITION 2. The matrix 



of the first derivatives of the mapping/.calculated at a paint x 0 is called the Jaco¬ 


bian matrix of the mapping /at x 0 and denoted by 



»• 


The Jacobian matrix determines a linear mapping R n — R m : 
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Vtl 


ax.l 

r 0 9X j 1 

Vr, 


9* 1 

U ‘ *2 


x+ 


2 ’x 0 


9 /, 


3x, 


n x 0 


9jL 

dx. 


which is called the derivative of the mapping/ at the point x 0 and denoted by D X( f. 
The derivative is a 'linearization’ of the mapping/, i.e., the affine mapping 


/(*o> + (D x J){x - * 0 ) coincides with/{x) up to infinitesimals of a higher order 
than Ijt — jr 0 I. More precisely, D x f is a unique linear mapping of R" to R m for 
which 


/(*) - A*q) - (£*/)(* -_*q) _ Q B , 
lx - jr 0 B 

A corollary to the theorem about the derivative of a composite function is the 
following statement (the 'chain rule’): under a superposition of mappings f and g, 
their Jacobian matrices are multiplied together, i.e., 

(m-(DL(s)i- 

The proof of this is left to the reader as an exercise. 


2. The Rank of a Mapping. Let U C R" be an Open set, /: U - R m a 
mapping of class C'{r S 1). The rank of the mapping f at a point x a is the rank of 
its Jacobian matrix calculated at the point x 0 and denoted by rank x ~f- It equals the 
dimension of the subspace in R m , viz., the image of R n under the linear mapping 
D X J. Since the rank of a matrix cannot exceed the number of rows nr columns, we 
must have rank X J € min(n, m). Points at which rank x f = min (At, m) ate said 
to be regular (also noncritical or nonsingular), and points at which rank X J < 
< min(n, m ) are said to be nonregular (also critical or singular). 

The set of regular points of a mapping/is open in R n (owing to the continuity of 
the partial derivatives, the determinant for which the rank of the Jacobian matrix is 
found is different from zero in some neighbourhood of a regular point). The set of 
regular points may be empty (give some examples). 


3. The Implicit Function Theorem. We now adduce the theorem about 
implicit functions that is proved in the course of analysis. We shall represent points 
of the space R" * m ~ R n x R m in the form (x, y), where x = (x,, . . . , 
x n ) e R”, y - (y v . . . , y ) e R m . Let U C R n , V C R m be open sets.and (x„, 
yjeu x VC R" + m 

THEOREM 1 . u f : U X V — R m is a C 1 -mapping, flx v y£ = 0 and 


del f — j vs 0, then there exists an open neighbourhood WiXf) C U of the 

\9y/ ‘ixa.y^ 

pointx 0 anda mapping g : fPCXg) — Vsuch that g(xj = y 0 andf\x, g{x)) = 0 for 
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any x £ W(x^), the mapping g being unique. Furthermore, g e C 1 and 

(£) = -*-■>.. ci, 

where the matrices B and A are obtained from the matrices 
(g(*.,)) and (£(*.»)• 
respectively, on replacing the argument y by g(jr). 

Note If/e C', r ^ 1, then g e C T . This statement follows from equality (1). 

One corollary to ihe implicit function theorem is the inverse mapping theorem. 

THEOREM 2. Let U C R" be an open set, f: U — R" a mapping of class C'r ^ 1, 
XqG U a regular point of the mapping f Then there exist open neighbourhoods 
ViXf), W(f(x$) of the points x B and /(Xg) such that f is a homeomorphism 

V{xJ - WtftxJ and f ~ 1 e C. 

proof Consider the mapping F:R n x U — R" given by the rule Fly, x) = 
= y — flx)(y 6 R", xe U). Denote y 0 = f(Xf). It ts obvious that Fe C r and 

F(y„, Xf) = 0. Since rank _/ = n, it follows that det (I yfc 0. By the 

V ® r / ' O'q. x a> 

implicit function theorem.there exists an open neighbourhood Wty^ C R n of the 
point y 0 and a unique mapping g : Wty^) — U such that g!y£ = x 0 and for any 

> e H'O'o). 

Fly, g(y» = y - f(g(y )) = o. (2) 

Put V(X() = sOVty,)). Since Pfxg) - /' we find that Vty q) is open in 

virtue of the continuity of /. Thus, g : W'O'o) — P(*o) “ a mapping of open sets 
and, due to (2), we obtain g = /“*. Moreover, from the note to Theorem 1, we 
have/ -1 6 C r . ■ 

DEFINITION 3. A mapping/: U — V of an open set VCR" onto an open set 
V C R " is called a C r -diffeomorphism, r ^ 1, if (i)/is a homeomorphism of V on¬ 
to V , (ii)/€ C r and (iii)f~ 1 6 C r . 

Exercise 1°. Construct the C”-diffeomorphism /: DJJ(x) — R n . 

The inverse mapping theorem may now be formulated as follows. Iff : U — R" 
is a C r -mapping, r ^ l, of an open set U C R" in R", and x 0 is a regular point off, 
then there exist open neighbourhoods Viy^, W(f{x$) of the points /(jCq) such 
that the mapping f : V(xJ — Wt/tx^)) is a C'-diffeomorphism. 

Exercises. 

2°. Prove that a diffeomorphism has no nonregular points. 

Hint: Use the note about ihe Jacobian matrix for the superposition of mappings f,J~'. 

3°. Let/: R" - l? 1 be a mapping of class C', r ^ I. Show that the nonrcgular 
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points of/are characterized by the fact that the first partial derivatives of/vanish at 
them for ail variables. 

4. ‘Curvilinear’ Coordinate Systems. Let u, v c R n be open scts,and 
f : V — F a homeomorphism. The position of every point y € V may be specified 
by means of the standard coordinates... ,y n of the point y, but this can also 
be done with the help of the standard coordinates of the point * “ f ~ 1 (y) 6 U. 

DEFINITION 4. The standard coordinates of the point f ~ 1 O') 6 V are termed the 
'curvilinear’ coordinates of the point y 6 V. 

In other words, instead of the coordinate planes y, = 6,. i = 1, . . . . n, we 
consider in V the images, under the homeomorphism /, of the coordinate planes 
x t = a,, i = 1, . . . , n, in U, the intersection of these images determining the posi¬ 
tion of the point y. The term 'curvilinear' coordinates merely reflects the fact that 
the new coordinate 'planes' in V are. generally speaking, ‘curvilinear’ (Fig. 72). 



1 / 


v 


Fig. 72 

Note that in analysis, curvilinear coordinates are not usually introduced by 
means of a homeomorphism, but by using a C'-diffeomorphism, where the order of 
smoothness r depends on the problem under consideration - 

If a function g is given on Fas a function of the standard coordinates of a point 
y. then it can be considered as a function of the standard coordinates of a point x, 
i.e., as a function of the curvilinear coordinates of the point y . In analysis, such an 
operation is termed a change of variables. In other words, we replace the coor¬ 
dinates in the inverse image space of the function g, which is equivalent to consider¬ 
ing the function gf instead of g. It goes without saying that mappings and similar 
changes of variables can also be considered. These changes are also made in the 
space of mapping images, i.e., if g : W — F is a mapping of a set W C R m then in¬ 
stead of the standard coordinates of the point g(z), Z e W, the curvilinear coor¬ 
dinates of the point g{z) determined by the homeomorphism/are considered. Such 
a change is equivalent to considering the mapping/" ! g instead of a mapping g. 

Note that the rank of a smooth mapping is unaltered under a smooth change of 
variables. 

S- A Theorem on Rectifying. The standard embedding of R n into R" * * is 
a mapping R" — R" + * specified by the correspondence 

, *„) - (*. . 0 , - . . , 0 ). 

The standard projection of R n * * onto R” is the mapping R" * k — R" deter¬ 
mined by the correspondence (x, . x„, x„ + , . .. , ■*„ + — (*,. . . , xj. 
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Fig. 73 


THEOREM 3 (ON RECTIFYING A MAPPING IN THE NEIGHBOURHOOD OF A 
REGULAR POIND. Let U C R n be an open set.f : U — R m a C'-mappwg, r > I 
and x 0 a regular point of f. 

(A) If n < m then there exist an open neighbourhood of the point /(*„), 

an open set IF, c R m , and a O'-diffeomorphism F : IF (/'(jc 0 )) — IF, fitch that Ff 
on a certain open neighbourhood c R n is the standard embedding of R" into 
R m (Fig. 73). 

(B) if n ^ m then there exist an open neighbourhood F(Xq) of the point x 0 , an open 
set IF c R". and a C-diffeomorphism F : F^ — IF such thatfF ~ 1 on the set IF 
is the standard projection of R" onto R m (Fig. 74). 

Consider the meaning of Ihis theorem from the point of view of coordinate 
changes. In case (A), the diffeomorphism F ~ 1 determines the curvilinear coor¬ 
dinates |f. , f m ! in the space R m , in whose terms the mapping/is of the form 
f, = 3f, ( ... , — x n % | = 0, . . , , f m — 0. 

In case (B), the diffeomorphism F 1 determines the curvilinear coordinates If,, 
... , f n ) in the space R", in whose terms the mapping/is of the form y, = f,. 

• * * ' ¥m “ £m* 

The idea of the proof is to complete the given mappings to mappings of spaces 
of the same dimensions, and, by applying the inverse mapping theorem, to obtain 
the necessary coordinate changes. 

Proof (A) Represent points of the space R m = R" x R m ~ " in the form Or, y), 
where x = Or,. x„) e R", y = (y,,. . , y m _ „) e R m ~ Given that rank 

X(J f = n. or rank 



n, we assume, at first, that the determinant made up 
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sider the mapping f-\ : V x R m " — R m given by the rule y) = /(at) 
+ (0, y). The Jacobian matrix of the mapping F } at the point (x c , 0) is of the form 



By the assumption, the determinant in the upper left-hand corner is other than zero, 
therefore rank ^ 0) / r | = m. By the inverse mapping theorem, there exist open 
neighbourhoods ^Cx 0 , 0)and W l of the points (x 0 , 0) and/Ocg), respectively. 
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such that the mapping F x 1 0) : W(y Q . 0) — W x {fix$) >s a C'-diffeomorphism. 

Therefore, the mapping F x 1 '‘w x (f(X<f) — WUq, 0) is also a C'-diffeoroorphism. 
Put F = F x In virtue of the continuity of the mapping/, there exists an open 
neighbourhood PCx^of thepoimx„e R n such that /(VixJ) C w \(f<*;))■ Then the 
mapping//: K(x^) — tTCr 0 , 0) is valid. The mapping//is the standard embedding 
of R" into R m on the neighbourhood In fact, since the mapping F x 1 is bijec- 

tive and F x (y, 0) = /(*), we have (F/)(x) = FtfW) = fr'VW) = (*. 0). 


In case the determinant of the first n rows of the Jacobian matrix 


a (s)L“ 


equal to zero, it is first necessary to renumber the coordinates in R m (in other 
words, to make a special change of coordinates in R m by means of the 
C“-diffeomorphism g R m - R m so that the determinant made up of the first n 

. /dfe -, /)\! 

rows of the Jacobian matrix ^— - J j ma y he different from zero). We con¬ 


struct the C’-diffeomorphism F for the mapping g~ '/ as above. Thus^Fg -1 will be 
the required C , -diffeomorphism for the mapping/. 

(B) We represent the elements of the space R” - R m x R" ~ m in the form (x, y), 
where x = (ar,, .... Jf m ) 6 R m , y •= (y x . y„ _ m ) e R" ~ m . Let x 0 - (x°, 

y°). From the data, we have rank, „ _,/ = m, or rank (—\ I = m. 

\Vx.y)J 

Assuming at first that the determinant made up of the first m columns of the Jaco- 


y°). From the data, we have rank, „ _,/ = m, or rank (—\ I = m. 

Assuming at first that the determinant made up of the first m columns of the Jaco¬ 
bian matrix (———) is different from zero, consider the mapping 

F \ U — R m x R" ~ m given by the rule F(x, y) = (fix, y), y). The Jacobian 
matrix of the mapping F at the point (x°, y°) is o f the form 


»/, 

1 <jfi,fr 

Vi 

I V, 


Vi 

Ipo.y’) 


'**n, 

'<jfi.fr ' 9y, 

"v, - m 

v m 

1 

v m 

1 Vm 

| 

Vm 

| 

»x x 


" to m 

•<«•,/#) 1 Vi 

'<fr.fr 

^ a - m 

ItoO.yO) 





i 


0 


0 














0 
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By the assumption, the determinant in the upper left-hand comer is different from 
zero, therefore rank ijOJnF = n. By the inverse mapping theoremrhere exist open 
neighbourhoods K(r , ’jP) and y 0 )) of the points l*°. Jr) and F(jc°, y°), 

respectively, such that the mapping 

F i KfeO. y>): v<*°- A - y\ /) 

is a C-diffeomorphtsm. The mapping/F" 1 on the neighbourhood W(f(y°, y a ), )P) 
is the standard projection of/?” onto i? m .In fact, let? e W / V(x°,y 0 ).> ,l Y Since/'" 1 
is bijective, there is a unique point (£, ij) in the neighbourhood K(x°, y°), for which 
Z « CA{, >»). t)), and we find that 

VF~ '!(/•«. ti). n) = f\F ~' (At. >1). u)l = /«, i>- 


In case the determinant made up of the first m columns of the Jacobian matrix 

———^ equals zero, it is first necessary to renumber the coordinates in 

*<*.»/ 

R" (i.e., to change the coordinates by means of a C“-diffcomorplnsm 
g : R" — R") so that the determinant made up of the first m columns of the Jaco¬ 


bian matrix 


ix , 

VCr.y)/ !<««./»> 


may be different from zero. We construct a C r - 


diffeomorphism F for the mapping fg in the manner described above, and then 
Fg~' is the required C'-diffeomorphism for the mapping/. ■ 

6. Lemma about a Representation of Smooth Functions. We ad¬ 
duce here another result which is necessary before we can go any further. 


LEMMA I. Let f be a C * '-/unction (r > 0) given on a convex neighbourhood 
V(y°) of a point x° in R". Then there exist functions g, : K(x°) — R l , i = 1, 

n 

.... n, such that /(x)=/(x°) + £ Z,(X)U, - xf) and, moreover . 

i - i 

*<(*”) = ? (A. 

PROOF. Put I 

t,<X) = +f<x-jr°)df. 


By applying the elementary transformations known from analysis, we obtain 

R I #» 

= ^ Cx, - x^i | (x° + t (x - jt°))d/ = ^ Cx, - xf)g,(x). ■ 

iil o 1 I ** i 


I " 

j ^ ^ Cx, - X?) J- (x° + r(x - jr°)^d/ 
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Exercise 4°. Let / be a function of class C? + 2 , r > 0, given on a convex 
neighbourhood V(?P) of a point x° in R n . Show that 

« n 

/w =/(*")+ ^ (*. - *?> ^ ^ Or; - 

< • I I.J m 1 

where are functions of class C r on V'U 0 ). and. in addition. 
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2. SMOOTH SUBMANIFOLDS IN EUCLIDEAN SPACE 

i. The Notion of Smooth Submanifold in R n . in the courses of 
analysis and analytical geometry, smooth surfaces in the three-dimensional Eucli¬ 
dean space that are given by an equation z = fix, y), where/is a smooth function 
of two variables defined in a region D of the plane Cx.y). are considered. More com¬ 
plex surfaces (e.g., closed) which are given on their particular regions (i.e., locally) 
by one of the following equations z « p{x, y), y = q{x, z), x = r(y, ?) are also 
considered. The simplest example of such a surface is the sphere S 2 . Other objects 
studied in analysis and analytical geometry are smooth curves given locally by one 
of the systems of equations: 


f X = vote). 

( X = O'), 

f y = *(*). 

\ y = 

\ * = *(?); 

1 z = iHx). 


All these objects are embraced by the single notion of smooth submanifold in a 
Euclidean space. 

We now consider a subset M in R N as a topological space equipped with the 
topology induced from R N . Let x be a point of M, and U(y) its open neighbourhood 
(in Af). 

DEFINITION 1, If a homeomorphism y> : R n — l/(x), n < N, satisfying the condi¬ 
tions (i) (o e CL r > 1, as a mapping from R" to R N . (ii) rank y y> = n for any point 
ye R n is given, then the pair (Ufx), e) is called & chart at the point x on M of class 
C, or a C'-chart on M. 

NOTE. It follows from definition that the C'-chart (t/(x), y>) at a point x is a C'-chart 
at any point y e UQc). This explains the fact that the pair ((/(x), «s) is also called a 
C- chart on M. 

Thus,to specify a chart means to specify locally the set M (i.e., to specify the 
neighbourhood l/(x)) in the form 

*t = ytCft. y*)> 

jtj = w 2 0’|, • . - ,y n ), (1) 


*N - F/vb’t.-V,,). 





158 Introduction to Topology 

where y>,, i = 1. N arc the functions of class C r , which determine the 

homeomorphism y>. 

The neighbourhood t/(x) is often called a coordinate neighbourhood in view of 
the fact that homeomorphism (1) determines the curvilinear coordinates >>|, . . . , 
y n on the set l/(x). which are not, generally speaking, related to the standard coor¬ 
dinates of the ambient space R N 

DEFINITION 2. A mapping / : A — R n of a subset A C R N into the space R" is 
called a O'-mapping , r > 1, on A ff e C r (A)) if for each point x e A , there exist an 
open neighbourhood 0(y) in the space R N and a C'-mapping/ : 0(x) — R" such 
that /I A n = f. 

LEMMA I. The homeomorphism </> ~ 1 from Definition 1 is of class C r . 

Proof. Let xe f/C*o> C R n . Then ^~'(x)eR n . Since rank = n, by 1 the 

theorem on rectifying a mapping (see Sec. 1), there exist an open neighbourhood 
WOc) C R* of the point x, an open set IV, C R N and a C'-diffeomorphism 
F : W(f) — IV t such that Fie on a certain neighbourhood F(v»~ '(■*)) C R" of the 
point <fi~ '(x) is the standard embedding of R" into R N . Let g : R N — f?" be the 
standard projection, it being evident that g e C r . Considering the mapping 
g F : Wiy) — R a , we obtain that gFe C r and gFl n uixj = '• ■ 

Definition 2 enables us to generalize the notion of diffeomorphism of open sets 
of the space R" (see Item 3, Sec. 1) as follows: a homeomorphism /: A — B of 
subsets/1 C R n ,B C R m is called a C r -diffeomorphism if/e C r {A),f~ l e C r (B). 

It follows from Lemma 1 that conditions (i) and (ii) of Definition 1 of a C r - 
chart ((/(*•), tp) are equlvaient to *j being a C'-diffeomorphism. 

Now we give the basic definition. 

DEFINITION 3. A set M C R N is called an n-dimensionai submanifold in R N of 
class C r or a C’-submanifold if each of its points possesses a certain C'-chart. 

We will denote this submanifold by M" and write M n e C’, indicating thus that 
it is of class Cf. In other words, a set M in R N is an n-dimensional submanifold if 
for each of its points, a coordinate system may be constructed; each coordinate 
system is determined locally (and called a local coordinate system), but the whole set 
of coordinate systems 'embraces' the entire submanifold. 

The definition of a chart may be extended to the case when r = 0, omitting con¬ 
dition (ii) in Definition 1. It is natural that in this case nothing can be deduced as 
regards the differentiability of the homeomorphism They say then that M" is a 
topological manifold and write M" e C°. 

Note that for any point.tr ot a submanifold M n of class O', an infinite, generally 
speaking, number of charts is determined. Such a set of charts | (U a , v» a )) of class C' 
whose open sets ( U a ] form a covering of M" is called an atlas for the submanifold 
M". The atlas \(U a , <e a )\ for the manifold Mt” determines the set of coordinate 
systems that ‘serve’ the whole submanifold. To specify a submanifold, it suffices to 
specify an atlas. 

Exercises. 

1°. Show that if two charts (£/, y>), (K, such that U n V * 0 on a Cf - 
submanifold M n are given.then the mapping ^ - V : 1 (V D V) — V- - 1 ifJ I"! K) 

of open sets of the space R" is a C'-diffeomorphism. 
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2°. Show lhat if a sufficient number of replicas of the space R" are 'glued together’ 
by means of the homeomorphisms 'w that are determined by the charts of a cer¬ 
tain atlas, then we obtain a topological space homeomorphic to M". (Cf. the 
development of a two-dimensional surface, see Sec.4, Ch. II). 

Thus, the choice of an atlas determines a ’sewing’ of a submanifold M" from 
n-dimensional spaces by means of a system of charts. 

2. Examples of Submanifolds. 

(1) A pair (/?', l Rl ), where l R , : R‘ — R } is the identity mapping, determines 
one C“-chart for all x e R 1 and makes the alias for a one-dimensional submanifold 
in R 1 of class C". 

Exercise 3° 'how that a pair (/?', y>), where tp : R ’ — R ’,is determined by the for¬ 
mula ip(x) - x 3 , is not a C'-chart (r > I) at the point x = 0, but makes the atlas 
for a one-dimensional manifold in /?’ of class C°. 

(2) Similarly to Example I. a pair (R n , 1 R „), where 1 R „ : R" — R n is the identity 
mapping, determines one C*”-chart for all xeR" and makes the atlas for an 
n-dimensional submanifold in R" of class C“. 

(3) Using the stereographic projection (Fig. 75), we specify an atlas consisting of 
two charts on the sphere S 2 C R 3 . Then the sets t/, — S 2 \ (2V), U t = S 2 \ |S) 
form an open covering of the sphere. The stereographic projections from the North 
and South poles are of the following forms: 



respectively, and are homeomorphisms from (/,, U 2 onto /J 2 . 

Exercise 4’. Verify that the mappings <p 2 ' are of class C°°, and that in each 
point ye R 2 , ranker 1 = rank^yij 1 = 2. 

Thus, the sphere S 2 with the atlas consisting of two charts (£/,, '), (U 2 , <p 2 ’) 

is a two-dimensional submanifold in ft 3 of class C“. 



Fig, 75 
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(4) By means of the stereographic projection (see Example 3), an atlas consisting 
of two charts ((/,, ‘), (I/j, '), where 


^ ito 
fjW 


= ( , _N 

V J - •*«+1 i - ■»* +’ 

(' + +1 ’ ’ '' i + + ,)» 


can be given on the sphere 5”. The sphere S n with such an atlas is an n -dimensional 
submanifold in R n + 1 of class C”. 


(S)The giaph of a mapping. Let a mapping f:R" — R m ,fe C be given. 
Consider the graph V(f) - jx, /(*)! C R" x R m of the mapping (see Ex. 12, 
Sec. 9, Ch. II). The atlas on T{f) will be given to consist of one chart (R*. y>), where 
v : R n — R n * m is defined by the formula y>(x) = (x, /(x)). Thus r(f) is an 
n -dimensional submanifold in R" * m of class Cf. 


Exercises. 

3°. Show that the set of points 



of the plane R z .x e R ] ,x * 0, is a one¬ 


dimensional submanifold in ft* of class C°°. 

6°. Show that any set in R", consisting of isolated points, is the zero-dimensional 
submanifold in R n . 


(6)The solution set of a system of equations. Let there be given a 
system of equations 

A<*1.= o. 

I. x ») = °- 

where/,, . . . ,f m : R" — R l are functions of class O', r > 1. Let n ^ m. The 
family of functions/,,. . . ,/„ determines a (/-mapping/: R” — R m . The solu¬ 
tion set of the system will be denoted by A#. It is clear that M = /“ 1 (0). 


THEOREM I. Let a set M be nonempty. If for each point xeM, the rank of the 


Jacobian matrix 



equals m, then M is an (n — mydimensional sub- 


man fold in R n of class C r . 


Proof Let x 0 be an arbitrary point of M. From the data of the theorem, x 0 is a 
regular point of the mapping/. According to the theorem on rectifying a mapping 
(see Sec. 1), there exist an open neighbourhood V(xJ c R " of the point x 0 , an open 
set W C R m and a C'-diffeomorphism F : Fficg) — IF such that fF~ 1 on the set W 
is the standard projection of R n onto R m . Without loss of generality, we may 
assume that IF is a certain open disc D^(y 0 ).y 0 = Hvq); then 

(fF~ ‘(0) n Dh(y^ = n D”[y,) = D" p ~ '"(y 0 ). 
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(Her eR" ~ m = (xe/? n : Jr, = . . . = x m = 0} is a subspace in R"). It is dear that 
a disc D£ - which is open in R n ~ m is the image of the set Af O V(Xq) under 
the diffeomorphism F. Thus, the open neighbourhood H Mof the point x 0 in 
M is (y-diffeomorphic to the open disc D£ ~ m (x 0 ), and therefore to the space 
R" ~ m . m 

As an example, consider again the sphere S" C R" + *, determining it by the 


equation x, +■ ... + xj + 


I = 0. Here rank 



at any point of the 


sphere equals unity. Therefore, the conditions of Theorem I are fulfilled (for any 
r ? 1). Thus, we have proved once again that the sphere S” is an n-dimensional 
submanifold in R" + 1 of class C°°. 

Consider the case of the conditions of Theorem 1 not being fulfilled. Let a set 
M C R} be given by the equation x? - x$ - Xj = 0 (Fig. 76). On the set Af\0, 
the structure of the two-dimensional C"-submanifold'may be specified as before. 
Besides, at the point 0, all minors of the Jacobian matrix are zero, and its rank is not 
maximal. The set Afis a simple example of an algebraic manifold, and the point Oa 
singular point of this manifold. 


3. SMOOTH MANIFOLDS 

1. The Notion of Smooth Manifold. This notion is one of the central no¬ 
tions of smooth topology and modem analysis. The method of introduction of 
coordinates on a set may be generalized without assuming that it lies in the space 
R n . The development of this idea leads to the notion of smooth manifold. 

Let M be a topological space, U C Af an open set, and ^ : R n — (J a 
homcomorphism. Then the standard coordinates j{((x), ... {„(x)t of the point 
v>~'(x) in the space R" axe naturally assumed to be the coordinates of a point 
xe U. Thus, the homeomorphism determines the coordinates on a part U of the 
space Af. The pair (U, *>) is called a chart on Af. For any point x e U, the chart ( U , 
•fi) will also be termed the chart at the point x. 

Let (U, y)(y>: R" — U), (V, ^)(^<: R" — 10 be two charts on Af, and 
\J O V * 0. Then to eacli point x e U ft V, there correspond two systems of 
toordinates 


l£,(x), . . . . £„C*)1 and (ij,Cx), 
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the coordinates of the points 'M e '(O' H K) and e ‘(1/ t~l V) 

which, generally speaking, are different. Both systems of coordinates are ‘equal in 
rights' in the sense that there exists a transition homcomorphism 

relating both systems of coordinates and permitting to express the former coor¬ 
dinates continuously in terms of the latter: 

ft = xfap • • • .>!„) (1) 


(a = X|,(<Ji. • • - . 

and, conversely, continuously express the latter in terms of the former: 

hi =*i«i.i„). 

V„ = * n (t|.- • < .«„)• 


( 2 ) 


in formulae (1) and (2), xj,. . ■ . x„. . . . , signify the coordinate functions 

of the mappings y>~ty = (x. x„), tf'V = (* 1( . • • .*„)• 

It sometimes happens to be necessary in analytic problems that dependences (1) 
and (2) should be differentiable r times, r = 0, 1, . . . , oo. This means that the 
homcomorphism is a C'-diffeomorphism. (For convenience, we call a 

homeomorphism a C°-diffeomorphism). 


DEFINITION I. The charts ((/', y>), (V, \p) on M are called C r -compatible if one of 
the following conditions is,fulfilled: (i)l/n V = 0, (ii) U O V * 0 and the 
homeomorphism V : <p~ fl V) — n V) is a C'-diffeotnorphism. 

DEFINITION 2. A set of charts [(U a , y> a )J on M is called a C r -atlas or an atlas of 

class C r if any two of its charts are C'-compatible and U U B = M. 


Note All homeomorphisms y> a in the definition of a C r -at!as act from the same 
space R n . 

Thus, specifying an atlas on M, we thereby introduce coordinates in the 
neighbourhood of each point are Af that are called local coordinates. 

Let a C'-atlas f(l/ 0 , y> a )) be given on M and, therefore, local coordinates be in¬ 
troduced in the neighbourhood of each point. In many problems of analysis for 
various reasons it is convenient to introduce new local coordinates (by means of a 
certain chart (F, f)) which should be ‘equal in rights’ with respect to the original 
coordinates given by the charts of the C'-atlas |(t/ 0 , •/> a )}. Thus, the chart (K, i) 
should be C r -compatible with each chart (U a< <p a ) of the given C'-atlas. If this con¬ 
dition is fulfilled then the set of charts ((t/ a , y> 0 )j U ( V, $) is a C'-atlas. Since a C'- 
atlas '(C 0 , y> a )) U (V, ip) is derived from Ihe C'-atlas \(V a , y> M )) by adding an 
'equal-in-rights’ chart, it Is natural to consider these atlases as equivalent. 

DEFINITION 3. Two C'-atlases i(C„. <>„)] l(F s , ip^)] are said to be equivalent if any 
two charts (U a , y> o ), (K fl , dg) are C'-compatible In other words, two C'-atlases are 
equivalent if their union is a C'-atlas. 
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Exercise 1°. Show that the relation which we introduced on the set of C'-allases is 
an equivalence relation. 

It follows from Exercise 1° that the set of C'-atlases on M decomposes into dis¬ 
joint classes of equivalent atlases. 

DEFINITION 4. The equivalence class of C'-atlases on M is called a C'-structure 
on M. 

Each equivalence class of C'-atlases on M is determined by any of its represen¬ 
tatives. i.e., a given C r -structurc can be restored by any of its C'-atlases. This 
remark underlies the fact that a C'-structure on M may be specified by specifying on 
it one C-atlas from the given C'-structure. 

The union of ail C'-atlases from a given C'-structure is also a C'-atlas called 
maximal. Specifying a C'-structure is equivalent to specifying the maximal atlas. 
Sometimes the maximal atlas is called a C'-structure. 

C°-slructures are termed topological structures-, C'*structures (r — 1,. .. , oo) 
are called smooth (or differential) structures. 

DEFINITION 5. A topological space M with a C'-structure given on it is called a C'- 
mamfold (or a manifold of class C r ), and the dimension of the space R" from which 
the homeomorphisms of charts act is called the dimension of the C'-manifold. 

Similarly to C'-slruclures. C°-manifolds are said to be topological and C'- 

manifolds (r = 1.oo) smooth. Sometimes (for brevity) C'-manifolds will be 

simply referred to as manifolds, and C'-atlascs as atlases. 

If in condition (ii) of Definition I. the homeomorphisms y>~ l yf are 

analytic mappings (i/*~ V. e C“). then the chans {U, v>), (K, i/,) on M are said 
to be Cy-compatible. C^-atlases, C-structures and C'-manifolds are defined 
naturally. C-structures and C“-manifolds are called analytic structures and 
analytic manifolds, respectively. To indicate the dimension of a manifold, we will 
write M n , and also dim M = n 

Note The dimension of a C'-manifold is its invariant, i.e., independent of the choice of an 
alias In fact, if M admitted atlases 

K</„. fJIK : R" - c 0 ), ((**. *„)]«„ : R" - V„) 
and n * m, then there would be sets U a , such that V fl I', r 0 and the mapping 

n y„) - *;’(£/„ n 

would be a homeomorphtsm This is contrary to the Brouwer theorem stating that nonempty 
open sets U C R". KCR" tnay be homeomorphic only in case when n = m. (This theorem 
will be proved independently of the subject-matter of this chapter In Sec. 6, Ch. V). For C'- 
manifolds, r > 1, the correctness of the definition of a dimension is evident. 

Note that a C°-structure on any space M is unique (this follow; from the defini¬ 
tion); but if r =£ 0 then M may admit several different C'-structures. In fact, the 
atlas consisting of one chart (U, •p), where U = R 1 , and y> : R 1 — R 1 is the identity 
mapping, determines the structure of a C'-manifold on R } . The alias consisting of 
one chart (J? *, <p), where <p(x) = x 3 , also determines the structure of a C-manifold 
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on R l . It is easy to verify that the atlases considered are not equivalent and, 
therefore, the C"-structures determined by them are different. 

It has been proved, moreover, that If there exists on M at least one C r -structure 
(r ? 1). then there exist infinitely many C'-structurcs on M. 

Exercises. 

2®. Show that the atlases 

tt# 1 . *>i». .... [(/I 1 , *> K )), .... where <? k <x) = x 2 * + * «= 0, 1. , . , , 

specify different C°°-structures on R 1 . 

3°. Show that any C''-submanifold in R N is a C-manifold (see Ex. I, Sec. 2). 

We list another formal generalization of the notion of chart ((/, <p) when the 
homeomorphism acts from a certain open set of the space R", which,generally 
speaking, does not coincide with the whole space. In this case, all the notions in¬ 
troduced above can be defined by exactly the S8me formulations. However, this 
does not lead to generalization of the notion of C'-manifold. In fact, in this C r - 
structure, a C / -allas j(l/ a , can be picked such that all homeomorphisms act 
on it from open discs D a in the space R n . Since there exists a C f -diffeomorphism 
/„ : R" — D ' , the C-atlas j((/ a , p a f a )} is contained in our C'-structure and con¬ 
sists of usual charts. 

In some cases, it is simpler to specify an atlas consisting of generalized charts. 
We will use this circumstance if necessary without reserve. 

Examples. 

1. Any open set Kof a manifold M" of class C r is itself a manifold of class C r sup¬ 
plied with the structure determined by the atlas [(L/ a D V, w„l -i (u n „)j. where 
W a , w a )i is a certain atlas from the C f -structure given on M nV “ ° 

2. Specify on S ! CS ! i C"-atlas consisting of six charts. Put 

U k = (x = (x,, x 2 , x 3 ) e S 2 . x k > 0}. U k = \x e S 2 : x k < 0). * = I, 2, 3. 
Specify the homeomorphisms <p k : R 7 — U k ,v k . R 2 — U k : 


v>f: (x 2 , Xj) - (± Vl - x§ - xj, x 2 , Xj), 
<p& fi: (x,, Xj) - (x,. ± Vl - xf - x$, Xj), 
Vp iV Cx,. - (x,, x 2 , ± Vl - xf - xf), 


where the sign on the right-hand side is chosen in accordance with the * + ’ or 
sign on the left-hand side. 

Similarly, a C"-atlas consisting of 2(n + 1) charts can be specified on the 
sphere S". ♦ 

To make a great number of constructions in the study of topological spaces 
possible,we need the properties to be Hausdorff and to be countable (for a base for 
a topology). These properties do not, generally speaking, follow from the definition 
of a manifold. This can be illustrated by the following examples. 
examples. 3. A non-Hausdorff manifold M 1 of class C*. Consider the interval (0, 
3) and break it into three sets (0, 1], (2, 3), (1, 2). We introduce a topology on their 
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t-- i -J 

0 1 2 S 

Fig. 77 


formal (disjoint) union (Fig. 77) as follows: Lhe neighbourhoods of points in the set 
(0, 1) U (1, 2) U (2,3) are the same as in the topology induced by the real straight 
line. As to the points Xj — 1, Xj » 2, their neighbourhoods are the sets (I - e, 
1) U (2, 2 + e), (2 - e, 2) U (2,2 + e). Then the points are not separated- 
We leave it as an exercise to show that the structure of a one-dimensional 
C°°-manifold may be specified on the obtained space in a natural fashion and that 
this manifold possesses a countable base. 

4. A manifold M x of class C" not possessing a countable base. Considering the set 
M = /?' x R 1 , we define a topology on M as the Cartesian product topology, 
where the first factor R 1 is endowed with the usual topology, and the second with 
the discrete. It is easy to show that this is a Hausdorff one-dimensional manifold of 
class C”, whose topology does not possess a countable base. 

On the basis of the last two examples, a non-Hausdorff manifold without a 
countable base can be constructed easily (by taking their Cartesian product). 

Example 4 contradicts the intuitive idea of the plane being a manifold of dimen¬ 
sion 2. This circumstance, even taken into account independently, impels us to im¬ 
pose on a manifold the condition that the base should be countable. 

The manifold M" .is usually assumed to be Hausdorff and satisfying the second 
countability axiom. We will also do it without further notice. Then, it is easy to 
prove that the manifold M n is a locally compact and even paracompact space. 

In fact, the local compactness follows from the following simple exercise. 
Exercise 4°. Show that if (C/, <p) is a chart on M ", xeU and D n (tp~ , (jc)), 
D n (<p~ l (.r)) are an open and a dosed disc, respectively, in R n with the centre at the 
point <p~ l M and radius 1, then is a neighbourhood of the point x, 

open in M" and whose closure (in M") is compact and equals toOD"^ - 1 (jc))). 

The paracompactness of the manifold M" follows from its local compactness 
and the base countability (due to the corollary to Theorem 5, Sec. 13, Ch. 11). 

2. Projective Spaces. The definition and different topologically equivalent in¬ 
terpretations of the projective spaces RP" ~ *, CP” ~ *, n p 2, were given in 
Hem 2, Sec. 5, Ch. II (sec also Item 1, Sec. 3, Ch. 1). The structures of 
C“’-manifolds may be defined on the spaces RP" ~ 1 and CP" ~ '. We illustrate the 
idea of introducing the local coordinates on RP" ~ 1 below. Consider RP" ~ 1 as 
the set L = {/) of all straight lines of the space R n passing through the origin. Each 
straight line intersects one or more hyperplanes of the form sr^ = 1. Fix one of these 
hyperplanes x t = I and pick out of L the collection U i of all straight lines intersect- 
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ing the hyperplane x t - 1 . Then the position of the straight line I e U, is determin¬ 
ed by the Cartesian coordinates (J..f, _ lt 1, {. .£„_)) of its point of 

intersection with the hyperplane x t = 1 . Naturally, the coordinates ({,. 

f, . i< £;• ■ • • , £„ _ |) may be taken as the local coordinates of the straight line I 
(see Fig. 78). Titus, we have the homeomorphisms 

m “ «i.ft - fp-f« - i) : q ~ *" ~ > - ‘.«• 

The local coordinates . f n - i are also called the projective coordinates of 

the straight line /. It is not difficult to express the local coordinates of the straight 
line / in terms of the coordinates of an arbitrary point x = (*,, ... , Jr„) of the 

straight line /:f, =■*,/*,._ i =x, _ /x,, (, = x U{ /x t .i „ _ , - x„/x t . 

The atlas of n charts (U 0 *>,), f = l, ,n, where y>, = determines the 

structure of a C”-manifold of dimension n — 1 on We now show the 

C °°-compatibility of the charts of the atlas constructed. In fact, let / e U i ft U t and 

'll = x Aj .7, _ I = X _ ,/*y. 7 , — aty + /Xy.7„ . , = b* thc 

local coordinates or the straight line f in the chart (C/y, v>y). For deriniteness. let 
/' < j. Then the following relations are evident 

7i^7f = € i* • • • *7, - 1^7, = £< _ |. 7, ♦ | 56 7, = {<. 

7, _ l / 7 1 = fy _ 2 . l/7( - fy- 7/7, - fy, - - • . 7„ - ,A|, = f„ - J. 

which obviously show that the local coordinates {,.. . , f„_ ( infinitely smoothly 
depend on the coordinates 17 ,. 7 B - f 

Exercise 5°. Verify that for the projective space RP* ~ ' considered as the collection 
of pairs of diametrically opposite points of the sphere S" ” ', local coordinates may 
also be given in the above manner. 

Exercise 6 °. Show that the complex projective space CP" ~ 1 possesses a C^-atlas 
converting it into a C~-manifold of real dimension 2n — 2. 
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Him : Considering CP" ' 1 as Ihe set of complex straight lines in C. specify the atlas by 
means of ihe formulae similar to those in the case of RP" ~ 

A certain manifold M" of class C' on which the group Z k acts can be considered 
in a more generalized manner (see Sec. 5. Ch. II). We will assume that the orbit of 
each point consists, under this action, of k different elements. 

Exercise 7°. Let h \ Z k — H{M n ) be a homomorphism of the group Z k (k being 
prime) into the group of homeomorphisms of Af”,determining the action of Z k in 
M n , and let g be the generator of the group Z k . Show that the condition h g (x) * x 
Cor any x e M" is equivalent to the assumption that the orbit of every point consists, 
under this action, of k different elements. In this case, the group Z. k is said to act 
without fixed points. 

Assume, further, that the charts of the form (h g U a , h g v a ) are C r -compatib!e 
with the charts (£/ g , <p B ) of the C'-atlas on M". 

Consider the factor space Af / Z k . It is also a C'-manifold of dimension n. The 
atlas is specified as follows: let O g be the orbit of the point x, and U(O t ) the 
neighbourhood of the orbit in M"/Z k , consisting of ail the orbits O y passing 
through the points y o fa sufficiently small neighbourhood Vfx) of a point x in 
M n iVQc) must not contain any pairs of points y, h g (y) and must lie wholly in some 
chart of the manifold Af"). Then the local coordinates of the point y e K(jr) in V(x) 
will be called the local coordinates of the orbit O e U(O t ). This may be seen to be a 
C'-atlas. 

Note that the condition for the charts (h g U a , h g tp a ) and (U B , *j fl ) to be compati¬ 
ble is not burdensome (see below Theorem 2, Sec. 5). 

Exercise 8°. Verify that the lens space L(k, . . . , k n ) is a C'*-manifold of 
dimension 2n + 1. 

3. Induced Structures. Let M" be a C'-manifold, and /: M" — N a 
homeomorphism of topological spaces M n and N. The structure of a C-manifold 
called the structure induced by f may be introduced on N in a natural manner. Viz., 
if (({/„, y> o )j be a C'-atlas for the manifold M”, then {(f(U a ), /y>„)l is a C'-atlas 
on N. 

Exercise 9°. Verify that l(f(U a ),fy a )) is, in fact, the alias determining on A? the 
structure of a C'-manifold of dimension n 

The described method of specifying a structure happens to be quite useful while 
specifying the structure of a C r -manifold on the topological space N: we can specify 
the structure of a C'-manifold on a 'simpler' space M homeomorphic to N, and 
then induce the structure of a C'-manifold on iV The C“-structure is given in this 
manner, e.g., to various models of RP" ~ 1 

Examples J. It is easy to see that any one-dimensional compact C°-manifold is 
trianguiable Then any connected, one-dimensional, compact C°-manifold is 
homeomorphic to the circumference S 1 (see Ex. 6°, Sec. 4, Ch. II) and therefore 
Ihe C“-structure is naturally induced on it. 

6. A two-dimensional,orientable,closed surface, as shown in Sec 4, Ch. II, is 
homeomorphic to an Af^-surface (i.e., a sphere with p handles) which can be realiz¬ 
ed in the space E 3 as a C“’-submanifold (which is intuitively obvious). Thus, orient- 
able closed surfaces are endowed with the C“-manifold structure. 
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Exercises. 

10°. Specify the C^-mamfold structure on the boundary of the cube I" = 

= \x = (x,. x „): !r # l < 1, t « 1. . .. , nj, inducing it from the sphere 

5" ~ K 

11°. Show that the mapping 

(X,.X } .Xj) ~ C*f. X?., JC§. XjXj. X^j, X^j) 

is a homeomorphism of the projective plane RP 2 onto a subset in R 6 . To induce the 
structure of the smooth manifold RP 1 by this homeomorphism means to realize 
thereby RP 2 as a subset in R 6 . 

12°. Construct the realization of RP } in R 10 . 

4. Matrix Manifolds. We endow the set M(m, n) of all m x n matrices with 
elements from /?' with the topology induced by the natural mapping 
i : R mn - M(m, it): 



Then the homeomorphism i induces on M(m, it) the structure of a C °°-manifold of 
dimension mn. 

Denoting the subspace of matrices of a fixed rank k in Mint, it) by M(m, it; k), 
we specify the structure of a C°“-manifold of dimension k(m + it — k) on M(m, it; 
k). Note, beforehand, that if Y e Mint, it) and rank Y > *, then by interchanging 
the rows and columns, the matrix V may be transformed to the form 


( Ay 1 By \ 

\Cy | Dy)' 


where Ay is a non-singular square matnx of order k. In other words, there exist 
nonsingular square matrices P r e M{m, m), Q r e M(n, n) such that 


We show that rank Y 
the equality 


(—‘k 
V ~ C trAy 1 



k if and only if D r = CyAy'By. In fact, it follows from 

_\ / Aj, I By \ _ / Ay I _ By _\ 

J\Cy\Dy) V 0 | -CyAy'By + Dy) 


rank Y 


rank 


/ Ajrl _£r_' 

\ 0 I ~C^4y‘By + D Yi 


that 
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It can be seen from the latter equality that rank Y = k if and only if 
Dy “ C yA y^ & Y‘ 

Now let X 0 b Af(m, n\ k) and X an arbitrary matrix from /Vffm. n, k). Denote 




/ A x, ar 0 B x. a-A 
\ c x. x 0 °x.xj 


where A x „ is a square matrix of order k. Consider an open neighbourhood 
Y(X 0 ) = [X e n) : delA x x * 0] 


of the matrix X 0 in M(m, n). Then U(X^) = Y(X^ D M(m, n; k) is an open 
neighbourhood of X 0 in M(m, n. k) and the mapping 

* x : U(XJ - R mn “ •" - *#• ~ *> 


specified as follows 


( A x.x„ 

B x.x a \ 

_ ( A x.x a 

\ c jir.jfo 

D x.xJ 

\ c x. jr 0 




j ,jmn - (m — *)(/» — *) 


is a homeomorphism (f being the natural mapping). Therefore (t/f-Tg), ) is a 

chan. Specifying thus a chart for every matrix X 0 e M(m, n; k), we obtain a 
C"-atlas on M(m, n: k). 


Exercise 13°. Show the C"-compatibility of the constructed atlas 

Note that M(k, n; Ar) may be interpreted as the set of ordered sets of k linearly 
independent vectors in R"; M(n, n; n) is denoted by GUn; R) (general linear 
group). 

5. Grassmann Manifolds. One natural generalization of the projective space 
RP" ~ 1 is the Grassmann manifold G k (R n ) consisting of all At-dimensional 
subspaccs, k it 1, of the space R" (when k = 1, this becomes the projective space). 
We equip the space G k (R *) with the topology induced by the natural mapping Mlk, 
n; k) — G k (R n ), associating each matrix 



with the subspace in R" spanned by the vectors 

x, = C*,,. ...,**),<• 1. k. 

Note that G k (R n ) is homeomorphic to the orbit space of M(k, n; k) with respect to 
the (left) action of the group GL(k, R)\ the element C e GL (k, R) acts on the ele¬ 
ment Y e M(k, n; k) in accordance with the rule Y — CY (the matrix product). In 
other words, the space G k (R n ) is homeomorphic to the factor space M(k, n\ k)/R 
with the following equivalence relation: X s Y if there exists a square non-singular 
matrix C of order k such that X - CY. To specify on G k (R") the structure of a 
C”-manifold, we will equip M(k, n\ k)/R with the C”-structure and induce the 
C”-structure on G k (R n ) by the homeomorphism/: M(k, n; k)/R — G k (R n ) The 
manifold that we are to obtain is called the Grassmann manifold 
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Local coordinates on M(k, n; k)/R may be given by the analogy with the projec¬ 
tive space RP m ~ 1 if M(k, n\ k) ts considered in place of R m \ 0. the subspace 
L = TX, T 6 CL(k, R), XeM(k, n; k), in place of the straight lines / = Mr, 
teR'\0, xeR”'\0, and the set t of matrices from M(k, n, k) for 

which the submatrix made up of columns , i k , is a unit matrix is considered 

in place of the hyperplane jt, = I. The subspace TX intersects the set H, , if 
and only if the submatrix X t) made up of columns i ( ,. . . , i k of the matrix 

Xis non-singular (i.e., det X lf , t * 0); in case X t) ( - is non-singular, the 
‘intersection point’ is, as can be easily seen, the matrix V = X~‘^ ^X. To 

determine the charts, fix the set H, , (i.e., fix the numbers of the columns in 
the matrix X e M(k, rv, k)) and consider the set _ t of all subspaces TX 

whose intersection with H ^ is nonempty, in other words, t/ J( ( is the 
set of subspaces TX such that the submatrix X t ^ for the generator X of the 
subspace TX is non-singular. It is natural to assume the elements of the matrix 

Yj . . formed by the columns/,, ... ,j n _ k of the matrix Y, which are 

different from f,. i k to be local coordinates. More precisely, the pair 

<C/,, f where n; k)/R — “ k> is a homeomor- 

phism given by the correspondence 




= ( y 11 
VVi 


l 

Yk[n - k) ) 


. o-,,. • • • .>i(„ _ tp/’at. • • • ./’*(« - *j 

is a chart on M(k, n; k)/R. 

Exercise IS”. Verify that the mappings y> ( , are homeomorphisms. 

The atlas (((/, ,, <p ~ J ( ))*bf charts determines the structure of 

the C°°-manifold of dimension l k(n — Xr) on M(k, n; k)/R. 


Exercise 16°. Show that the manifold G k (R") is homeomorphic to the manifold 

G* - *(*">- 


6. Products of Manifolds . If M". N m are C'-manifolds then the structure of 
a C''-manifold of dimension m + n can be naturally specified on the topological 
product M x N. We leave it to the reader to verify. 

Two examples of the products of manifolds are the cylinder R l X S 1 and the 
<r-dimensional torus 7* = S' x . . . x S [ (k factors). According to the above- 
said, they are C"-manifolds of dimensions 2 and k, respectively. 


7. Riemann Surfaces . Consider an example which is important for the theory 
of functions of a complex variable. Let M 2 be a two-dimensional smooth manifold. 
Regard R 2 as the complex z-planc. Let ((C/ n , *>„)) be an atlas on M 1 such that the 
transition diffeomorphisms 

*>*'«><. •' <'( y o n g 9 ) - *>* '«/„ n U B ) 

are complex-valued analytic functions of z in the regions *>~ l ( U a U Ug). The 
manifold M 2 with such an atlas is called a Riemann surface (abstract). Its complex 
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analytic structure is determined by an atlas equivalence such that the transition dif- 
feomorphisms are complex-valued analytic functions. 

In particular, the complex z-plane C is a Riemann surface, its complex analytic 
structure being given by the atlas consisting of a unique chart (C, l c ), where l c is 
the identity mapping. 

The sphere S 2 = (jc e f? 3 : xf + + x§ = 1) is also a Riemann surface. 

Specify on S 2 an analytic structure U l = S 2 \ [N], U 1 = S 2 \(Sj, the local coor¬ 
dinates of the point P( x,, x 2 , JCj) in £/,, (A being, respectively, of the form 


*t + a i . _ *1 ~ 
l — JCj ' 2 1 + X 


The coordinate z, is given rise if the sphere S 2 (see Fig. 7S) is stcreographicaliy pro¬ 
jected on the equatorial plane from the pole N, while z 2 arises if S 2 is projected from 
the pole S. If Pe U, D U 2 then z, 0, z 2 * 0 and, evidently, z,z 2 = 1. Hence, 
the transition diffeomorphism z, = I/z 2 is an analytic function. The extended 
z-plane (z-sphere) C is endowed with a complex analytic structure by means of the 
homeomorphism onto S 2 . 

The two-sheeted Riemann surface of the function w = >/z(see Sec. 4, Ch. 1) is a 
complex analytic manifold, and the analytic structure on it is introduced via the 
homeomorphism to the z-sphere. 

Exercise 17°. Describe the corresponding atlas of the two-sheeted Riemann surface 
of the function h> = Vz. 

It is proved in the theory of functions of a complex variable that any analytic 
function on the z-planc possesses an abstract Riemann surface and (hat any com¬ 
pact abstract Riemann surface can be realized as the Riemann surface of a certain 
algebraic function. 

8. The Configuration Space. The considered examples of smooth 
manifolds emerge naturally in various mathematical problems. The notion of 
manifold is as naturally used in applied sciences too (e.g., mechanics or physics) to 
describe the set of positions (i.e., the configuration space) of a system. We adduce 
the simplest example. 

Consider a hinged pendulum swinging in the vertical plane. Denote the point 
where the pendulum is attached by O. the hinge by O,, and the end of the pendulum 
by 0 2 . Each position of the system is given by the direction of the rod OO, and of 
the rod 0]0 2 or by the pair of angles <p. 4 (Fig- 79) varying independently in the in¬ 
tervals 0 < <p < 2v, 0 ^ <ji < 2 t . The configuration space of the given system is 
thus ihe Cartesian product of two circumferences 5 1 x S’, i.e., the two- 
dimensional torus T 2 . 

Exercise 18°. Describe the configuration space of a plane two-hinged pendulum 

More complicated configuration spaces emerge in the study of more complex 
mechanical systems consisting of a greater number of point masses and undergoing 
more complex patterns of displacement. These conditions are usually given in the 
form of equations to which the coordinates of all the point masses should satisfy 
(these equations arc called geometric relations). It is the set of geometric relations 
that determines (under the corresponding conditions) a smooth manifold in Ihe 
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Fig. 79 


space R 3 ”, where n is the number of point masses (See Example 6, Sec. 2). An 
ordered set of coordinates in R 3 " of n point masses determines a position of a 
mechanical system in the configuration space. 

9. Manifolds with Boundary. The notion of manifold introduced above 
does not embrace, however, a number of geometric objects, e g., the /r-dimensional 
dosed disc, surfaces with boundary, etc. In fact.it is impossible to find a 
neighbourhood which Is homeomorphic to the space R n (or its open part) of points 
on the boundary of the disc D n . This drawback is removed by introdudng the 
notion of manifold with boundary. 

Consider the subspace R" ~ 1 of the space R". The former subdivides the space 
R” into two half-spaces: 

R\ = jx e R " : jr„ S 0) and R H _ = 1* e R n : x n < 0), 
the boundary of each of which being the subspace 

R n ~ 1 = [x e R n : x n = Oj. 

The half-space may serve as the simplest example of an n-dimensional manifold 
with the boundary R n ~ l . If now a certain number of half-spaces R\ are ‘glued’ 
together taking care to ‘glue’ a boundary with a boundary, then we will obtain an 
object called an n-dimensional manifold with boundary, where the boundary is the 
result of ‘gluing’ the replicas of the subspaces R" ~ 1 together; it is an 
(n - l)-dimensional manifold itself. 

Let us describe the manifold with boundary in greater detail. Let M be a 
topological space.and N its subspace. Extend the notions of chart and atlas. An 
open set U c M and a homeomorphism * : R" — U or R\ — U form a pair (U, 
*>) called a chart. A set of charts (( U a , y> a )) is called a O'-atlas for the pair M.N if (1) 

(2) if : *" + - U a , then * a \ R „ - t - R n - ' - N n U a (a chart for 

a 

the subspace AQ; (3) there is a subset of charts j (U yt v> T )j, : R\ — U y such that 
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Nc U U y ; (4) thebomeomorphisms vs> 0 V a : D U g ) — <f> g [ (.U a O t/ fl ) 

7 

are diffeomorphisms of class C r (Fig. 80). 

note. In the case when the homeomorphism <p g 'v> a acts between sets which are 
open in R" + but not open in R", the properties of being smooth (and diffeomorpliic) 
are understood in the sense of Definition 2, Sec. 2. 

It is evident that the set of charts ((A/ O U y ), l R „ _ ,j forms a C-atlas on N. 
specifying the structure of a C-manifold of dimension n - I on it. The atlas 

is said to determine on Af the structure of an n-dimensional C-manifold with a 
boundary N. The boundary is usually denoted by dM”. 

Exercise 19°. Prove that the sets in R n given by the inequalities Jtf + ... 
+ xjj < l.jcf + . .. + jtJ > lare n-dimensional C"-manifolds with the common 
boundary S" ~ '. 

io. The Existence of Smooth Structures, we now make some remarks 
regarding the possibility of introducing smooth structures. Whitney has proved that 
if there exists a C'-structure (r > 1) on a space M, then there also exists on it a 
C°°-structurc (and even a C"-structure); moreover, a C“-atlas may be chosen from 
the maximal atlas for the given C'-structure. The exception is the case when r = 0. 
It is known that a C'-structure may be introduced on any C°-maiufold of dimension 
n < 4 (and hence a restructure), but for any n > 10, there exist C°-manifolds 
which do not admit the introduction of a C'-structure. 


4. SMOOTH FUNCTIONS IN A MANIFOLD 
AND SMOOTH PARTITION OF UNITY 

This and the subsequent sections are devoted to the construction of the elements 
of analysis on smooth manifolds. 

i. The Notion of Smooth Function in a Manifold, a function 

defined in a manifold M” can be considered locally as a function of the local coor¬ 
dinates of a point xeM”, i.e., as a function of the standard coordinates of tile 
point <f >~ 1 (x) in R" that are given by a certain chart (U a , *>„), x e U a . Thus,we find 
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ourselves within the range of the notions of analysis, and, in particular, can define 
and investigate the notion of smooth function. 

DEFINITION 1. Let M” be a manifold of class O', r p I A mapping/ : M" — R 1 is 
called a C-funclion (a function of class O') in a neighbourhood of a point x e M" if 
there is a chart ( U a . *>„), (je e U Q ) for M" such that the mapping/*!,, : R n — R 1 is a 
C-mapping onto R". 

Exercise 1°. Show that the definition of a C'-function in a neighbourhood of a 
point does not depend on the choice of a chart. 

DEFINITION 2. A function /: M" — /?• is called a C'-function on a certain set 
A C M" if it is a C'-function in a neighbourhood of each point r c e A. 

We often have to consider a function given not in the whole manifold M”, but 
only on its subset. Definitions 1 and 2 are extended, in a natural manner, to the case 
of functions-/: U — R* defined on an open subset U C M" while choosing the 
charts ([/„, <p a ) so that U a C U. However, these definitions should be extended if 
functions /: A — R l defined on an arbitrary subset A C M” are considered. 

DEFINITION 3. A function/: A — R*(j 4 C M”) is called a C'-function on A, if for 
any point ye A. there exists an open neighbourhood l/(y) C Af of the point y and 
C'-function : Uly) - R 1 such that = \ U{y)nA = /I u(y) n A - 

It is easy to see that each of the local coordinates f,(x). i = 1, . . . , n, of a C r - 
manifold is a C'-function in its domain. 

In a special case of two-dimensional manifolds, viz., (abstract) Riemann sur¬ 
face, one important class is formed by complex-valued functions. 

Let M 1 be an (abstract) Riemann surface, and /: M 2 — C a function on it 
assuming its values in the field C of complex numbers. The function / is said to be 
regular analytic or holomorphic at a point P 0 e M 2 if, while being expressed in 
terms of the local coordinates z — $(/*). 0 = 4>(F > 0 ) in a neighbourhood of the 
point Po> it is a regular analytic function of z in a certain circle Izl < r, i.c., 

/(♦"'(a)) = £ ajT, 

a m 0 

where the power series on the right converges in the circle Izl < r. 

A function/is saidlo be analytic in a certain open set U C M 2 if it is a regular 
analytic function at each point P 0 e U. 

Functions on the z-spherc are usually given in the local coordinates on an open 
set U i (see Item 7, Sec. 3), i.e., as functions w = w(z) on the z-plane. To in¬ 
vestigate a function in a neighbourhood of the point e», it is necessary to have its ex¬ 
pression in terms of the local coordinates on the set U 2 . The latter is achieved by 
replacing z by l/z: we obtain the function w = y*>(l/z) = w,(z) which we in¬ 
vestigate in a neighbourhood of the origin. 

Exercise 2°. Verify that the function w *= l/z is defined in a neighbourhood of the 
point z = » of the z-sphere and is holomorphic at this point. The same task for the 



function w 
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2 A Partition Of Unity. The main instrument of manifold theory in transfer¬ 
ring from local statements to global is a partition of unity. 

Let AT" be a C-manifold,and jt/J its open covering. 

DEFINITION 4. If y> : AT" — If 1 is a function then its support supp y> is the closure 
of the set (at ; < p ( x ) * 0). 

DEFINITION 5. A family of C-functions |y>» : AT” — [0, 1)) is called a partition of 
unity of class C' subordinate to a covering [ U a ) if (i) each of the sets supp <Pf, is com¬ 
pact and contained in a certain set U a . (ii) the family (supppg) forms a locally limte 

covering of AT", and (iil) Y v>g(F) = 1 for any point xe AT". 


The summation in condition (iii) makes sense since at each point jr only a finite 
number of the functions is different from zero in view of condition (ii). 

THEOREM 1. For any open covering of a C?-manifold AT", r = I, . . , oo, there 

exists its subordinate C-partition of unity. 

To prove this fundamental theorem,we need several lemmata. 

LEMMA I. For any s e K l , there exists a C^-function h s : If 1 — (0, 1] such that 
supp h s C (s, »), 

Proof It is easy to verify that the function 


V-r) = 


when x > s, 
when jr < s 


is the required (Fig. 81). ■ '■ 

Exercise 3°. Construct the graphs of the functions h_ s {x), h_ s (-x) and 
h in (x) + h s , j(-AT). 

LEMMA 2. For any s > 0, there exists a C* -function g s : R" ~ [0, 1) such that 

g Cx) - f ‘ * hen X 6 

5 (_0 when jt e R"\D s (0). 
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PROOF Consider the function g t : /?' — [0, 1] (Fig. 82) given by the equality 


#,(*) = 


_ ft _ 

+ * I/2 W + h s /il-x) 


The function «,(*) = £,(1x1) : R" — (0, 1J is obviously the required. 
Note that if x 0 e R" is an arbitrary point, then 


8,(x - 



when x e D s/2 {x^>, 
wlten x e R"\D s (x l ) ■ 


LEMMA 3. Let M" be a C r -manifold (r = 1.t») and U c M” an open set. 

Then for any point x 0 e U , there exist its open neighbourhoods K, (Xp), K^Xp) and a 
C-functionf : M" — [0, 1), such that 


(I) J'.fxp) C KjCxp) C (/, 


(2)/(x) 


c 


when x 6 F, (x„), 
when xeM"\ V 2 Cx^. 


PROOF. Let ((l/ a , )} be a C-atlas on AT and let x 0 e t/ Q O (/. Since the set 

U a n U is open, and y> a is a homeomorphism, the set v>“ l (t/ a H (/)ts open in (?" 
and therefore there exists a disc D s (<p~ l (Xf)) C <p~ ‘(IT, ft (/)• Furthermore, since 
v> Q is a homeomorphism. 


f.tfW*’." *<*•») = F a (0 J/2 (F-'(Xo))) C ^^(^-'(Xp))) C I/. 


therefore, the sets K,(xp) = t» a (£*/!&£'Up))). FjCXp) = v>JDJy> a Vo))) satisfy 
condition (1). By Lemma 2, there exists a C r -function (x) = g,(x - Xp) such 

that 

, (x) _ when 

,,T ° (0 when xefl n \O| r (v.- , (x 0 ». 

Then the function 

fix) - f'-.roV' W when xeKjCxo), 

0 when x e Af" \ ^(Xp) 


evidently satisfies condition (2). ■ 

LEMMA 4. Let M" be a manifold of class C r ,r = 1,. . . , t»; K C 1/ C M”, where 
the set K is compact, and the set U is open. Then there exists a C'-function 
f: M” — [0, 1 ] such that 


fix) = 


(o 


when xe K, 
when x e AC \ U. 


Proof. By Lemma 3, for any point y e K, there exist open neighbourhoods V, (y), 
t'jOO such that K,O0 C K 2 (y) C U and there is a C'-function/^(x) : M" — (0. 1) 
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such that 


1 when x e V, O'). 

0 when xeM”\ V 2 (y)- 


Due lo the compactness of K, in an open covering lK l O')i /e k of the set K, a finite 
subcovering f / l (y ] .^lO'p) is contained. Put 

/> 

SM = Jl[ (1 - fy.(X)), 


then 


g(x) - 


r. 


when x e K, 
when xe Af" N V, 


Ax) = 1 - g(x) = j^j 


when xe K, 
when x 6 Af" \ U. 


It is evident that/sC'. I _ 

LEMMA 5. A locally Amite covering (C/jl such that each set U' s is compact and con¬ 
tained in a certain U a , can be made a refinement of any open covering [t/J of a C r - 
manifold Af, r - 1, . . . , oo. 


Proof. Let f(K,, <?_)) be a C'-atlas on the manifold AT. The sets \V r ft U a ] form an 
open covering that refines \UJ. Since v>„ is a homeomorphism, the set 
y>~'( V, ft (/„) is open in R" and therefore, for any point xe V f O V a , the point 
97 l (X) is contained in the set n U a ) with a certain disc D J(r) (<p~ 1 (x)). Fur¬ 

thermore. since is a homeomorphism. 

'«» = vfb sWl (*;\x))) c v.,(r» rtl) (p,- | Cx)» c v r n u„, o) 


moreover, since the set IKban (v>“'(x)) is compact, and Af" Hausdorff, 
9 f 1 (x))) is compact (sec Sec. 13, Ch. II). In view of the paracompacntcss 

of the manifold Af" (see Sec. 3). a locally finite coverihg [(/^) can refine the open 
covering (v>,(D j(l j /2 (y>7'(x)))] of Af”. Then each Uj, is contained in a certain 

'M £) rtxl/2«'W W - Since ___ 

V'c C <e,(D sWi (*:'U))). 

we derive from (1) that 

Ug c 9 f (p^97 l (/eff) c v, n u a , 

therefore U' B C U a . The compactness of U’ B follows from the fact that t/I is a 
closed subset of the compact space v5 |f tD jW/2 (*>,r 1 (x))) (see Sec. 13. Ch. 11). ■ 
THE proof of theorem i. Applying Lemma 5 twice, we take a locally finite cover¬ 
ing (1/^1 which is a refinement of the given covering [f/J, and an opcn,locally finite 
covering (LL ’ i which is a refinement_pf [U' B \ so that each ' may be compact and 
contained in a certain t/j, and each (Ja compact and contained in a certain U a . For 
each U'f , we fix one set containing Lr ' of the system U' a and redesignate it by £/'. 
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Now, by applying Lemma 4 lo the 
function/, : M" — (0, 1] such that 

A« = (o 

Consider the function 

* Y W - — tU) ,rei«* 

£/. « 

(the summation in the denominator is performed over the range of indices of the 
covering {£/") and has meaning since the covering (!/') is locally finite and therefore 
at each point xeM”, only a finite number of the functions f r is different from 
aero). Since supp - supp/ T and the set supp/, is compact (as a closed subset of 
the compact space W y ), the set suppv r is also compact. It is easy to see that y, e C', 
and thus we have obtained the required partition of unity. ■ 

DEFINITION 6. A function/: A — R ‘(<4 C Af") is called a C'-funclion on a set A if 
it is a restriction to /I of a CT-function given on an open subset U of the manifold 
AY”,which contains A. 

Exercise 4°. Using the unity partition theorcm.prove that Definition 3 of a smooth 
function given on a set A C AY" is equivalent to Definition 6. 

3. The Algebra of CMunctions on a Manifold, consider now theset 
of all C'-functions on a C'-rnamfold AY”. The functions from 0XM”) may 
be added together and multiplied by real numbers in a natural fashion: if /, 
g e Y^AY"), a e R *, then for each point x e AY", we put (/" + g)M = f(x) + g(x) 
and (nf)U) = <nf0d- Thus, 0\M”) has been transformed into a vector space. 
Moreover, usual multiplication (f g)0c) - /(*) • g(x), x € M" transforms ^(Af”) in¬ 
to an algebra over the field R. 

Let jr be a certain point of the manifold AY”. Consider the following equivalence 
relation on the algebra /, — / 2 if the point x possesses a neighbourhood 

{/(xlsuch that/, \ u - /jl v . Call the equivalence class the C-germ (of the func¬ 
tions) at the point x. and denote the totality of all C-germs at the point x by &%x) It 
is obvious that <^(jr) is also an algebra. We now give another definition of cAx). 

If the difference algebra rf^AY")/ ^ 0 (x) is considered, where ^ 0 M is the ideal of 
all those functions from the ring i^AY") which assume the zero value in a certain 
(depending on the function) neighbourhood of the point jr, then its elements can be 
naturally identified with the germs of the functions at the point x- It is easy to sec 
that ^ 0 (x) = #(.r). The set of germs #ix) could also be defined as the set 

of CT-functions in the neighbourhoods of the point x and which is factorized with 
respect to the same equivalence relation as in the definition of <$\x). Prima fade, a 
new object is obtained since we consider functions defined only on a part of the 
manifold AY". It follows from the following exercise that this is not correct. 
Exercise J*. Let /be a function of class C r defined in an open neighbourhood U(x) 
of a point x of a manifold AY" of class C. Show that there exist a closed 


set K - (/". we find the corresponding C- 

when xe </'' 
when xeM"\U‘ y . 
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neighbourhood of the point x, k'fx) c (/(*) and a (?■-function/defined in the 
whole manifold Af " such that/I = /p u) . 

Hint'. Use Lemma 4. 

Thus, the algebraic structures of the smooth functions #{M n ) and germs rf(x) 
have been constructed on a smooth manifold. An interesting question arises 
whether it is possible, conversely, by means of the algebras 0\M n ) and germs &\x), 
to restore the structure of the manifold. We show below that this can be done. 

First of all, we fix, axlomatically, the most essentia! properties of the algebras of 
functions in a smooth manifold. Consider a topological space Af and real functions 
/,/,, - • • ./* defined on Af. We will say that / C'-smoo/hly depends on the func¬ 
tions /,...., f k (r > 1) if there exists a (/-function C/(f,. t k ) of real 

variables , t k defined on /?* such that 

/(*) = U(f, (*).* e Af. (2) 

If equality (2) is valid only for points of a certain set V c M then we will say that 
the function / smoothly depends on the functions/,, .... ,f k on the set V. Call a 
C-smoathness on a topological space Af a nonempty set of real functions on 
Af, which satisfies the conditions: 

(i) any function (/, which smoothly depends on the functions from SiM). 
belongs to 

(ii) any function on Af, which coincides with a function from J?(M) in a 
neighbourhood of each point * e Af, belongs to 

Exercise 6°. Verify that for a (/-manifold Af”, the algebra of (/-functions &(bf") 
satisfies the conditions for a (/-smoothness. 

It follows from condition (i) that the set y>{M) is an algebra under the natural 
operations of addition and multiplication of functions and their multiplication by a 
number. The notions of C'-germ J x of a function/e .^(Af) at a point x, ofthe ideal 
.ffpc) and of the set of (/-germs J>(x) = j#'(Af)/.4 ? 0 (jr) are defined in a natural 
manner. 

Now we take up the construction of the (/-structure on Af. Let M be a 
topological space with a (/-smoothness Let the following conditions be 

fulfilled: (i) for any point * e Af. there are germs J*, . . . , /J 6 c^C*). a 
neighbourhood V(x), representatives/ 1 : (K(jc) — R\ i = 1. n, of the germs 

such that the mapping i y :y- if 1 if) ./"O')), y o V(x) is a homeomor- 

phism of V(x) onto the space R n , (ii) for any point y e V(x), the germs ]* y . J” y 

of the functions /*, ... , f* belong to #(y)\ (Hi) for any germ £„ e ■d’ty), its 
representative g (/-smoothly depends on/ 1 , . . . ,f in a neighbourhood of the 
point y. Thus, specifying a coordinate system in a neighbourhood V(x) by means 
of the homeomorphism <p y = 4' y x : R" — V(x), we obtain a system of charts 
((K(r), <fi y )l, which, as can be easily verified with the help of properties (ii) and (iii), 
produces a (/-atlas on Af. 

Exercise 7°. Show that the system of charts |(K(jc), v x )\ yields an atlas. 

Thus, the differential structure of a (/-manifold induced by the algebras 
4>(x) has been defined on Af. 
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Exercise 8°. Show that if AC is a C'-manifold and i^(,x)} xeMn arc the correspond¬ 
ing algebras of the germs of the C'-functions on AC, then the differential structure 
determined by them coincides with the structure of the manifold AC. 

Note. Conditions (i) and (iii) make us conclude that the considered smoothness on 
M consists of continuous functions. We could also consider C'-smoothncss on an 
abstract set M and induce the weakest topology on it so that all the functions from 
the smoothness might be continuous. 


5. MAPPINGS OF MANIFOLDS 


1. The Notion of Smooth Mapping. Let us define and investigate 
smooth mappings of smooth manifolds, which are a natural generalization of dif¬ 
ferentiable functions considered in analysis. Let AC, N m be C-manifolds, r ^ 1. 
Regarding AC, AC as topological spaces, we may speak of continuous mappings 
/: AC — N m . The structures of class C r , given on AC, N m , admit introducing a 
narrower class of mappings. The mapping/: AC — AC can be specified naturally 
in local coordinates. Viz., if xe AC is an arbitrary point, (U, <e) and (F, 4>) are 
charts on the manifolds AC, AC, respectively, such that xe £//(*) e V, and W(x) 
is an open neighbourhood of the point x such that fF(x) C U,f(W(x)) c V, then 
the mapping 


is called the coordinate representation of the mapping f in a neighbourhood of the 
point x. Such a representation enables us to involve the notion of smooth mapping 
of R" to R m which is studied in analysis (see Sec. 1). 

DEFINITION I. A mapping/: AC — A"" is called a C'-mapping (a mapping of class 
C') in a neighbourhood of a point x e AC if some coordinate representation of the 
mapping /in the neighbourhood of the point x is a C'-mapping. 


Exercise 1°. Show that the definition of a C'-mapping in a neighbourhood of a 
point does not depend on the choice of a coordinate representation. 

In defining a smooth mapping in a neighbourhood of a point, it is natural to 
consider mappings defined not in the whole of AC. but in an open neighbourhood 
of the point. 

Definition 1 can be restated in other terms for the case of submanifolds in R N 
Let AC. N m be submanifolds in R N ‘ and R N *, respectively. 


DEFINITION 2. A mapping/ : AC -- AC is called a C'-mapping (a mapping of class 
(7) in a neighbourhood of a point x e AC if there exist an open set U C Ai , x e V 
and a C'-mapping/: U — R Nl that coincides with/on U O AC. 


Exercise 2°. Show that Definitions I and 2 are equivalent for the case of sub¬ 
manifolds in R n . 


Hint: Use the property of mappings of charts to be diffeomorphisms (sec Lemma I, Sec, 2). 


We now come over from local definitions Co global. 
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DEFINITION 3. A mapping /: M” — N m of manifolds is called a C'-mapping (a 
mapping of class C) if it is a C'-mapping in a neighbourhood of each point x e M”. 

It is evident that the notion of C'-mapping is a generalization of the notion of 
C-function. 

Similarly, the notion of complex analytic function on a Riemann surface is 
generalized into the notion of complex analytic mapping of Riemann surfaces (if we 
require the coordinate representation to be analytic). 

Exercises. 

3°. Verify that the mapping w = Vz of a two-shccted Riemann surface onto the 
Z-sphere is analytic. 


4°. Verify that the mappings w = 1/z and w = 



considered as mappings 


of the z-sphere onto themselves are analytic. 


DEFINITION 4. A mapping /: M" — N” of manifolds of class O' is called a C- 
diffeomorphism if (i)/is bijective, (ii)/./“* are C-mappings. 

Exercise S°. Why cannot a diffeomorphism of manifolds of different dimensions be 
denned? 

Two O'-manifolds M n , /V" are said to be C'-diffeomorphic if there exists a C- 
diffcomorphism / ; M" — A™. 

Exercise 6°. Show that the collection of n-dimensional C-manifolds (A#"), n > 1, 
forms r. category whose morphisms are C-mappings of manifolds. Show that the 
equivalences on this category are C-diffeomorphisms of manifolds. 

THEOREM I. If M" is a manifold of class C r and /V" a manifold of class C with the 
Structure induced by the homeomorphism f : M" — N‘\ then M n and N " are C'- 
diffeomorphic. 

PROOF. It is easy to see that the required diffeomorphism is/. ■ 

Thus, by inducing the structure of a C-manifold on a topological space N via 
the homeomorphism /: M" — N, we transform /into a C-diffeomorphism. 

THEOREM 2 Let f : M” — A/” be a O'-diffeomorphism of C'-manifoids M”, N”. 
Then the mapping f : M* — N" as a homeomorphism of topological spaces induces 
on N n a C'-structure coinciding with the original. 


PROOF. Let |(t/ a , v» 0 )) and [{Vg, be C-atlases on M" and N”, respectively. We 
show that any chart of the atlas l(fW a ),fy a ] is C-compatible with any chan of the 
atlas {(Fp, ^j)), t.e.. that the mapping 


(ffJ-'if(UJ n F 9 ) (I) 

is a C-diffeomorphism for any a and 0. 

In fact, since / is a C-dlffeomorphism, its representation in the local coor¬ 
dinates on the open sets f~ ] (f(U a ) fl Vg) C U a ,f(.U a ) fl V & C F g 

■ <f(U„) n f @ )] - 'if(u a ) n v B ) 
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is a C r -diffeomorphism. But 

*-'lf-'<f(v a ) n ^ fl )) = (A«n v B y, 

therefore, mapping (1) is a C-diffeomoTphism, which proves the statement. ■ 
From the point of view of genera) topology, we do not make any distinction be¬ 
tween homeomorphic spaces. It is natural to agree not to distinguish between 
homeomorphic manifolds AY" and A/", where the manifold A'" is endowed with the 
structure of the smooth manifold induced by the homeomorphism /: AY" — A/". 
But then, according to Theorem I, AY” and N” are diffeomorphic. Conversely, if 
the manifolds AY", A” are diffeomorphic (f : AY" — A/") then they are homeomor¬ 
phic and, according to Theorem 2, the homeomorphism /induces on A/" the struc¬ 
ture of a smooth manifold which coincides with the original. Thus, the adopted 
agreement is equivalent to the practice not to distinguish between diffeomorphic 
manifolds. 

Exercise 7°. Verify that being diffeomorphic is an equivalence relation for 
manifolds. 

A question naturally arises whether there exist homeomorphic but not dif¬ 
feomorphic manifolds. This question was resolved by Milnor who showed that there 
are exactly 28 smooth manifolds (or the Milnor spheres) which are homeomorphic 
lo S 1 but not diffeomorphic to each other*. It is known also that if the dimension of 
a manifold is less than 4, then homeomorphity entails diffeomorphity, i.e., for a 
manifold of dimension less than 4, differentiability and topology classifications 
coincide. 

2. Regular and Nonregular Points of a Smooth Mapping. Im¬ 
mersions, Submersions, Embeddings and Submanifolds. Let 

/AY" — N m be a Catnapping of C-manifolds, r > 1. 

DEFINITION i. A point x e AY” is called a regular (noncrilical , or nonsingular) point 
of a mapping/if for a certain coordinate representation 

: *-'(W(x)) - tT'OO 

of the mapptng/in a neighbourhood of the point x, the point is regular. 

Otherwise the point x is said to be nonregular (critical , or singular ). 

Exercise 8°. Show that the definition is independent of the choice of a coordinate 
representation. 

DEFINITION 6 A point y e N"' is said to be regular (noncrilical, or nonsmgular) 
value of a mapping/if its full inverse image f~ l (y) cither consists of only regular 
points of the mapping/or is empty. 

Otherwise the point y is called a nonregular (critical, or singular) value. 

Let for a C-mapping /: AY" — N m of (/-manifolds, each point x e AY" be 
regular. Such a mapping is called (i) a C r -immersion when n < m, (ii) a C- 


* The Milnor spheres can be given as submanifolds in R 10 =• C’ = f(z,.z 3 )j by the 

systems of two equations z/~ 1 + z| + z* + *• + e 0, tz,l J + + Iz.l 2 - 1, 

*- 1,2 _ 28 5 1 5 
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Fig. 85 


submersion when n ^ m, (in) a C'-immersion is called a C r -embedding if / is a 
homeomorphism of M” onto the subspace f(M n ) of the topological space N r " and is 
usually denoted by i. 

EXAMPLES. 

1. The mapping /; R 2 — R‘ given by the rule/U, y) = x is a C"-submersion. 

2. The mapping f . R' — R 2 given by the rule/(x) = (sinx, sin2x) (Fig. 83) is a 
C"-immersion but not an embedding since it is not injective. The mapping/l (0 Iw) 
is not an embedding either, though/is bijective on (0, 2x). In this case, the mapping 
/“ 1 is not continuous. Note that the mapping/l (0 (Fig. 84) is a C"-cmbeddmg. 

3. The mapping / : S l — S 2 given by the rule /fcx, y) = (*. >. 0) (Fig. 85) is a 
C"-embed ding. 

4. Let /p / 2 : R' — R' be functions of class O' The mapping / = (/,, 
/j) : R 1 — R 2 (the curve is of class C r ) can be considered to be a C'-mapping of 
manifolds RR 2 with the natural C°°-structure. Elucidate the conditions under 
which the mapping/is an immersion. Immersion implies that any point x e R 1 is a 
regular point of the mapping 

<l«i)‘7l R . “/■ «' - X 2 
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(here l fi2 . are the identity mappings of R 1 and R l ). i.e , 



( 2 ) 


Thus, / is a (7-immersion if all the derivatives — , are never zero 

dx dx 

simultaneously. 

A curve satisfying condition (2) is called a curve without singular points. Those 
points at which condition (2) is not fulfilled are called singular points of the curve. 
E.g., for the curve/,(*) = x 2 ,f z (x) = x 3 (Fig. 86), the point 0 is singular. 


5. The curve drawn in Fig. 87 (constructed by means of the graph of the function 

y - sin — ) determines a (/"-immersion, but not an embedding of the half-line 
X 

into the plane though the mapping is bijective. 

Another example of a similar kind is given by the immersion f .R 1 — C X C deter - 


mined by the formula/(x) = (e 2 ' la> *, e 2 " 1 ' 2 *), where — is irrational. It is easy to 

a 2 

verify that this is a bijective mapping (of rank I) and that its image lies on the torus 
S' x S' and encircles it (being everywhere dense). 

Note that the noncompadness of the straight line played an important role in 
the given examples. In fact, the following theorem is valid. 

THEOREM 3. (fa manifold AY” is compact and / : AY” — /V” 1 is an injective immer¬ 
sion, then / is an embedding. 

The proof follows from the fact that an injective, continuous mapping 
/: AY — N of a compact space AY onto /(AY) c N is a horneomorphism onto the 
subspace/(AY) (sec Sec. 13, Ch. II). 

Note that any (/-immersion /: AY” — iV m is a (/-embedding on a certain 
neighbourhood of each point x e AY” (this follows from the theorem on rectifying a 
mapping, sec Sec. I). 
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Example 6. A mapping/ : R" — R N , N ^ n, of class C r , r ^ I, determines an im¬ 
mersion in R n if 

“*(!;) I," 

at any point y e R". Thus,/possesses no nonregular points and, by the theorem on 
rectifying a mapping, is a local homeomorphism between R" and f(R"). If. in addi¬ 
tion,/is a homeomorphism of R" onto/(/?") then/ts a C'-embcdding, 

Exercise 9°. Verify that the notion of chart on a C'-submanifold in /?' v (see Sec. 2) 
is equivalent to the C'-embcdding of R n in R N . 

Very often manifolds lie in other ambient manifolds. It will be too general to call 
any such manifold a submanifold of the ambient manifold just like a subset endow¬ 
ed, in a topological space, with an arbitrary topology will not be termed a subspace. 
It is necessary to Impose reasonable restrictions if we require that there exist a simple 
relation between the structures of an embedded and ambient manifolds. Mean¬ 
while. the notion of embedding proves useful. 

DEFINITION 7. We call any subspace A/, in N m which is the Image of a certain C'- 
embcdding/: M" — A/ m with the C'-structure induced by the homeomorphism /, a 
submanifold of the C'-manifoId N m . 

The submanifold and manifold structures happen to be related in the following 
simple fashion: for a certain atlas [(l/,, y> 0 )) of a manifold N m . the intersection 
U a IT A f] is (if nonempty) the image of the subspace R" C R m = R” x R” ~ " 
under the homeomorphism c>„, the restrictions l^„ : R n — U a O detennin- 
ing an atlas on the submanifold Af,. 

Thus, a submanifold in N m is given locally in the corresponding local coor¬ 
dinates f m on the manifold N m by the equations + , = 0, . . . 

fm *0- 

Exercise 10“. By applying the theorem on rectifying to the coordinate representation 
of the embedding/, construct (he above atlases on the manifolds N m and Ml. 

This interrelation of the manifold and submanifold structures may be assumed 
to be the basis for the notion of submanifold. 
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DEFINITION 8. A subspace AT, C N m is called an n-dimensional submanifold of a 
C'-manifoId N"', n < m, if, in a given structure of the manifold N™, there exists a 
family of charts f((/ a , <ej\,ie> 0 : R" x R m * " — I7 a such that v a (/?") = U a n at, 
when U a H AT, * 0 and AT, C U U a Moreover, the mappings v> a 1^, : R" - 

a 

— U a f) AT, determine a C-atlas specifying the structure of an n-dimensional C r - 
manifold on AT, (Fig. 88). Such a structure on the manifold AT, C A'”’ is called a 
structure compatible with the structure of the manifold N m , or simply the structure 
of a submanifold. 

The equivalence of Definitions 7 and 8 is obvious. 

Exercises- 

11°. Verify that ((£/„ n AT,, *>„!.„)!, (l/ a n AT, * 0) is a C'-atlas on AT,. 

12°. Let AT" be a CT-submanifoldin R N = R n x R* ' " (see Sec. 2) and ({/(*). y>) 
the chart at a point are AT". Show that (i) there exists a C-diffeomorphisro 
7 : R n — C'(x) from the space R N onto a certain, open in R N , neighbourhood 0(x) 
of the point x, such that 

£•*,, = *>, (A) 

(ii) the set of charts 

l(0(*). U V> <« 

forms a C-atlas on R s (in the sense of Definition 2, Sec. 3). 

It follows from Exercise 12 that TT^with atlas (5) is a C'-manifold. and AT", due 
to (4), is its submanifold- (This justifies the term a ‘C'-submanifold in R N ' given in 
Sec. 2. However, to be more precise, the term a 'submanifold of a C'-manifold /?‘ v ’ 
should be used instead.! 

Example 7. The equator of the sphere S 2 (See Example 3) is a submanifold, 

Exercise 13°. Show that the graph of the mapping f(x) a lx I, xe /?’ is not a sub¬ 
manifold of R 2 . 

Submanifolds often emerge not as images under certain mappings, but as inverse 
images. The following important theorem happens to be useful not only in con¬ 
structing new manifolds but also often facilitates the proof of the fact that the 
spaces under investigation possess the manifold structure. 

THEOREM 4. Let f : AT" — N'" (n 5 AT) be a C f -mapping of C'-manifolds 
(r > I), i submanifold in A"" consisting of only regular values of the mapping f. 
Then AT, =■ f~ 1 (A'f) is either empty or a submanifold in AT" of dimension 
n — m + k 

PROOP Assume that AT, * 0 . Let x a be an arbitrary point in AT,. Since is a sub¬ 
manifold. there exists a chart (V. if), {f{x£ e P) from the maximal atlas for the C r - 
structure given on A"” such that the pair (P flN (l ( 1^,) is a chart of the maximal 
atlas for the C-struclure on -V*. Let \u, <t>), (x 0 e IS) be a chart of the maximal atlas 
for the C'-struciure given in AT" such that f(U) C Then, from the data given, 
ip ~ , (*o) is a regular point of the mapping 4> = '/*> : y>~ 1 (t/) — R m and, by the 

theorem on readying a mapping, there exist an open neighbourhood 
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V(ip~ , (x o)) C/f" of Ihe point y>~ '(Xg), an open set W C R" and a C'- 
diffeomorphism F : ~ 1 (x^» — IF. such that the mapping <PF~ 1 on the set W is 

the standard projection of R" onto R m . Note that t»(K(y> -1 (aj))) is an open 
neighbourhood in M" of the point and the pair (v>( V(>p~ 1 (^o))). f>F~ *) is a chart 
of the maximal atlas for the (/-structure given on AT*. Since W“ l is the standard 
projection, and the set 

o))) n A/,) C R m 

consists of points of the form (JT|. . . . , x k , 0. . . . , 0), the set 
Fv "'(»>( f'tre -1 (Xq))) n A/,) c R* 

consists of points of the form (tr l( ... . x k , 0.0, x m + . . . , x n ). Thus, the 

chart 1 . <?F ~') in M n possesses the property 

(vF-')iR* ~ m * * n tV) = *(K(v.-'(*,,») n AT,. 

(Here R" ~ m * * = fre R" : x k ^ ,=...= x m = 0}.) Such a chart can be con¬ 
structed for any point x 0 e AT,. This proves that AT, is a submanifold in AT" of 
dimension n — m + *. ■ 

Example B. It follows, in particular, from Theorem 4 that Ihe inverse image of a 
regular value of the mapping/ : AT" — N m is cither empty or a submanifold in AT" 
of dimension n — m. 

The following fundamental fact is given without proof. 

THEOREM 5 (WHITNEY) Any C'-manifold M" can be C-embedded in the Eucli¬ 
dean space R?". 

The theorem may be given another enunciation: 'Any manifold AT" is dif- 
feomorphic to a submanifold of the Euclidean space ft 2 *’. 

Since we agreed not to distinguish between diffeomorphic manifolds, it may be 
seen from the latter theorem that the abstract notion of manifold is not wider than 
that of submanifold in Euclidean spaces, and we could confine outselves to their 
consideration only. However, this is not always expedient. Many problems leading 
to manifolds can be solved by a simpler method without involving an embedding. 

3. The Sard Theorem. The Notion of the Degree Modulo 2 of a 
Mapping . The fundamental theorem about the ‘quantity’ of nonregular values 
of a smooth manifold is used in analysis quite often. 

THEOREM 6 (SARD). Lei f : AT" — IV* be a C-mapping of C-manifolds If 
r & max (n — m, 0) + I. then the nonregular values of the mapping f form a sel of 
measure zero in N m . 

Omitting quite a complicated proof, we make it clear that a subset A of a C r - 

manifold N m has measure zero (mes A = 0) If A = U A k , where each A k is con- 

* » l 

tained in a set U k of some chart (U k . f k ) from the atlas on Id™ and v k '('4*) has 
measure zero in R m . Thus, the Sard theorem states that there is a ‘relatively small’ 
quantity of nonregular values of the smooth mapping/: AT" — Af". 

Exercise 14°. Verify that the set of regular values is everywhere dense in N m , 
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In conclusion, we introduce the concept of the degree modulo 2 of a mapping. 
This important characteristic of mappings proves to be quite useful in applications. 

Let /: Af — N" be a (/-mapping of (/-manifolds (r > 1). Moreover, let N" be 
connected, and/proper*. If/ e N" is a regular value of the mapping/then/ -1 0')is 
a submanifold in M " of dimension zero or empty. Since/is proper, the submanifold 
f~ 1 (y) is compact and therefore consists of a finite number of points k(y) (k = 0 if 
f~ ’(/) = 0). Using the Sard theorem, it can be shown that the residue class mod 2 
of the number k(y) does not depend on the choice of a regular value y e N” of the 
mapping /. This residue class is called the degree mod 2 of the mapping f and 
denoted by deg 2 {/). 

We indicate the simplest application of this notion. 

THEOREM 7. // deg 2 (f) * 0 (hen (he mapping f is surjective. 

Proof Consider an arbitrary / 0 e AT. lf/ 0 6/(Af") then, obviously. f~'iy$*0- 
If y 0 e f(M") then y 0 is a regular value of the mapping /. and moreover 
f~ 1 (/ q ) = 0. Therefore, kiy^ =* 0 and deg 2 (/> = 0. ■ 

6. TANGENT BUNDLE AND TANGENTIAL MAP 

l. The Idea of a Tangent Space. To investigate smooth mappings further 
it is necessary to construct an analogue of the differential of a function, i.e., of a 
concept which is widely used in analysis. A tangential map defined and studied in 
this section is such a generalization. But it is necessary to generalize the notion of 
tangent to a curve (and of tangent plane to a surface) at first. The necessity of such a 
generalization is also caused by applications of the notion of manifold in mechanics 
and physics. As it was mentioned in Sec. 3, the configuration space of a mechanical 
system is, as a rule, a smooth manifold. Each point of this manifold is a certain 
position of a mechanical system. Under the action of forces, the mechanical system 
alters its position. The point of the configuration space corresponding to it moves 
describing a certain trajectory, viz., a path on a smooth manifold. An important 
characteristic of this motion is velocity which changes with time, generally speaking. 
The s/ale of a mechanical system at each given moment of time is the pair Or, v), 
where x is the point of the manifold corresponding to the position of the system at 
the moment under consideration, and v is the displacement velocity of the point x. 
The collection of all states of a mechanical system is called phase space. 

A question naturally arises what mathematical concept can be associated with 
the physical notion of velocity and, moreover, how to describe the notion of phase 
space with mathematical rigour. The solution of this question is prompted by the 
simplest physical examples. Thus, when a point mass moves along a curve, its 
velocity can be interpreted as a certain vector which is tangent to the curve and 
directed along the path of motion. If a point mass moves across a two-dimensional 
surface then its velocity is interpreted as a certain vector tangent to the given surface 


* A mapping/ X— Y of one topological space to another is sajd to be proper if the in¬ 
verse image f~ 1 (JC) of any compact sin K c Y is compact In X. 
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and the path itself. The set of all possible velocities at a given point of a curve (resp. 
surface) is thus a tangent straight line (resp. tangent plane). The set of all possible 
velocities admissible at a given position of a mechanical system can be naturally in¬ 
terpreted in a similar way, i.e., as a certain tangent vector space at the correspon¬ 
ding point of a smooth manifold for the case of a general configuration space. 

2. The Notion of Tangent Space to a Manifold. Before giving a 
precise definition of this notion, it should be noted that we will now take into ac¬ 
count the fact whether we consider the n-dimensional Euclidean space as a metric 
space (under the Euclidean metric) or endow it additionally, with the vector space 
structure. In the former case, the elements of R n are said to be points, and vectors in 
the latter; we will also call R" a vector space (previously, we did not make any 
distinction between these notions). Thus, e.g., considering the derivative 
D x (f) : R" — R m of a mapping/: R" — R m at a point i 0 (sec Sec. t, Ch. IV), it 
should be emphasized that it carries out a linear mapping of vector spaces. Let R" 
be a subspace of R N . We call (he pair (a:, v) e R N x R n , where x is a point and v is a 
vector, a vector v at a point x (a vector 'marked off' from the point x, a vector with 
the 'origin ’ at the point x ). Let x be an arbitrary point in R N . We will call the collec¬ 
tion of all vectors v e R" marked off from a point x; the space R" marked off from 
the point x. This collection possesses the natural structure of the n-dimensional 
Euclidean space which we will denote by R" 

Consider now a smooth submanifold M" in the Euclidean space R N (see Sec. 2). 


DEFINITION 1. Let M * be a C'-submanifold in R N (r > 1), are M" an arbitrary 
point. Let fU, v>) be a chart on M", x e U, The tangent space TJvf" to the manifold 
M ” at a point x is the subspace marked off from the point x, i.e., the image of the 
vector space R" under the mapping ; ft” — R N . 

Recall (hat the linear mapping is given by the Jacobian matrix 



. Since rank 



n, the tangent space is of dimension n. 


We show the independence of the definition of Tjvt n from the choice of a chart. Let 
(V, ^),rt Kbe another chan. The commutative diagram (on the left) generates the 
commutative diagram of linear mappings (on the right): 



Since (U fl V) — 1 (U n V) is a diffeomorphism, D V) 

:R" — R n is an isomorphism and therefore, denoting the image by 1m. we have 
WVkrf^) “ Rn further, we obtain 
lmZ>^_i“ Im/>,“' ip)] 
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which proves the correctness of Definition 1. 

The elements of the space T^M" are called the tangent vectors to M” at the 
point x. 

For a manifold M 1 in R 3 , the tangent space TJvt 2 is a two-dimensional plane 
passing through the point x, which coincides with the tangent plane to the surface 
M 2 , usually considered in analysis. 

EXAMPLE I. Let V C R" be an open set considered as a submanifold in R". Then 
for any point x e V, we have T t U - R£. ♦ 

Extend the notion of tangent space to the case of arbitrary manifolds. In this 
case, generally speaking, it is impossible to speak of the derivative D -t w v>- 
However, from Definition 1 (of a tangent space), another approach can be deduc¬ 
ed. 

Let (U, <p) be a certain chart on a submani fold M" in/f^andxe l/a point. The 
vector (x. ■D Jc v>“ 1 (A)) from /?” is called the coordinate representation of the tangent 
vector (x , h ) e T X M” in the chart ({/, *>). A question arises how the coordinate 
representations of the tangent vector h in various charts are related. Let (V, be 
another chart, x e V. Differentiating the mapping <p~ 1 = (<p~ V)^ -1 , we shall see 
that the coordinate representations of the vector (x, A) in the charts (Li, v>) (V, tfO 
are related by the equality 

Or, D xV -'(h)) - Or. O*- “ *<Ar». (1) 

It is natural to identify a tangent vector with the set of all its coordinate representa¬ 
tions. This note can be assumed as the basis for a new definition of a tangent vector 
which is suitable for an arbitrary manifold. 

Let M” be a manifold of class C*. r ) 1. Fix an arbitrary point x e M" and con¬ 
sider Iheset Tof all triples ( x,(U , v>). h), where (£/, ^) is a chart at the point.r. and A 
a vector of the space R". We define an equivalence relation on the set T as follows: 

(x.(U.v),h) ~ (x,(V, <f,),g) m h = £>g-i w (*-V)te). 

Exercise I“. Verify that this relation is an equivalence relation. 

The equivalence class (x, ((/, <p), h) is called the tangent vector at the point x, 
and the triple (x, (U, y>), h) from the equivalence class a representative of the 
tangent vector in the chart ( U, <p). Moreover, we will call the vector h the vector 
component of the representative (Jr, (U, e>), ft) and denote it by ft*. 

We next consider the set of all tangent vectors at a point x. Denoting it by TJd n , 
we fix a chart (V, v>), x e U, and construct the mapping 

t x ; r^f" - R " (2) 

that associates each tangent vector with the component A of its representative in the 
chart (£/, *>)■ H is obvious that t x is a bisection and therefore the structure of the 
n-dimensional vector space R" Is naturally transferred to the set TJvf'. A more 
detailed examination of this fact shows that the algebraic operations of addition and 
multiplication by a number are introduced on TJvC in terms of the corresponding 
operations over the vector components of the representatives of the tangent vectors 

* Equality (J) demonstrates how the vector component vanes with a change of the chait. 
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in the chosen chart ({/, y>). If the representatives of the tangent vectors are given in 
different charts then they should be replaced beforehand by equivalent represen¬ 
tatives in the same chart. Thus, the algebraic operations on T/vf" are defined as 
follows: 

(1) |(x. (I/, *>). A)J +■ |C*. (K. *), g)l = |C<r, (U, y>), h + D,_, (*-'*)0f»I, 

(2) o[(x. (U, y>), A)] - [(*. (U. y>). ah)f. 

Exercise 2° Prove the correctness of the definition of the algebraic operations and 
verify that the axioms of the vector space are fulfilled. 

Thus, we related each point x of a manifold M” to a vector space called the 
tangent space to M” at the point x and denoted by TJvf'. 

The dimension of a tangent space at each point equals n, i.e., the dimension of 
the manifold M n . In fact, this follows from bijection (2) (with the given definition 
of the algebraic operations) being an isomorphism of vector spaces 

We adduce here another convenient definition of a tangent space. Let M * be a 
smooth manifold and x e M n an arbitrary point. We call a smooth mapping * : (a , 
b) — M ", where (o, b) is a certain interval of the number line considered as a 
manifold with the natural C"-stnic(ure, a smooth curve x on the manifold M". 

Two curves X| and X 2 °f the set of smooth curves 

X : (-a, a) — M", x(0) = x 


are called equivalent at a point x if for a certain chart ((/, y>) containing the point x, 
the curves </> ~ 'x i. v>~ 'x 2 10 possess the property 




Exercises. 

3°. Show that the definition of the equivalence of the curves x,. x 2 does n01 depend 
on the choice of a chart. 

4°. Show that the equivalence of curves at a point is an equivalence relation on the 
set of smooth curves on a manifold. 


DEFINITION 2. The equivalence class of smooth curves passing through a point x is 
called a tangent vector to the manifold M" at the point x. 

LEMMA 1. The set oj equivalence classes of smooth curves on a manifold M" that 
pass through a point x is an n-dimensionat vector space. 

In fact, having fixed a chart ({/. ys), the class of equivalent curves at a point x may 

be associated with the n-dlraensional vector a = — (y>*'x) • Conversely, each 

, d/ I, . o 

vector a determines a straight line in the space R ” passing through the point y> ‘ 1 (x) 
with the 'slope' a. while its image under the mapping v> will determine a smooth 

curve x tn R" passing through the point x and such that a — — (<p~ 'x) . Thus, 

d» L • o 
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we have a bijeclive correspondence between the equivalence classes of curves at a 
point * and vectors of the space R". 

Define the algebraic operations on the set of classes of curves equivalent at a 
point x so that this bijeclion may become an isomorphism of vector spaces: 

(i) the sum fx ( ) + Ixjl of two classes is a class lx 3 l such that 



(ii) the product X|xl of a number X by a class lx) ts a class fxxT suc h 'hat 



= x-<*-‘x) 

o at 


o 


Exercise 5°. Show the validity of the introduced operations and verify that the ax¬ 
ioms of the vector space are fulfilled. ■ 

The n-dimensional vector space of classes of equivalent curves at a point x on a 
manifold M” constructed above is called the tangent space to AC at the point x, and 
its elements arc called tangent vectors. It is still denoted by T x M n . Note that for 
such a definition of a tangent space, the isomorphism r x : TJd" — R* corre¬ 
sponding to the chart < U . y), xe U, is given by the formula 


lx) - *X) 

at , 


o 


It is natural to call the triple (x, (i/, v) — (v *x) 

dr 


the representative of the 
o 


tangent vector Jx] in the chart (t/, y>) and the vector — {<p ’x) | the vector com¬ 
ponent oj the representative. 1 " 0 

3. Tangent Bundle. The tangent space T X M” can be defined for any point x of 
a smooth manifold AC. Our next problem is to construct a topological space and 
even a smooth manifold from all vectors of this family of vector spaces that depend 
on the point x. 

Considering the disjoint union TM” = U T X M” of all tangent spaces to a 
manifold AC, we define the projection x ; TM" — AC by mapping each vector 
from T x M n into the point x. Then 

*-'(x) = TJM" 

This inverse image is called the fibre over the point x. 

Each chart ( U , y>) of a manifold AC will define the chart (x* l (f/). r„) in TM" 

r, :»->(£/) - R" x At" (3) 

as follows: assign to the tangent vector a — ((x, ( U , v>), h)] in the fibre over a point 
xe Ua pair '(x), rja), where r t is as defined earlier (see Item 2). i e., 

V = (sC'(■*), *„). 
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(x, (£/, <p). h f ) being a representative of the vector a in the chart (U, y>). It is ob¬ 
vious that t v is bijective, therefore the weakest topology can be introduced on 
ir" *(t/) so that r may become a continuous mapping and even a homeomorphism 
(sec Sec. 8, Ch. II). Since the set of all charts on ir~ 1 ((/) forms a covering of TM". 
by declaring the collection of all open sets in all charts on a ~ *((/) to be the base for 
the topology, we thereby construct a topology on TM" and convert TM" into a 
topological space. 

NOTE. According to the formal definition, the paits (rr — '((/), t~ ') should have 
been called charts on the space TM". We reversed the homeomorphisms for con¬ 
venience (verify that this change is inessential). 

Thus, chart (3) enables us to introduce local coordinates on the set ir - •({/) by 
specifying the coordinates of the pair (p~ '(x), h*) in R" x R” We will call the pair 
(y>~ 1 (x), the coordinate representation of the tangent vector a in the chart (U, 
ip), and the vector h^ the vector component (in the chart {U, <p)) of the tangent vec¬ 
tor. 

This terminology is justified by the following statement. 

LEMMA 2 If M" is manifold of class Cf, r > 1, then the collection |(rr~ 1 (L/). r^)) 
of all charts on the space TM" is aCf ~ 1 -atlas. 

proof Let (l/, <p), (F, i) be two charts on a manifold M", U O F * 0. Let 
(r~ 1 ((/), r f ), (ir _l (F), tJ be the corresponding charts on TM"\ then 
(ir — 1 (t/) fl 3r~'(F)) = IT 10 * 0. We have the commutative diagram 



where the mapping 

V))-T+l*-'(Un V)) 

is a homeomorphism of open sets into R n x R" (the transition homeomorphism 
from one set of coordinates to another). It suffices to show that t^t~ 1 c C - •. 
Since r f a = (v>~‘(x), A,), r^a = (^"'(x), /i 2 ) and h 1 = D*., (+~ VjX,, we easily 
obtain that 

ryr“ 1 (y, h) = (ty~'e)(y), D y (+- l p)h), (4) 

whence t^t~ 1 e Cf ~ '. ■ 

Note that transition transformation (4) is of a special form: the coordinates of a 
point x are transformed by means of the diffeomorphism " V, and the vector 
component h of the tangent vector a by means of the linear transformation 

Thus, the structure of a smooth manifold of dimension 2 n has been constructed 
on the topological space TM". Due to a special form of transition transfor¬ 
mation (4), such a manifold is called the tangent bundle of the manifold M". The 
new term underlines the structure of the manifold TM n which conststs of fibres over 
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Fig. 89 


each point in M” that are tangent spaces- The smooth manifold structure deter¬ 
mined by the atlas of charts of form (3) is called the tangent bundle structure. 
EXAMPLE 2. Construct the structure of the tangent bundle 75* for the cir¬ 
cumference S l C /? 2 . Considering S 1 as the set of points e “(s e R '), specify on S 1 
the C"-atlas of the two charts 


u \ = (°-l T ) 

| .v>,(3) - : | 


p, 

j . w 2 <J> = «“ • 

H)-* 


In fact.thc set t/, O U 2 consists of two connected components V t , V 2 (FiB. 89) 
and the transition homeomorphism on them is of the form 

*>j-'*,<*) = s : tej-'fK,) “ w 2 - , (F’,).t» 2 - | y>|(s)” Cs - 2x) . *>r'(K 2 ) - tPfVj), 


and is therefore a C"-diffeomorphism. The charts of the atlas on the tangent bun¬ 
dle are then of the form 


O , = (°'f * *’• 

0 2 = x '(t/ 2 ).r, i :x-‘(t/ 2 )^ * Rl - 


note. Since Ofy^’yr,) * l R ,, the tangent vector determined by the representative 
(x, ({/,, to,), h ) in the chart (t/,, yo,) is of the form (x, [U 2 , yoj), h ) in the chart (l/ 2 , 


to 2 ). Gluing the manifold 71S 1 from the direct products 

x /K 1 along the diffeomorphism - (v’i'Vy l fl i). we obviously obtain 
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the direct product S' x R 1 . Thus, the tangent bundle TS 1 is homeotnorphic to 
S' x R l . 

Exercise 6°. Let Kbc an open set in M”. Show that the tangent bundle of the set V 
regarded as a submanifold in M" coincides with * _l (F). Describe TV, V c R". 

Remember that we discussed the phase space of a system in Item 1. The state of 
a system can be now characterized by an element from TM”, i.e., the tangent vector 
a over a point x. Then x characterizes the position of the system in the configuration 
space, and the vector a from TJvf" specifies the velocity of the system. 

4. The Riemannian Metric. The tangent bundle is related to the notion 
which is important in geometric problems, viz., that of the Riemannian metric on a 
manifold. Consider a C'-manifold Af, r> 1, and its tangent bundle TM”. Let a 
symmetric, positive-definite, bilinear function A x (u, v) that, generally speaking, 
depends on x be defined in each fibre of Tfd n . We will assume that this dependence 
is of class O’ “ 1 in the sense that in the local coordinates on the chart (x ~ 1 (L/), r^) 
of the tangent bundle TM”, the bilinear function A x (t~ 'u, t~'v) in a fixed basis for 
the vector space Jt” has a matrix A Ax) whose elements are O' " ‘-functions on U. 

The form A x (u, v) is called the Riemannian metric of class C~ 1 on the 
manifold M”. It is often specified in the local coordinates on the tangent bundle as a 
bilinear form 

t.j 

where u ( ,.. . , u n , v,.. . . , v n are the coordinates of the vectors u, v of the space 
R”. The Riemannian metric enables us to measure the lengths of vectors and the 
angles between them in tangent spaces, e.g., if v 6 T x M n then the length I vt x of a 
vector vis defined by the equality BvlJ = A x (v, v). It will be interesting lo consider 
the question of existence of the Riemannian metric on smooth manifolds. 

THEOREM I On any C’-manifold M", r > 1. there exists a Riemannian metric of 
dassCf ~ *. 

Proof. Consider a certain atlas ((£/„, *>*)] on the manifold M". Let \V g ] be a locally 
finite,opcn covering of M” such that each V g lies in a certain U a (such a covering is 
there due to the paracompactness of M”). For each 0, we fix a certain number 
a — a(0) and construct a C'-partition [g„] of unity which is subordinate to the 
covering {F^). The idea of constructing a Riemannian metric is lo construct on each 
Vg (as a submanifold of M" with the tangent bundle x~ ‘(V*)) Its own Riemannian 
metric>ljj(u, v), and then by partitioning unity, glue the ‘global’ Riemannian metric 
from them: 

AJu, v) = ^ gg{x)A%(u, v). (5) 

Exercise 7°. Verify that if A$(u, v) is a Riemannian metric on V g (for each 0), then 
formula (J) determines a Riemannian metric on M”. 

It remains to construct a Riemannian metric on V fi . By the previous construc¬ 
tion, V g C t/ aW j, therefore T~’(K fl ) c x~ l (L , Q , s> ) and it ~ 1 (F fl ) belongs to the 
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chart (*~ l (C/ o(w ), ) of the tangent bundle TM". Thus, we obtain the mapping 

** “ %. w : '"’(V “ Klfl (»i» X R". <0 

Consider the bilinear form B(u . v) = u,v, + . . . + u„v n with the constant 
matrix (m/x)) = (8y)(fi^ being the Kronecker delta) in local coordinates (6). We 
now specify a Riemaruuan metric on by the equality 

/l®(u, v) = fi(r®u, t®v). u, v e T/et". x e Vg, 

where ^ is a restriction of r® to the fibre T x M”. B 

J. Tangential Maps. While studying smooth mappings of surfaces (resp. 
curves) in analysis and its applications,thcy often use the linearization method which 
consists in replacing a surface (resp. curve) by the tangent plane (resp. straight line) 
in neighbourhoods of some point and its image, and replacing a mapping by its 
differential, i.e., by a linear mapping. This method admits generalization for the 
case of mappings of smooth manifolds. 

Let / : MP — N 1 ” be a smooth mapping of class O, r > 1, of smooth manifolds 
of the same class. Let xe A/" be an arbitrary point,and <(/. <)/) charts in the 

manifolds M”, N m , respectively, such that xe U, f{x) e V\ we assume also that 
/((/) C V. Consider the representation of the mapping /in the given coordinates 


and its den >ative 

P,- lw (ir(7) 

DEFINITION 3. Let <J e T x M n be an arbitrary tangent vector at a point x, and (x. ((/, 
F), *) its representative in the chart ((/, y>). The linear mapping 

T x (f) : TJA* - T m N”, 

under which the tangent vector o with the representative (x, (U, <p), fi) is trail' 
formed into a tangent vector b with the representative {fix), {V, i), g) in tin char 
{V, <p). where g = D 'fy)h, is called the tangential map of f at the point 

xe M”. * w 

Thus, under a tangential map,a point x is ‘carried' by a mapping/, and the vec¬ 
tor component h, corresponding to the chosen chart, of the tangent vector is 
transformed by linear mapping (7). 

Exercise 8°. Show that the tangential map TJ does not depend on rite choice of 
charts. 

The verification of the following basic properties of the tangential map is left to 
the reader as a simple exercise: 

(i) to the identity mapping 1 ^ : M” — M n . there corresponds the identity map¬ 
ping 

TgM n 


= I 


: TJ* n - T^M”, 
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(ii) Ihe commutativity of the mapping diagram 



entails the commutativity of the tangential map diagram 



where y = fix), Z = giy). 

The collection of all tangential maps [T x (f)] xfSr determines a tangent bundle 
mapping 

T(f ); TM" - TN m (8) 


called a map of manifolds tangential to f 

Using smooth structures on TM" and 77V'”, the representation of the mapping 
Ttf) in the corresponding charts can be written. Indeed, let (K, tp) be a chan at the 
point f{x), and (U. <p) a chart at the point x, and moreover, f(U) C V. Consider 
the charts (ir~ ’ (IT), tJ, (k ~ 1 (10, r^) in the tangent bundles TM", 77V”, respective¬ 
ly. To a tangent vector ae t~ 1 (IT), there corresponds the pair (?~ '(*), h) in the 
chart t v ; similarly, to the vector b = Tif)a, there corresponds the pair (4/~ l f(x), 
D v -t (xj ii'~ l f‘fi)b) in the chart r^. We have the following transition transformation 

UT(f)r ; 1 : (y,ft) - ((*"VWW. D y it ' »/*>)*)) (9) 

acting from the set (1/)) C/?" x R" to the set t^(»~ 1 (F')) C R m x R m . It 

is clear that mapping (9) is of smoothness class C ~ *. 

Thus, with each smooth mapping of manifolds of class C r , r Js 1, smooth map¬ 
ping (8) of class CT ~ 1 of their tangent bundles can be associated. For the tangential 
maps of tangent bundles, properties (i) and (ii) remain valid. 

The definition of a regular point of a smooth mapping of manifolds (sec Def. 5, 
Sec. 5) can be reformulated in terms of tangential map. Let/ : A7" — A' m be a CT- 
mapping (r > 1) of C'-manifolds. 

DEFINITION 4 A point x e M" is called a regular point of a mapping f if 
rank T y (f) = min(n, m). 

Exercise 9°, Verify the equivalence of Definition 4 to Definition 5, Sec, 5. 

The advantage of Definition 4 is in its being given in invariant form, i.e.. in a 
form independent of the choice of coordinate systems. 
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6. Orientation of Manifolds. The notions of tangent space and tangent 
bundle enable us to define the concept of oriemabillty of smooth manifolds by 
generalizing the definition of an orientable surface which is quite important in 
analysis. 

Remember the notion of oriented vector space R". Two bases (e )t . . . , e n ) and 
t?i, ... , g n ) in R" are said to be of the same orientation if the transfer from one 
basis to the other is carried out by a linear mapping with a positive determinant. 
Exercise 10°. Show that orientation is an equivalence relation on the set of all bases 
in R" and that the number of equivalence classes equals 2. 

A space R" is said to be oriented if one of the equivalence classes of the bases is 
fixed in it. 

Consider a C'-submanifold M", r > 1, in the space R N . A submanifold Af is 
said to be orientable if orientations in each tangent space T x M" and an atlas ( (l/ a , 
v>„)) in M" can be chosen sucb that the corresponding diffeomorphisms 
e> a : R" — U f preserve the orientations, i.e., for any point x e f/ a ,the tangential 
map T X ‘P ~ 1 : T^M* — R" transforms the chosen orientation of the vector space 
Tjt4" into a fixed orientation of the vector space R". 

Otherwise, the manifold is said to be non-orientable. 

An atlas satisfying this condition is called an orienting atlas. It is dear that for 
an orienting atlas, the diffeomorphisms <p a : ft" — U a are compatible with each 
other. Tlte predse meaning of this compatibility is expressed by the following exer¬ 
cise. 


Exercise 11°. Show that any two charts (U a , v a ), (U„, v> B ) from an orienting atlas 
are positively compatible, i.e.. possess the property ofthe determinant of the mapp- 
m B D *_, (#- V 0 ) : R" — R" to be positive for any point xetp~ l (U a D U B ), 

conversely! if any two chans of an atlas are positively compatible then the atlas is 
orienting. 

The property expressed in Exercise 11 is used in defining an orientable manifold 
(not necessarily embedded in R N ). 

We introduce an equivalence relation on the set of onenting atlases: two orient¬ 
ing atlases are equivalent if their union is an orienting atlas. 

The choice of one of the equivalence classes is called an orientation of the 
manifold. 


Exercise 12°. Verify that for any manifold, the number of the equivalence classes of 
orienting atlases is even, and in the case of a connected manifold equals 0 or 2. 

The simplest example of an orientable manifold is the space R". In this case, the 
atlas consisting of one chart (R", l^„) is orienting 

Exercise 13°. Show that any manifold that possesses an atlas consisting of one chart 
is orientable. 

Exercise 13° gives us another example: an open set in R" and. therefore, any 
open disc D" are orientable. 

The Cartesian product of orientable manifolds is another example of an orient- 
able manifold We leave the proof of this fact as an exercise to the reader. 


Exercises. 

14°. Construct an orienting atlas on S" 
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15°. Show that the manifold G K (R") is onentable for an even n, 0 < k < n. 

As to non-orientable manifolds, these are, for example, a Mflbius strip and the 
projective space RP" 1 for an even n - 1 > 0. We do not give the proof here. If 
n — I is odd then RP” ~ 1 is ortentable as it follows from Exercise 15°. 

NOTE. Mind that when n = 0, n = 1. any manifold Af is ortentable. 

The notion of orientation enables us to perfect the degree modulo 2 of a mapp¬ 
ing, the notion introduced in Sec. 5. In considering a mapping of oriented 
manifolds, we will count the number of points in the inverse image of a regular 
value algebraically with a • +• ’ or ‘ -' sign, depending on whether or not the tangen¬ 
tial map at this point preserves the orientation rather than counting it modulo 2. As 
well as in the case of the degree modulo 2, it can be shown that this number does not 
depend on the choice of a regular value; this is called the degree (oriented) ofa map¬ 
ping /and denoted by deg (/). Theorem 7, Sec. 5, is valid for the degree deg (/). In 
the case of smooth mappings of spheres, the degree of a mapping so defined coin¬ 
cides with the degree of a mapping introduced in Sec. 4, Ch. HI. 


7. TANGENT VECTOR AS DIFFERENTIAL OPERATOR. 
DIFFERENTIAL OF FUNCTION AND COTANGENT BUNDLE 


I. A New Definition Of a Vector. We continue the study of the tangent 
vector and give its definition in terms of the differentiation with respect to a vector. 
This enables us to give a new interpretation of the tangent bundle. 

Consider the Euclidean space R n and a C"-function / defined in a 
neighbourhood of a point x"e R". Consider the vector space R"^ of all 
e-dimensional vectors at the point jt°. If (x 0 , v) is a vector from R"& then the 

derivative — /(jr° + tv) I , where f ^ 0 is a numerical parameter, is called the 
df - o 

derivative of the function f with respect to the vector v at the point je°.(In analysis, a 
vector v of unit length is usually considered, and a directional derivative is spoken 
of.) We have the following formula in the coordinate system 


%-fU 0 + tv) 
af 




(grad/te*), v). (1) 


where , x n , v ( .v n are the coordinates of the point * and vector v. 

Denote derivative (I) by f v (x°). For a certain vector v and point jr°, we have obtain¬ 
ed the correspondence / —/ v (x°) determining a certain function (functional) i y 0 
which is given on smooth Functions in neighbourhoods of the point x° and with 
values in R 1 , It is obvious that this functional is defined on the germs/^>of smooth 
functions at the point x°. Thus, we have the mapping 

IW- ~ *'• ( 2 ) 

From the definition, the following properties of functional (2) can be deduced 
(I) fjot h) " Cl) + s(*°)f£o(/) (the formula for the derivative of a 

product); 
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(2) fJo(/) = 0 if / = const (the formula for the derivative of a constant). 

(3) (So(g/ + 0g) = or/Jotft + >)lx 0 (£), a.ffsR 1 (the linearity). 

Consider the set of all functionals l : #Qc°) — R 1 that satisfy properties (1), 
(2) and (3). It is evident that (/], is a vector space and be l/U Now, if the vector v 
•ranges over’ the space R^, the 0 mapping 

- M<o. to 

Is given rise. 

THEOREM I. Mapping (3) is an isomorphism of ihe vector spaces R"^ami (/J^. 

proof The lineality of mapping (3) follows from formula (I). Mapping (3) is a 
monomorphism: if = AJJ, then (grad/(x°), v) = (grad/(x°). w) for any function 
/which is smooth in a neighbourhood of x°; putling/to = x, (the coordinate of the 
point x ), we obtain the equalities » ( « hj, I s 1, , , , , i.e., v => tv. 

Prove (hat mapping (3) is epimorphic. We have 

m n 

/to = fix 0 ) + £ Ai(x°)(x, - xf) + £ ^toC*i - -«?H X) - *$)• 

I - 1 !J~ 1 

where 


AiQft* 1,- n, (5) 

3*1 

and /ty(Ar) are functions of class C” (see Ex, 4, Sec. 1). 

Now, let / : ^fx°) — /? 1 be an arbitrary functional from J/)^ Using axioms (1), 
(2) and (3). we obtain from (4) that 

*• It 

'</> = £ - *f> = £ /i,(x°>/to). 

• “ i i - i 

where /(x,) is die value of / on the germ of the function x jt i.e., on the coordinate 
of x. 

Using (5), we obtain, finally, that 

where v, = /(*,).. . . , v„ = /(f„). ■ 

Due to isomorphism (3), the vector space KJ, can be identified with the 
fl-dimensional vector space (/j^o of all functionals satisfying axioms (1), (2) and (3). 
By means of the coordinate system in R" and using equality (6), each functional 
can be associated with the differential operator 
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acting on smooth functions according to the formula 



■*!>£(© I 



Exercise 1°. Verify that the set of all differential operators (7) forms a vector space, 
and the indicated correspondence specifies an isomorphism with the vector space 

(V 

Thus, we have another isomorphism, be., that of the vector space with the 
vector space of differential operators (7). Under this isomorphism, to the basis vec¬ 
tor e, = (0.0, 1,0, . ,0) (where 1 is in the i-th place), there corresponds the 

a I 

differential operator — 

9*1 

2. Tangent Bundles. The interpretation of the space of vectors at a pointer 0 
given in item 1 leads to the corresponding generalization of this notion for smooth 
manifolds. 

Let M" be a manifold of class C“, and x° a point from M". Consider the algebra 
i^tx 0 ) of germs of smooth functions at a point x° (see Sec. 4) and the functionals 

( 8 ) 

Exercise 2°. Let ((/, f) be a chart at a point x° of a manifold M" Verify that the 
functional l x0 determined by the equality 

for any vector v e K" specifics functional (8) satisfying axioms (1), (2) and (3) 

DEFINITION i. The set of all functionals (8) satisfying properties (1), (2) and (3) is 
called the tangent space to the manifold M” at the point x°. 

The tangent space Ty^Vf" is a vector space with the natural algebraic operations. 
An individual element f x0 from r x0 M n is called a tangent vector to the manifold M” 
at the point x°. 

The correspondence /' _ 1{j0) - /y, (see Ex. 2) happens to be an isomorphism of 

the spaces and In fact, the linearity of the mapping is obvious, and 

the inverse mapping Is given by the formula 

= !*<£*-').ge ^(y-'Cx 0 )). 

where are the algebras of the germs althe points ^-'(x 0 ) e R", 

x° 6 M", respectively. It is convenient to assume, henceforward, that the functional 
1^ is given not only on the germs g e (?tjP) but also on the functions g which are 
defined in a neighbourhood of the point x° (we set t^tg) - /^(J)), and write l^ig) 
instead of /^(g). 

Let <b ; M” — N m be a smooth mapping of manifolds and let x 8 <= Af", 
y° = ct(x°) e N m . The mapping 4> induces the mapping $ : C'Xy 0 ) — <F(x r ') between 
the algebras of the germs according to the rule g e 0Xy°), £—/,/ = g*. This 
enables us to define the tangential map by the rule 

W* = lyo, where /y, = /,<,* 
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The action of the mappings 4» is shown in the following diagrams 



- o(y°) 

Cn. 

s’'*’ 


Exercise 3°. Verify lhat is the tangent vector at the point y° of the manifold W' n 
and that 7^(40 is a linear mapping. 

The tangential map 7' x0 (4>) is often denoted by (♦,) J1 a (or 
Exercises. 

4°. Show lhat [(1^) *1,0 = If * : AT — N™. ♦ : N m — P k are smooth 

mappings of manifolds then [(♦*). ]^ = (*•)♦(*»)(*.)*o- 

5°. Prove that if * is a diffeomorphism. then (*,;*<, is an isomorphism of vector 
spaces (and therefore m = n). 

We now pass on to the construction of the tangent bundle. Just like in Sec. 6, 
put TM n - U TJrl" (disjoint union). The problem is to determine the struc- 

X I: M* 

turc of the-tangent bundle on TM”. We specify the projection x : TM n — M” by 
associating an element l x 6 T t M n with a point xe M”. Let (C/, v>) be some chan at 
the point x. We construct the chart on the tangent space corresponding to the chart 

- K" x R n . (9) 

Let l x e T X M”. Then the tangent vector f _ , w is defined on the algebra 
according to the rule 


In view of the isomorphism of the space of differential operators and the tangent 
space (see Ex. 1), we have 


T 

v 


*«» 



( 10 ) 


where the differential operators — act at the point v ~ 1 ft) = ft,. x n ) and 

ax, 

v = (v,,. . . , v n ) is a vector determined uniquely. Mapping (9) is given by the cor¬ 
respondence which is linear on each fibre ir~ , (x): 

(r-t* ...v„). (11) 


The bijectivity of this mapping is evident; as in Sec. 6, we define the topology on 
TM" by the condition for the continuity of mappings r f for ah charts of a certain 
atlas on the manifold M" 
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Show that mappings (9) and (I l) determine the structure of a tangent bundle. If 
( V, is another chart at the point x then the tangent vector f, _ ,. . is determined 
similarly: * 

7, + --- +(,2) 

where w = (w,, .... vv„) is a vector at the point ^ ' '(■*) = (y ( . y„). and the 

mapping r^ acts according to the rule — (y,. y„; w,, . . . , w„). 

Let us calculate r^r ~We have the following mapping of class C": 

IVi.>„) - tA- Vtx,.*„) 

- (W Hi(*i» •.. H„(*i,... ,x„). (13) 

Expressing tv,, .... w„ in terms of v„ . . . , v n and setting g e &X4>~ 1 Of)), we 
derive the following equality from (12) 


r , . dg 

V» w («) = "l — + • < • + w , 


dy, 


3g 

1 ay.' 


but 


^-i U) (e) - i x W ') - i x tol> W ’) = 


Now, using formula (10), 


*- >ur 


. ate^-’v>) 

V, -r - + . , . -f v 


ax, 


ax. 


and comparing two expressions for ^-i w (g), 




atiwH 




T=1 

t-1 


Since the germ g e ' W) is arbitrary, we may put g(y„ ... ,y„) « j/,. Then, 

from (13), we obtain: 

(WV)C*i. x„) » WV),C*I.*„). 

and from the previous equality, 

aw V),r 




.*„>• i = l. 


(14) 


Transforming the coordinates as in (13). the vector component of the tangent vector 
is transformed by linear transformation (14) with the Jacobian matrix 

( 3(,t-V)\ 

—-j , i.e., by the linear transformation v>)- Transformations 

(13) and (14) smoothly depend on the point •p~ i (x) and thus determine a transfor- 
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mation t^t~ ' of class C". The special form of this coordinate transformation 
means that the atlas |(tr _l (L/), r # )j on TM determines the smooth tangent bundle 
structure. 

Exercise 6°. Consider the Euclidean space R" with the structure given by the atlas 
consisting of one chart (R n . 1 B „). Verify that TJK" is isomorphic to /?£. 

We may now consider TR " to be the set of all pairs (x, v), where x e R" and 
v e R*. We may also assume that 


( / 

a 

9 NT 

r„ . 

, . , at,: v. — +■ . . 

, . + V„ - 1 I 

IA ' 

" 'ax, 



where , x„ arc the coordinates of x, and v,,. -. , v„ are the coordinates of 

v; the mapping r. determines the only chart of the corresponding atlas on the 
tangent bundle Tip': 

X "’ V| 3sri + ‘ ' + . . . . ° 5) 



Thereby, the direct product structure is introduced on TR" which is said to be the 
trivial tangent bundle. 


Exercise 7“. Show that mapping (9) decomposes into the product 
acting according to the rule 



v i 




r| *” 




Of,. 


f X-, v |i • • ■ ■ v„). 


It is often convenient to work not with the coordinate representation of the vec¬ 
tor l x , but with its image (y>~ , )./ 1> the vector component of the latter being 

d a 

v, — + .. . + v„ — . On changing a chart (changing the coordinates), its coor¬ 


dinates v,, 


, v„ in the basis 



are transformed by formulae (14) into 
i 


the coordinates tv,, . . . , w r in the basis 



1 


3. Tangential Maps. Let 4> : M " — N m be a smooth mapping of manifolds. 
For each reM", we have a linear mapping ($ . )^ : TJvi" — 7yv m , where 
y = 4>(x). Thereby, the mapping *. : TM" — TN m is defined. Let us verify that 
4>. is a smooth mapping of tangent bundles. 

Let (C/, v) be a chart at the point x, (V, i) a chart at the point y, l x e T x M", and 
/ y = (4>.)^. Due to (11), we have 


'*-*■<* ...O.'y-O't. 


.*%>■ 


06) 
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and it is now required to Find the transformation 

«>(*.>*> 1 <*!.■•• . V *v • • • . v „) - O ',. * • » . *>„)■ ( 17 ) 

Since W'**>)(*,... . ,x„) = O' t , , . ,y m ), it remains to find the relation be¬ 

tween jv,) and |w,j. If | s V))then the following equalities are valid 

T.. u Jg) = 

But taking into account that the first and the last functionals are equal to 


P dg 

k’‘». 




respectively, wc obtain, just like in deducing (14), by equalizing (18) to (19) and put¬ 
ting g e> y t , that 


”-E 


8(»~'♦?),■ 


Hence, mapping (17) is of class C". Formula (20) affirms the fact established earlier 
that the vector component of a tangent vector is transformed by means of the linear 
transformation i w (V"‘*v>). 

4. The Differential of a Function and a Cotangent Bundle. Con¬ 
sider the action of a vector /»e TM” on the function/./e If the function/ 

is fixed then there arises a lmear functional on the space TM” : In - This 

functional ls denoted by the symbol ( 40 ^j and called the differentialof the function 
f at me point x°. 

By definition, (df) ^ m ^ 

Thus, (cj/Vj belongs to (T the space conjugate to the space T <0 M* having 
the natural vector structure. 

Let (U, >p) be a chart at the point x^and (x,(x)l" _ , the local coordinates of a 
point xe U. Below, we identify tangent vectors with their corresponding differen¬ 
tial operators. Let f — 1 be a basis for T M n , and (dx\) n the differential 

i dx i ^ 

of the function x ( (jr), then 
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(&U = 0 when I * J, & h — l). Therefore _ , is the basis dual of 

n 

in (T t0 Af”)*. Hence it follows also that ( T consists of all 

I - 1 

possible linear combinations [o^dx,)^ + . . , + a„{dr„) j(( || with real coefficients. 

For an arbitrary function /. / e e^Cx 0 ) and vector /« - v, — 

dx, l *o 

d I 

+■ . . . + v — | , we have the decomposition: 

a *„ I * 0 

- W - v, ^ (*°) + -. - + v B g C*°). 

By means of (21), we obtain 

It 

(*frW,-(**,( £ 

and, substituting in the previous equality, we find: 

n 

woy*»=(£ g-cx^dx,)^. 

/ - l 

Due to the arbitrariness of e T j(0 M n t we have 

toOy> * <**X<»*t)ai + • • • + 

Replacing x° by an arbitrary point xeU, the latter formula can be rewritten in a 
more convenient way: 

MO* - (x)dx . (22) 

dx \ dx n 

Here IdX/jj 1 are the basis differentials at the point x. Formula (22) justifies the 
name of a “differential’ for (4/\. 

Let us deduce from (22) the relation between the differentials of the coordinates 
of various local coordinate systems at the point x. Let (V, 0) be a chart that defines 
the coordinates « j, xe K. lfxet/O V then the coordinates jx,(x))?_ i 

and i are related by the transformation <l>~ V (see (13)). From (22), we 

have the equalities 

< d >A = ^ Cr)dx, + . . . + i?L (x)dx n . 
ax, dx„ 

but 
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therefore 


T-flM = /-<*" V),C*i. *„), 

dXj dXj 


«*)* - 


a 



atr'f), 

ax, 


dXj, i = I, . . , n 


(23) 


Thus, in transition from one system of local coordinates to another, the differen¬ 
tials of the coordinates considered as functions of a point on a manifold are 
transformed by formulae (23), i.e., by the linear transformation given by the Jaco¬ 


bian matrix 




Consider the disjoint union T’M = \J We construct the struc- 

xeto” 


turc of the vector bundle on T’M", The natural projection p . T’M" — M” is 
defined. Let ( U , <e) be a chart on M", \x,Mi the local coordinates of the point 
x e U. We define on T’M" a chan 

a v :p- l (U)~ R" x R n , (24) 


by specifying the mapping according to the rule 


£ “A ~ A,. . . . (25) 

i - I 
A 

where £ afix i is an element from the fibre p” 1 Cx) = (T^1")’ 

i - i 

Let us show that ((p ~ 1 (C/), o^)] is an atlas on the C“-structure if f (U. c>)l is the 
atlas on the manifold M". Let (V, ^) be another chart at the point x, determining 
the local coordinates [y,fcr)|" , and 

o+ :p-\V)-R" x R" (26) 

another chart on T’M ". It is clear th ttp -1 (t/ O K) = p~'(U) fl p 1 (K) Conse¬ 


quently, ifreUfl V then to the element 
may be assigned: „ 


£ the coordinates in chart (26) 

i - 1 


£ “fix, -0>, . y„;b . . ). (27) 

I - 1 


We conclude from (25) and (27) that ihe elements in (T x \f n )* coincide: 

It A 

£ a,(dx,) x - £ b, 

I - I i - t 


( 28 ) 
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It is not complicated to derive the relation between [a,) and [ft,! from (28). In fact, 
substituting the expression (dy, ) x from (23) tn (28), and then equalizing the coeffi¬ 
cients of the same differentials dx, on both sides of the equality, we obtain: 



where • denotes the operation of transposing the matrix. Hence, the vector compo¬ 
nent of an element of the fibrep* '(x) is altered in the coordinate representation on 
changing the coordinates by a rule which is different from that for the vector com¬ 
ponent of the tangent vector, viz., it is transformed by means of the matrix 

. whereas the vector component of the tangent vector is transformed 



by the Jacobian matrix 




The quantities which change by this rule 


on changing the coordinate system are called covectors. The elements of the set 
(TyVf)* are called covectors at the point x. 

It is clear now that on constructing charts (25) for all charts of a certain atlas on 
M”, we will transform the set of all covectors, i.e., T'M n , into a smooth manifold; 
this manifold is called a cotangent bundle. 


8. VECTOR FIELDS ON SMOOTH MANIFOLDS 

The concepts treated in this section are important both for a great number of 
mathematical disciplines (such as differential equations, dynamic systems, topology 
of manifolds) and for applications to mechanics and physics. Here, these relations 
will be outlined in the most elementary form. For the simplicity of enunciations, we 
shall consider all the objects to be of class C°°, calling them smooth, just like we did 
in Sec. 7. 

i- The Tangent Vector to a Smooth Path. Let m" be a smooth 
manifold. Recall that a path in M" is a continuous mapping x '■ (a. ft) — Af” of an 
interval of the number line into the topological space M". Since (a, ft) is a smooth 
submanifold in R 1 , smooth mappings x can be considered while referring to the 
path as smooth. 

Let x be a smooth path in AT, and x(t) a point of this path, t e (a, 6). 

DEFINITION l The tangent vector to a path x at a point *(/) is the tangent vector 
! xVt to the manifold M" at the point *(0 determined by the equality 

I, (0 (D = -£/(x«»I,./€ <?(x(D). 


(1) 
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Exerase 1°. Verify that the right-hand side in (1) determines a tangent vector to the 
manifold M". 

The tangent vector to the path *(f) is usually denoted by y ’ (r). Let us find the 
coordinate representation of the vector x' (<)• Let (t/. v>) be a chart at the point 
x</). Consequently, if g e ^(v>* 1 Cx (<)))> then 


'xl /)<**> 


di 


x(0)l, 


d*,(/) H_ 

dr dXi 


<M0. 


where w -l x(0 = C*|(0. • - - . ( ! )) is the corresponding path tn R". Hence, we 

derive the coordinates of the vector x ‘ (O in the chart (U, *j): 


rj. 


v'x (« 


= ^xt(0. - ■ • 




dx,(f) dx B (/)\ 

df . d t )' 


( 2 ) 


Hcrex'(f) ■= (xj(r), . . . , x„(()) is the vector component of the tangent vector. 

If A x (u. v) is the Riemannian metric on M", then the length llx (r)H x(0 of the 
tangent vector to the path and the length of the portion of the path when 
f| < t $ f 2 are determined: 

*2 'i 

S', ? = tV>l x(0 (x (f).x (')) <it = j «x'(f)l x „,dr. (3) 

'i 'i 

In local coordinates, formula (3) is the following 




<*</»£ ^d, 

it it 


'2 

J \lg 0 t,xiO)ix,iXj. 


where gjjfx) is the corresponding matrix of the bilinear form. 

2 . The Dynamical Group of a Physical System and Its In¬ 
finitesimal Generator. The notions of smooth path and its tangent vector 
find natural application to the mathematical investigation of physical systems. 

We will speak of the set of all possible states of a physical system in some process 
and call it the phase space of the system while assuming that it is a smooth manifold 
M". Then x e M n denotes a possible state of the system, and the correspondence 'a 
point x — a state’ is bijective. The state of the system varies with time in accordance 
with a law of physics, and therefore the poinlx corresponding lo this stale changes 
its position F with lime. We will assume the process to be determinate, which means 
that the state of the system is determined uniquely, in future and in the past, by Us 
present state. Such processes are described by the dynamical group of a physical 
system defined as follows: if x e M" is a point marking the state of the system at the 
present moment (when t = 0), then to the state of the system at a moment r, there 
corresponds the point x — x(*> *)> x(*. x)e M", x(0, x) - x. Thus, the point X 
describes the path x = x(t,x), — on < t < + oo called the phase trajectory (orbit) 
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of the point x. For any te(-», +<»), the transformation U, : M” — M" is de¬ 
fined by the rule jt — x(t, x). Due to the determinacy principle, we have: 

y t, ttjW = +«). 

Hence the family of the transformations ((/,] is a group with the inverse element 
(l/,) -1 = £/_, and the unil element U 0 = 1^ 

This group is called the dynamical group of the physical system. We will assume 
that the mapping R 1 x M* — IvT : (l,x) — t/,(x) is smooth; in this case, the group 
of the diffeomorphisms (t/,| is said to depend smoothly on I. From the point of view 
of physics, to know the dynamical group means to possess a complete description of 
the behaviour of the system with time. Such a description is not always possible. 

The laws of physics are generally formulated much simpler in ‘infinitesimal 
form’, which means the following: consider an orbit x(0 = x ( f . x ) and its tangent 
vcctorx' (0) (at a point*). For any pointjce M”, we put Xfx) “ x ’ (0) The collec¬ 
tion of tangent vectors yf(x)) is called the vector field on the manifold M". this field 
is also called the infinitesimal generator of the dymanical group. A physical law is 
usually expressed by describing an infinitesimal generator. But then the problem of 
constructing (describing) the dynamical group is given rise. 

Below, we shall study the notion of vector field in greater detail. 

3. Smooth Vector Field. A vector field on a manifold M ” is a mapping 

X : M" — TM n (4) 

such that Xlx) e T x M n for each x e M”. A vector field is said to b csmooth (of class 
C") if mapping (4) is smooth (of class C°°). In local coordinates, the vector field is 
of the form 

(*!••■ .*„)^- + ... +x„(*. (5) 

Exercise 2°. Show that the smoothness of a vector field is equivalent to the 
smoothness of the functions X,(x t , . . . , x n ), t = 1, . . . , n. 

Let U, be the group of diffeomorphisms of a manifold M ", depending smoothly 
on /, and let x(f,rr) = U,(y) be the orbit of a point x. 

DEFINITION 2. A vector field X (x) is called the infinitesimal generator of the group 
U, if for any orbit x(<) = x(t. ■*)> we have: 

X (0) = *(*)• (6) 

Exercises. 

3° Show that equality (6) is equivalent to the equality 

x'V) = X(x0)). t e (~=o. co). ( 7 ) 

Him: Use the equality x(r) = Ufi r) ana a group property (Ufl,lx) = U s x ,(*)). 

4”. Show that the infinitesimal generator Xlx) is a smooth vector field 
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Consider the problem of seeking a group U, for a given smooth vector field 
X(x). We will look for the orbit x(0 = x(r. *o> using condition (7). In local coor¬ 
dinates, we have a system of differential equations 

^ = -*,(*[(0,. . . ,x„0))'i - 1. n, (8) 

0/ 

where (x i U), • ■ . . x„(t)) is the coordinate specification of the path x. and X,, 
... , X„ are the coordinates of the vector component of the tangent vector A'Cc) 
(see (2) and (5)). The functions X l (x l , . . . ,x„) depend smoothly onx,, ... ,x n . 
To find the orbit (more precisely, that portion of it which lies in the chart), it is 
necessary to find a solution of system of differential equations (8) such that satisfies 
the condition Xi(0) = x®, . . . , x„(0) = x®, where (x®.x®) are the coor¬ 

dinates of the point x®. Using the theory of ordinary differential equations, a unique 
solution x(f) = x(fi*) may be found for a sufficiently small interval —e<r<c 
and x from a certain neighbourhood of the point x®, xU>x) depending smoothly on 
t, x. But to construct the group U,, it is necessary to extend the solution x(<, x) to 
the whole axis - ® < t < oo for any x fc M". This cannot be always done (an ex¬ 
ample being the equation y' = y 1 on R 1 ). However, if M" is compact then the re¬ 
quired extension exists, which can be easily verified by the methods of the theory of 
ordinary differential equations. In this theory, the following theorem is proved. 

THEOREM 1. FfM n is a compact,smoolh manifold and X a smooth vector field then 
the latter is the infinitesimal generator of a one-parameter group of diffeomorphams which 
depends smoothly on the parameter. 

Note that orbits arc often called integral curves of the vector field. 

EXAMPLE 1. Let M 2 " = TQf (i.c.. the case considered in mechanics, where Q" is 
the configuration space which we assume hereafter to be a smooth manifold) Let 

the local coordinates in Q" be (q,, .... q„), and those in TQ n (q x . q n \ v,, 

• • • . v n ). 

The vector field on TQ" of the form (the vector component) 


a a a a 

Lg. V = V 1 =— + • • • + ‘V. r- + “|(<7. v > 7— + • • • + o„(<7. <0 


Vi - 

'aq, 




5v. 


3v„ 


with smooth functions or,(q, v).«„(q, v) is said to be special The integral 

curves of this field are described by the system of differential equations 


dq, dv, 

- = v„- = «,(q. 


.. .. = l.. 

which is equivalent to the system of the second order 

d 2 q,. 


d/ 2 


a, 


(•.«-■£ .I')"-'.- 


(9) 


Classical mechanics operates with equations of form (9). 

Exercise 5°. Find r,L ?- where x : TQ" — Q" is the projection. 
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4 . The Lie Algebras of Vector Fields. Let c“ cm") be the set of ail 
smooth mappings/ : M" — /?*. A smooth vector field X on M” determines the 
mapping C°°(M") - C“(M") by the rale/ - Xtf ), where X (/)(*) = for 

any point x from W". If (in local coordinates) 

n « 

X(x)= *<(*)£-. then W)U) = a, 


It is obviously a Unear mapping of the vector space C“(M”). 

If X, Y are two vector fields then their product, the commutator (X, Y), may be 
defined by the formula 

[X, Y)(f) = X(Ytf )) - YVttf)). 

Exercise 6°. Verify that [X, y] is a vector field and calculate it in local coordinates; 
show that \X, K] = -[ Y,X). 

It is evident that the set of all vector fields on M" forms a vector space (over the 
field R l ) under the natural operations X + Y and a • X. The commutator (AT, y] 
depends linearly on the factors X, Y. Thus, the set of aU vector fields on M" is an 
algebra called a Lie algebra. 

Exercise 7°. Prove the Jacobi identity 

[[X. Y].Z) +UZ.X). Y] + Ify.Z],*) = 0 

for any three vector fields X, Y, Z on M”. 

The set of all vector fields on a smooth manifold is not only a vector space but 
also possesses the structure of the module over the ring of smooth functions on M ". 
In fact, for /e C*(M"), the product / • X is defined which is a vector field 
(f • X)(x) = f<X) • XixY, it is clear that this is a smooth field depending both on/ 
and X linearly. 

The study of the structure of the Lie algebras of vector fields is one of the main 
trends in modem topology. 

S. Covector Fields. A smooth mapping A : M" — T*M” under which A (x) 
belongs to TJM", i.e., the fibre over the point x, is called a smooth covector field 
on M". 

In local coordinates, the field A is given in the form 

Aix) = .x„;a,0r)dx, + . . . + o„(»r)dv fl ), 

where o,0r) are smooth functions in the coordinates (x,, ... , x n ) of the point x. 

If/ e C" iff) then A (x) = (4 f), is a covector field on M ". It is smooth, since in 
local coordinates the covcctor component (d f), is of the form 


3*1 <>x n 




Ch. 4, Manifolds and Fibre Bundles 


211 


EXAMPLE 2. Let = T*Q" . where Q" is the configuration space of a mechanical 

system. Let (p,. q„, p,, . . . . p„) be the local coordinates on T*Q", where 

(p,, ... , p„) are the coordinates of the covector at the point (p,, . . . . q„) e Q". 
If W : T*Q" — R l — is a smooth function then 


dW 


3W 

39, 


dp, + 


aw 


aw 


+ i— + T— dP| + 


3< 7, 


dp, 


aw , 

+ - dp. 

3Pa " 


is a covector field on the manifold T*Q". Let us form a vector field on the same 
manifold, viz.. 


^ _ aw a _ + h aw a 

3p, 39, 3p„ 3p„ 3p, 3p, 3p„ dp„ 

The integral curves (9,0, .... q„0 );Pi(f), • . . .P„(0) of the field L satisfy the 
system of differential equations 


dp, _ _ _3W^ tip, = «W . ( 

dr 8pj ' dr 3p, 


( 10 ) 


In mechanics, they choose the function H to be the sum of kinetic and potential 
energies, and call system (10) the equations of motion in Hamiltonian form. 


9. FIBRE BUNDLES AND COVERINGS 

1 . Preliminary Examples. Many problems naturally give rise 10 spaces which 
are arranged, locally, as the direct products of spaces. At present, they have been 
studied quite thoroughly. However, we will only touch upon the very fust concepts. 

Consider examples of spaces having, locally, the direct product structure. 

Let M” be a smooth manifold, TM* a tangent bundle and x : TM n — M" the 
projection of the tangent bundle onto the manifold. It Is dear that for any point 
xe M”, the fibre x~ '{*) is homeomorphic to the space R" and, moreover, for the 
coordinate neighbourhood U of the point x, we have the homeomorphism 
r ~'(U) = U x R" (see Sec. 6). However, generally speaking, one cannot assert 
that there exists a homeomorphism TM" = M” x R" as, for example, in the case 
when A#" = S*. 

The tangent bundle is arranged locally (which is, certainly, a corollary to its 
definition) as the direct product U x R". That the sphere S ! has a similar structure 
is more surprising and related to the properties of complex numbers. We shall con¬ 
struct an example of a mapping of S 1 to S 2 for which the inverse image of any point 
is homeomorphic to the circumference. Consider S i as a sphere in C 2 , i.e., 

S J = ((ZlZj) : I*,I 2 +■ lz 2 l 2 ° 11, 

and the sphere S 2 as the extended complex plane (z-sphere). The formula x(z,, 
tj) = z,/z 2 defines the mapping x ; S 3 — S 2 . For X ■= e'“, we have r(\z,, 
Lz 2 ) = x(z,, Z 2 ). therefore x -, (z) = S 1 for any z e S 2 . Remember that the 
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2 -sphere S 2 possesses ihe C"-manifold structure with the local coordinate z in the 
region l/, = S z \® and 1/z in the region U 2 - S 2 NO (see Sec. 2). 

Consider the direct products U l x S 1 , U 2 x S'. The sets v~ '(l/,). i~ , «/ 2 ) 
turn out to be homeomorphlc to U, x S 1 and U 2 x S', respectively. To show it, 
we define the mapping *> : t/, — S* by the formula 


pfc) 


(vi +■ I * 1 2 ’ V1 + Ul 2 ) 


it is evident that x*> = 11 v and the set t~ 1 (z), ze V, consists of points of the 
form Xy>(z), where X = e'". *We define the mapping 9 : U l x S 1 — S 3 by the for¬ 
mula 


iSfe.X) 


VvTTT 


Til 5 ’ VT + i*i* 

It is clear that } S(l/, x S') and the diagram 


^ , z e l/,. X e S'. 



where pr , is the projection of the direct product onto the first factor, is com¬ 
mutative. Similarly, we define the mapping ? : U 2 x S 1 — S 5 by the formula 


tKl/r.X)' 


X • 1 


__ X - (1/Q 

Wl + I l/z! 1 ’ Vl + ll/zl 2 


)• 


1/2 6 t/ 2 , X e S', 


with *" '(l/j) = ?(l/ 2 x S 1 ). It is clear that the diagram 



is commutative. 

Thus, the mapping r is arranged locally (over the coordinate neighbourhoods of 
S 2 ) os the projection of the direct product. However, the sphere S 3 is not 
homeomorphic to the direct product S 2 x S' (the fundamental groups of these 
spaces being non-isomorphic). 

The described mapping is called the Hop / mapping ; it is remarkable in many 
respects. Thus, for example, the Hopf mapping determines the generator of the 
group »}(5 J ) ** Z. Note that for any two points u, veS J , the circumferences 
t~ 1 (u) and t~ '(v) are linked in S' (Fig. 90). 
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n" (u) 



2 . The Definition of a Fibre Bundle. The examples considered in Item I 

naturally lead to the following definition. 

DEFINITION 1. A locally trivia! fibre space is a quadruple (E, B, F.p), where E, B. 
F are spaces, p a surjective mapping of E onto B. and. moreover, for any x e 23, 
there exists a neighbourhood U of the point x and a homeomorphism 
v»jy : p ~' (U) — U x F such that the diagram 

p'lu) — Vv — lor 

where pr is the natural projection, is commutative. 

It follows from the definition that for any point x from If, the inverse image 
p" 1 (x) is homcomorphic to the space F. It is called a fibre over the point x. 

The spaces E, B, F are called the total space, the base space and theyihre.while 
the mapping p is called the projection, respectively. The neighbourhoods U in¬ 
volved in Definition 1 are called coordinate neighbourhoods and the homeomor- 
phisms v>u coordinate or rectifying homeomorphisms■ 

Though a wider, than locally trivial fibre spaces, class of fibre bundles may be 
considered in topology, by a fibre bundle we will mean hereafter a locally trivial 
fibre space. 

A fibre bundle is said to be trivial if there exists a homeomorphism 
•P B : E — B x F such that the diagram 

F 


is commutative. 

Thus, the tangent bundle TM n can be considered as the total space of a locally 
trivial fibre space with the base space M". projectionp = r. i.e., projection of the 
tangent space onto the manifold M", and fibre /?". As neighbourhoods U C Af. 
the coordinate neighbourhoods of the manifold M” may be taken. 

The mapping considered above is the projection of the Hopf bundle, i.e., of the 
locally trivial fibre space whose total space is S 3 , base space S 2 and fibre S 1 . 
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We now list some other examples of locally trivial fibre spaces- 
EXAMPLES. 

1. THE mObius Strip M (i.e., the factor space of the direct product [0, I) x l—1.1) 
relative to the equivalence (0. y) - (1, — y)) is a total space with the base space S 1 
(the ‘median’) and fibre ( — 1, 1). 

The projection pr : 10. 1] x )— 1, IJ — (0, 1) acting according to the rulcprfx. 
y) = x induces the residue class mapping p : M — S'. i.e., the projection of this 
fibre bundle. 

2. the direct product x x r of topological spaces x, v forms a total space 
with the natural projection pr : X x Y — X, fibre Y and the base space X. 

3. THE SPHERE S n is a total space with the base space RP", a fibre consisting of two 
points (discrete set) and the projection associating a point x e S" with its 
equivalence class {x, -Jrj e RP" (see Sec. 5, Ch. 11). 

THE sphere S 2 " + 1 is a total space with the base space CP ”. fibre S 1 and projec¬ 
tion associating a point x e S 2 " * l CC* tl with its equivalence class in CP” (see 
Sec. i. Ch. II). 

Exercises. 

1°. Show that the tangent bundle of a manifold M" is trivial if and only if there exist 
n (continuous) vector fields on M” such that they are linearly independent at each 
point xeM". 

2°. Show that the locally trivial fibre space over a line-segment is trivial 

A mapping s : B — E satisfying the condition ps — \ B is called a cross-section 
of the fibre bundle (£, 8, F,p ). 

Exercises. 

3°. Show that the existence of a cross-section is a necessary condition for the triviali¬ 
ty of a fibre bundle. 

4“. Do there exist cross-sections of the Hopf bundle? (Use the equality 
# 2 (S J ) = 0.) 

5°. Give an example of a nontrivial fibre bundle which possesses a cross-section. 

Let us establish a certain relation between mappings to a total space and to its 
base space. 

DEFINITION 2. A mapping* : X — E is called a lift of a mapping <t : X — B if for 
any point xeX, the equality p*(x) = *(x) holds. The mapping * is also said to 
cover the mapping 4>. 

The introduced relation is characterized by the commutativity of the following 
diagram 



Exercise 6°. Show that if a fibre bundle possesses a cross-section, then for any map¬ 
ping to the base space, there exists a lift of this mapping. 
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We now give a necessary condition for the existence of a lift of a mapping in 
terms of functors of homotopy groups (see Sec. 3, Ch. III). 

THEOREM 1. Let (£, B, F, p) be a locally trivial fibre space whose total space and 
base space are path-connected, and X a path-connected topological space. For the 
mapping 4 ‘ : X — B to have a lift ♦ satisfying the condition 9 Cxq) = e 0 , where 
x 0 eX.e 0 6 E,p(,e 0 ) - b 0 = 'J>(xr n ). it is necessary that 

•M^CY.jr,,)) C P n (*„(E,e 0 )) (3) 

for all n > 1. 

Proof. If such a lift * exists, then diagram (2) is commutative. Using functors of 
homotopy groups, we obtain the commutative diagrams (for all n 3 1) 



from which the required inclusions follow easily. ■ 

Locally trivial fibre spaces possess the following important property. 

THE COVERING HOMOTOPY PROPERTY. Let (£. B, F, p) be a locally 
trivial fibre space whose base space is Hausdorff and paracompact. Let X be an ar¬ 
bitrary topological space, "t : X x I — B a homotopy, and/ : X — E a lift of the 
mapping ♦ I * x 0 - Then there exists a unique lift * : X x / — E of the homotopy 
4> satisfying the condition ♦!* x o = /• 

This statement will be proved for a special case in Item 4. 

3. Vector Bundles. Let (£.'. B,F,p) be a locally trivial fibre space. Assume that 
U and V are two coordinate neighbourhoods of a point x e B. Homcomorphisms 
gybe) of the space F may be given by the formula 

gylx)b = e>ye>u l <x,h),xe U IT P,/ief;jj}(*) = l f . 

If IP is a third neighbourhood of the point x, then the following equalities arc 

Val ' d gwM = SwMgyi*)- 

Thus, for any point rtl/fi V, the homeomorphism gy(y) is defined, i.e., the 
mapping gy : U O V — H (F) of the set U O V to the group //(F) of homeomor- 
p his ms of the space F is given; the mappings gy are called the coordinate transfor¬ 
mations. IfFis locally compact and the topology on//(F) ij induced by the embed¬ 
ding of //(F) into the space C(F. F) with the compact-open topology, then the 
coordinate transformations are easily seen to be continuous (see Ex. II. Sec 1, 
Ch. HI). 

DEFINITION 3. A vector bundle is a locally trivial fibre space (£, B, F.p) whose 
fibre F is a finite-dimensional vector space and whose coordinate transformations 
gy are continuous mappings to the group of invertible linear transformations of the 
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space/ - (for fixed U and V, gytr) is a family of invertible linear operators which is 
continuously dependent on x e U Pi V). 

Exercise 7®. Show that the tangent bundle TM n is a vector bundle. 

DEFINITION 4. A morphism of a locally trivial fibre space (£, B, F,p) to a locally 
trivial fibre space (£’, S', F\p') Is a pair of continuous mappings HE — E'. 
h : B — B' such that hp = p'H. 

The last equality implies that the diagram 



is commutative (the fibre is transformed into the fibre). 

This definition transforms the collection of locally trivial fibre spaces into a 
category. 


DEFINITION S. Let (£, B,F,p) and ,F' ,p ') be vector bundles whose fibres 

F and F' are vector spaces over the same field, and (H, h ) a morphism of (£, 8, F, 
p) lo(JS\B' ,F' ,p'). The morphism (H, h ) is called a morphism of vector bundles 
if for any point x e B, the superposition 




. H . <eL<fc) 

■‘M—(pT'(*W) — r 


is a linear mapping, where v> x , (tej^p are the homeomorphisms of the fibre p~ l (x), 
(( p')~ l h(y )) and vector space F, (/'), which are given rise in the commutative 
diagram of Definition 1. 


Exercises. 

8®. Verify that vector bundles and their morphisms form a category. 

9°. Verify that by associating a manifold with a tangent bundle, a smooth mapping 
of manifolds with a tangential map of fibre spaces, we define a covariant functor 
from the category of smooth manifolds to the category of vector bundles (over the 
field R). 

4. Coverings . We now dwell on one special class of locally trivial fibre spaces ex¬ 
amining it in greater detail. 

Consider the circumference S 1 - IteC 1 : I z I = I[. We define a mapping 
p : R‘ - S' by the formula p(t) = e 2 ’". Since p(t t ) = p (r,) if and only if 
f, — /j » Ar, * e 2, the inverse image p" '(j) of any point r e S' is homcomorphic 
to the set of integers Z with the discrete topology. For any point i g S 1 , the mapping 
p homeomorphically maps each connected component of the set p ' '(S'xr) = 
= R'\p~'(z) onto S' \z. The many-valued mappingp - 1 :S' X? — R ' \p~ f (?), 
i.e., (1/2*7) lnu, possesses a countable number of one-valued branches. Denote one 
of them by y>. 

Now, we define the homeomorphism $ : (S'\r) x Z — R'\p~ 1 Cz) by the 
formula k) = <e(u + *). We obtain the commutative diagram 
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<s\;)*z --——*» Vs'v?) 


s‘\z 

The family of sets [S'\«L e can be taken to be the coordinate neighbourhood 
system so that the quadruple (K ', S 1 , Z,p) is a locally trivial fibre space whose fibre 
Z is discrete. Such fibre bundles arc often encountered in problems of analysis. 

DEFINITION 6 . A locally trivial fibre space (JS,B,F,p) is called a covering if the 
total space E and the base space B of the fibre space are path-connected and the 
fibre F is a space with the discrete topology. 

Speaking of coverings, instead of the quadruple (f, B. F, p) and where it does 
not introduce ambiguity, they often consider the mappings : E — B which is a sur¬ 
jection. The fibre p~ *(*) over each point of the covering is homeomorphic to the 
space F with the discrete topology and hence is a discrete space itself. 

NOTE. In the definition of a covering (and also of a locally trivial fibre space with a 
path-connected base space), the requirements for the homeomorphism Vy may be 
weakened by assuming that vy is a homeomorphism onto U x F v , where F (J is a 
space with the discrete topology depending on the coordinate neighbourhood U. 
With such a definition,it is evident that p~'(x) - Fu (bijection and hence a 
homeomorphism) for any x e V. But it happens so that F u - Fy (bijection and 
homeomorphism) for any coordinate neighbourhoods U, V, and if we put 
F = p -1 (x,), where x, is a certain point from B, then Definition 6 (or 1) will 
follow (see Note after the proof of Lemma 1). 

EXAMPLES. 

4. The fibre bundle of the sphere S" over the projective space RP" is a covering 
whose fibre consists of two points. 

5. The mappingp : S 1 — 5* (C\ 0 — C\ 0) given by the correspondence z «• z" Ib 
a covering map whose fibre consists of n points. 

A covering whose fibre consists of n points is called an n-sfieeted covering. 

Note that for the coordinate neighbourhood U of the covering IE, B, F, p ), the 
inverse image/? _l {£/) is homeomorphic to the products x F consisting of disjoint 
•sheets’, viz., the open sets C/ x or, aeF, and therefore, consists of disjoint 
‘sheets', viz., the open sets W a = *?t/'(t/ x a), which are homeomorphic to U 
itself; the homeomorphisms are p a : W a — U, i.e., the restrictions of p to W a , 
which follows from the relation p = pr^u expressing the commutativity of 
Diagram 1. 

Thus, the projection of the covering map p : E — B is a local homeomorphism 
with the discrete inverse image p~ '(x) which is homeomorphic to the fibre F over 
each point x e B. 

However, the converse does not hold: the covering of the space B by the coor¬ 
dinate neighbourhoods U cannot be constructed for every local homeomorphism 
p : E — B (for example, for the mapping/? : (a, b) — S 1 of a number interval onto 
the circumference, given by the formula p(!) = (cost, sint)). 
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The points from the fibre p ~ 1 (X) are said to lie ‘over' the pointx, and the sheets 
W a ‘over 1 U\ the above property of the projection of the covering map p . E — B 
enables us to 'lift' the subsets A C U to the sheet W a by considering the inverse im¬ 
ages p^'cri) and also ‘to lift’ mappings, paths, homotopies in X. In accordance 
with Definition 2, the path /: / — E is called a Oft of the path g ■ I — B (which is 
covering the pah g) if pf = g. 

LEMMA 1. Let p : E — B be a covering map. Then the following statements are 
true: (i) any path y in B starting at a point b 0 G B possesses a unique covering path y 
in E which starts at any point e 0 ep~ l (b i j); (Ji) if y = y, ■ y 2 is the product of 
paths y, and y 2 in B then the covering path is y = y, • y 2 , where yj, y 2 cover y ( 
and y 2 ,respectively; (iii) if y • yf 1 is the path inverse of y,, then y = yf *. 

PROOF. Let a path y be given by a mapping y : / — B, / = [0, 1), g(0) - b 0 . Each 
point of the path y (f) belongs to some coordinate neighbourhood LI,, and there is a 
connected neighbourhood (i.e.. an interval) Q, of a point tel such that y (0,) C U,. 
We pick a finite covering out of an open covering [0,] of the line-segment I. 
Let i be the Lebesgue number of the covering (Ojf. Let us break the line-segment I 
into segments A, = (/, _ ,.r,j of length less than o by division points t ( , i = 0,. . . , 
N, t u — 0, t N = 1. Then y(A ( ) lies in a certain coordinate neighbourhood U,, 

I = 1, . . . , N. Therefore, each portion y, of the path y given by the mapping 
y ( -: A, — B admits a lift y ( to the sheet W a given by the mapping/; = p~ *y,: A; — 

— where p a : W aj — U t is a ‘ homeomorphism onto the coordinate 
neighbourhood l/ t . vte choose a sheet containing the point e 0 e p ~ 1 (6 0 ) 35 and 
lift the portion of the path y,. Then y, starts at the point e 0 . When If',, _ ‘ has 
already been chosen and the portion of the path y, _ | lifted, we choose as W ot the 
sheet containing the terminal point/; _ ,(/, _ ,) of the portion of the path y, _ ,, 
which lies over the point/; _ ,(<, _ ,). Then the portion of the path y, originates at 

the point/; _ ,(f, _ [). We lift thus all the portions y ( , / = 1. N, of the path 

y. Since the mappings/, : A; — E, i = 1, . . . , N are compatible on the common 
ends of the adjacent intervals A,, they can be combined into the mapping/ : / — E, 
fit) — f,it) for t e A,. The mapping/ is just what determines the path y that covers 
the path y. The uniqueness of the covering path follows from p being a local 
homeomorphism. Thereby, statement (I) is proved. Statements (ii) and (iii) arc ab- 
vious. ■ 

NOTE. The structure of the coordinate neighbourhoods (/,,/= 1. N, which 

cover the path y: I — B allows us io prove the bijectivity of the fibres Fy over the 
coordinate neighbourhoods if the homeomorphism acts from p~'(U) to 
U x Fy (see Definition 6 of a covering and subsequent reasoning). This is obvious 
if U IT V ys 0 , since for x e (7 0 F, we have p~ 1 (x) — Fy and p~ 1 (x) - F v . If 
U D V = 0 then having chosen points x e U, y e V, we join them with a path 
y : I — B using the fart that B is path-connected- For the indicated covering U, , 
the fibres F u are homeomorphic (in the discrete topology), whence p~ l (jc) - 

— P~'(y) and F v - Fy. m 

Using the lemma proved, it is now easy to prove the covering homotopy theorem 
mentioned in Item 2 for the case of coverings. 
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THEOREM 2 (THE COVERING HOMOTOPY PROPERTY.) Let (£. B, F, p) be a 
covering, X a topological space, f: X — E a mapping, and : X x 1 — B a 
homotopy such that pf = *1* x <>• Then there exists a unique lift ♦ of the 
homotopy i.e., a homotopy V X x i — E such that 'P I x x o “ / end 
pV - 4 >. 

proof. For any x e X, the homotopy : X x / — B determines a path g x : I — B, 
where g x (t) = l), t el. Thepoint/(v) lies over the point £,(0) = $(*, 0). Ac¬ 

cording to Lemma 1. the path g x can be lifted to E,g x : I — E under the condition 
that 4(0) = fix) in a unique way. Put * (x, /) = # x (r). Thus, we have a mapping 
* : X x / — E. It covers the mapping 4 since 

p*(x,r) = pg x (t) - 4(0 = ■»(*, f). (F.t)eX x I. 

When F = 0. it is evident that 0) = /CO, i.e., 

The proof of the theorem is completed with the following exercise. 

Exercise 10°. Prove that the mapping ♦ : X x / — E is continuous. 

The lemma on lifting a path to a covering space and the covering homotopy 
theorem enable us to study the relation between the fundamental groups of the bast 
space B and the covering space E. At first,we formulate the immediate geometric 
corollaries to the indicated propositions. 

LEMMA 1. Let p : E — B be a covering map e„ 6 E, b 0 = p(e Q ) e B base points. 
Then the following statements hold: 

(i) If a is a closed path in E with the origin at the point e 0 and homotopic •too cons¬ 
tant path, then 0 = pa is a closed path with the origin at the point b 0 and also 
homotopic to a constant path. 

(ii) If a is a path in E with the origin at the point e 0 covering a closed path 0. then 
the homotopy of the path 0 is lifted to the fixed-end of the path a homotopy. 

(in) If a is a path in E with the origin at the point e 0 covering a dosed path 0 
homotopic to a constant path, then a is also closed and homotopic to a constant 
path. 

Proof. Statement (i) is obvious due to the continuity of the mappingp. Let us prove 
statement (ii). Let 0 : l — B, 0(0) = 0(1) ~ b 0 be a closed path in B and 
f t :l — B, 0^1$ 1, f 0 = 0 its homotopy. Denote the lift of the homotopy 
/< ■ P^i c 0 < I < 1, by ♦,! : / — if, 0 < f < 1, = a. Since the ends of 

the path f, are fixed, i.e.,/,(0) = /,(1) ■= 6 0 for all I, the ends *,(0), *,(1) of the 
path belong top" 1 (bp) for all t and depend on t continuously. Since the topology 
of the fibre p " 1 (ho) is discrete, the ends of the path (0), ♦, (1) are constant. t .e., 
the homotopy of the path a takes place with the ends a (0) = e 0 , a(l) fixed. Finally, 
we prove statement (iii). Let/, be a homotopy of the path 0, and ♦, a homotopy of 
the path u covering/,. From the data,/, is a constant mapping and/,(/) = b 0 , 
whence *.,(!') C p~ ‘(ho), i.e., "F, is a mapping into the fibre over b Q . Since the im¬ 
age +,(/) of the line-segment / is a connected set and the topology of the fibre is 
discrete, *,(/) - ej; in particular, *,(0) <= *,(1) = e^. From statement (ii),'F, is 
a fixed-end homotopy. i.e., ♦,(!) = a(l), ♦((O) = a(0). 0< 1 4 1. Therefore, 


As in Ch 111, here we consider fixed-ends homotopics of paths. 
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0 ( 1 ) * or(0) = e 0 , +,(/) = e 0 , t.e.. the path a is closed and hontotopic to a con¬ 
stant path. ■ 

Let us study the relation between the fundamental groups of the total space of a 
covering and the base space. 

The projection p : E — B induces a homomorphism of the fundamental groups 
»,(£) and *,(8) (see Sec. 3, Ch. Iff). The action of this homomorphism is de¬ 
scribed by the following theorem. 

THEOREM 3. The homomorphism p, : x,(ff) — r ,(8) o/ the fundamental groups 
which is induced by the projection of a covering is a monomorphism. 

proof. Let x 0 eE,b 0 e B be base points, andpfrg) = b 0 ; let x^.Xg), x,(B, b^ be 
fundamental groups,and p, ; x,(£, x<j) — x,(B, bg) a homomorphism induced by 
the projectionp : E — B. Consider the inverse imagep7 '(e) of the unit element of 
the group x, (B, bg). It suffices to show that pj '(e) = e ', where e' is the unit ele¬ 
ment of the group x, ip, Xg). If [a] e p~ '(«) then or covers the path (3 = pa which it 
homotopic to a constant path in B. According to statement (iii), a is also homotopic 
to a constant path (in E), and therefore [«J = e'. m 

Thus, it follows from Theorem 3 that the group x,(8) is isomorphic to a 
subgroup of the group x,(B) (viz., the subgroup G = p, (x ,(£■)). Consider the 
cosets (e.g., right) of the subgroup G of the group x, (8). The following important 
theorem is valid. 

THEOREM 4. For any covering map p : E — 8, the fibre p~ l (b a ) is in bijective cor¬ 
respondence with the family of cosets of the subgroup G of the group x,(8). 

proof Let us associate the homotopy class |0) e x, (8, bg> with a point e a ep~ l (bg) 
by the following rule: we lift the path 0 to the path a in E svith the origin at the point 
e 0 (lemma on lifting a path) and put e B — or (1); by Lemma 2 (statement (ii)>. the 
end of the path a does not depend on the choice of a representative 0 € [/>), 
therefore, the mapping x,(S, bg) — p _l (bg), [0] — e B is defined. If 10,), [0 2 ] 
belong to the same cosct, then [0,j • [/Sj] -1 ep. (x,(£, eg)); consequently, theloop 
Pi - Pi 1 with the origin at b 0 is homotopic to a certain loop pa, where a is a loop in 
E with the origin at e g . Denote the lift of the loop P) ■ Pi 1 with the origin at e g by 
a' and note that the l^ops a' and a are homotopic with the ends fixed (statement 
(ii) of Lemma 2). therefore a ‘ is a dosed loop covering the loop 0, • 0J 1 But by 
Lemma I (statements (ii) and (iii)), a' = 0, - *. The elosedness of the path 

8 1 • $i 1 implies the coincidence of the origin of the path 5, with that of the path 
B 2 , and aiso of their ends. Therefore, e„ = e B . Thus, the mapping IP] •- e B is con¬ 
stant on the cosets. Meanwhile.to different cosets there correspond different im¬ 
ages. In fact, if we assume the contrary, then there are |0,] and [0J from different 
cosets, but e g = e gj , which means that the ends (and the origins) of the lifts of 0,. 
Pi coincide, therefore, 0, • 0J 1 Is a loop in E with the origin at the point e„, 
p(0, • $2 ') = 0i • 0z 1 is a loop (with the origin at the point bg), whence the 
homotopy class (0, • P 2 l ] » [0|] • [0 2 ]~ 1 of this loop belongs to p. (x, (£\ eg)), 
i.e., 10,], (02) are from the same coset, which is contrary to the assumption. Finally, 
it remains to show that any point Sep" '(bg) is the image eg for a certain 10). Con. 
sidcr a path a joining in E the point e 0 to the point f 0 (using the condition that E is 
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path-connected) and put (3 = pa; (3 is a closed path in B with the origin at the point 
b 0 , the path a is its lift. Therefore = i a . m 

COROLLARY. If the total space of the covering rnapp : £ — B is I-connected, i.e., 
r|(IT) = 0. then the fibre F and the fundamental group *,(B) are in bijeedve cor¬ 
respondence. 

Proof, Let us fixjr 0 e E,p(Xq) = b a and consider t , (£, *■(>) = e', *,(3, b£. We 
have p . (*, (£, *o)) = e. Consequently, the family of cosets coincides with the set 
r,( jB, ho). Thus, r, (B, b^) — p~'(bg) — F (the equivalence is a bijection). 

DEFINITION 7, A covering (E, B, F, p) is said to be universal if the space E is 
l-connected, i.e., t,(£) = 0. The space E is then called a universal covering space. 

To know the universal coverings of certain spaces is useful in calculating the fun¬ 
damental group *](0). 

EXAMPLES. 

6. The covering map p : R l — S l ,p(t) = e lr “, F = Z. We know already (Sec. 3, 
Ch. Ill) that *,(«') = 0. Therefore, sr,(S’) - Z (cf. Sec. 4, Ch. 111). 

7. The covering map p : S" — RP" with the fibre F = Z 2 , n) 2. We have 
x,(S") = 0, n > 2, whence t^RP") - Z v 

However, the obtained results are not complete. Having established the bijec¬ 
tion of the group r,(S) with some group, we cannot be sure that the bijection 
preserves the group operations, i.e., is a homomorphism of groups. Let us 
strengthen Theorem 4 and the corollary in this aspect by assuming that in the total 
space E, the action compatible with the structure of a covering map of a certain 
group G is given. 

We will consider the group G acting (from the left) on the space £ and identify, 
for brevity, an element jeG with the corresponding homeomorphism h; E E 
(see Sec. 3, Ch. 11). 

DEFINITION 8. A group G is said to act discretely (or that G is a discrete transfor¬ 
mation group) if the orbit C> of any point ye£ is a discrete subspace and, 
moreover, there is a neighbourhood L/(y) of the pointy called elementary hereafter 
such that the images g(U), ge G either do not intersect Or coincide. 

DEFINITION 9. A group G is said to act in E freely (or without fixed points ) if 
g(y) * y for any y e £, whatever the element geG,g * e. 

If the discrete transformation group G acts freely then the images g(ll) of the 
elementary neighbourhood l/(y) considered above do not coincide for different g. 

DEFINITION 10. A transformation group G acting in £ discretely and freely is called 
a properly discontinuous transformation group. 

Let G be a properly discontinuous transformation group of a space £. Consider 
the orbit space £/G = B and the natural projection p ; E — B (see Sec. 3. Ch. II). 

LEMMA 3 Let E be a path-connected space, and G a property discontinuous 
transformation group in E. Then p : E — E/G - B is a covering map with the 
fibre p~'(b), b e B, equal to the orbit O y of the point y, p(y) — b, 
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proof By the definition of an orbit space, the projection p is a continuous map¬ 
ping and = O y if p(y) = b, and, moreover, O y — G. The path- 

connectedness of the space p(E) = B follows from the path-connectedness of E 
and continuity of p. It remains to construct the coordinate neighbourhoods in B. 
Let £/O’) be an elementary neighbourhood of a point y eE,b = O y the orbit pass¬ 
ing through y and Vtft) an open neighbourhood of the point b e B consisting of all 
orbits Oj, ze U(y), passing through the neighbourhood t/(y). For a properly 
discontinuous group G and elementary neighbourhood U(y), we have: 

P~ '(K) = U g(C/) being open in E and disjoint. The image of g(C/) is a 

tea 

•sheet' W f over V of the covering mapp : E — B. In fact, p~ 1 (V) - IJ W g , W g 

tec 

being homeomorphic to V, since the restriction p g = p I w : W g — V is a 
homcomorphism due to the mapping p g being bijcctive *and open. The 
neighbourhood V(b) is coordinate, since a homcomorphism f y : p~ ] (V) — 
— V x G (G being considered with the discrete topology) given on open disjoint 
sets IV g by the mappings p g : W g — V x g is defined for any geG.M 

Examples 

8 . A covering map p : S 2 ” * 1 — L(/c,k t ./r n ) of the sphere over the general¬ 

ized lens space determined by the projection of the complex sphere S$~ (which is 
homeomorphic to S 2 " + ') onto the factor space of orbits L(Jc. , k n ) 

relative to the action of the group Z k (see Sec. J, Ch. II). The fibre of this covering 
coincides with the orbit of the group Ze, i.e., consists of k elements. Since 
sr.tf 2 " + >) = 0, x,(L) ~ Z k . 

9. Consider E = R" as an Abelian group: it contains a subgroup Z n of all vectors 

whose coordinates are integers. The factor group R n / Z" equipped with the quo¬ 
tient topology is called an n-dimensional torus T*. The residue class mapping 
p : R" — 7" is a covering map with the fibre Z”. Since =• 0, we conclude 

that x,(r") - Z* 

For the covering mapp : E — E/G = B, the following lemma holds. 

LEMMA 4. With the conditions of Lemma J, the subgroup N — p. (r, e Q )) of 

the fundamental group x,(B, bg), where p(e Q ) = b 0 , is a normal subgroup. 

proof. Let W] 6 /sf, (Ojlex^.bo). To verify that ft J = 03,]“* • (31 • (0,]eW, 
we lift the path 7 = /Sf 1 ■ 0 • 0 , to the path y = 1 • 0 ■ 0 ,. where ^et,(E, 

e o), 0 j is from the point e 0 to the point e,,p(e,) = fc 0 , 1 is from the point e, to 
the point e a . Therefore, 7 is a loop at the point e, and py = y. Since the fibre 
p 1 (2»o) is the orbit of the group G, there is an element g, 6 G such that 
< 1 (* 1 ) = e 0 . The homcomorphism g , maps the loop 7 to the loop g ,7 at the point e 0 
so that lg,y] e *][£, ej. The path gjy covers the path 7 , since the mappingp is con¬ 
stant on the orbits of the group G; therefore,p (gyf) = 7 and ( 7 ] = p. ({g^D, i.e., 
[ 7 I c- N. m 

Coverings whose subgroups W = p. (»,(£, e 0 )) are normal are said to be 
regular. 
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For regular coverings, the family of cosets of the group x,(S. b a ) relative to the 
subgroup N is a factor group. 

Before passing over to calculating t,(£/G), we introduce an important notion 
of the monodromy group of a covering. 

Let p : E — B be a covering map, and b 0 e B a certain point of the base space. 
Let us define the action of the group b 0 ) in the fibre p~'(b 0 ) - F. Let 

|>9] e b 0 ), and e a o p~ ‘(*o) be an arbitrary point of the fibre over fc 0 whose 
subscript is an element a e F. Let 3 be a lift of the path 0 to the point e a ; put 
e a = (3(1), where a ' is the subscript of the fibre containing 0(1). We know already 
that 0 ( 1 ) does not depend on the choice of a path 0 from the class 10), but does only 
on the class (0). Thus. the class [0] determines the mapping a g : p ~ 1 (b a ) — p ~ 1 (0,j) 
by the rule e a — e a - (or the mapping a g : F— F by the rule or ~ o'). 

It is easy to sec that the mapping o g covers the space p ~ 1 (b 0 ). 

The following obvious equalities: o» . » *» o g o g ^o g = l p if 0 e e (the identi¬ 
ty element of x , (0, 4>q)), _, = a g l derived from Lemma i on lifting paths signify 

that the correspondence a : (01 — a g is a representation of the group r, (B. bg) by 
'homeomorphisms’, i.e., 'permutations' of the discrete space p ~ 1 (ftp) (or F). This 
representation a is called a monodromy of the covering, and the set of permutations 
!o g ), 8 e Tftft, bg) the monodromy group of the covering. 

Thus, the monodromy a is a homomorphism of the group ir,(B, bp) to the group 
of all permutations of the fibre. 

It follows from Theorem i that the point e a ep“ ’ (0 (l ) is fined for those and only 
those permutations <r» for which [0)ep. (■*•,(£■, e a )). Thus, p.(*j(E, e a )) is a 
stability subgroup of the point e a in the group ip) acting on the fibrep -1 ((>„). 
Moreover, a a (e„) = o g .(e a ) if and only if (0'| e Ip. (»,(£, «„))) [0], i.e., to the 
coset containing the element (01 (whence Theorem 4 follows immediately). For dif¬ 
ferent points e a , e a -, the subgroupsp, (ir,(E, e a )). p, (t,(E. e Q )) are conjugate 
with respect to that element (S) 6 r,(B, bg) for which cr g (e a ) = e a -. In fact, if 3 is 
the corresponding covering path then the correspondence y — y' = 0 -1 • y • 3. 
where [y] e »,(£, e a ), establishes an isomorphism between ir,(£, e a ) and ir l (£, e„ ) 
transformed by the monomorphism p, into the isomorphism 

P.(tr,(£.e a ))- t0r'p.(*iC£.a)H(3] = P. (*,<£, e Q )). 

Let us calculate the monodromy group (<r fl ) fot the covering map 
p : E — E/G = B generated by a properly discontinuous transformation group G. 

LEMMA 5. The monodromy group of the covering map p : E — E/G = B 
generated by a properly discontinuous transformation group G of a path-connected 
space E is isomorphic to G. 

Proof. Let e 0 e E,b 0 - p(e, j) be base points. We havep” 1 ( 6 p) = O t , where O t 
is the orbit passing through the point e 0 of the group C, i.e., the set of points (g (eg)!® 
g e G. Let (01 e t,CB, bg) and a g the corresponding monodromy transformation. 
Then a g (eg) - g g (eg). Since the path 0 from e 0 to g 0 (e t 0 is carried by the 
homeomorphism g € G to the path g0 from ge 0 tog (g g , eg), and the path g 0 covers 
the path 0 , o a (gep) = g(g g e<J = g (o^p). 
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The correspondence og — g B determines a homomorphism of the monodromy 
group into the group C. In fact, if o Sj • is the superposition of a^ and o^, then 
(%op,)eo = ff fl 1 < 8 d 1 e o> =«s,(% e o) = tefffrjeo- Therefore a^ • a S( '- g S( 

Furthermore, the permutation o B 1 = o ff _ | corresponds to gg 1 and the identity 
permutation a B = 1(0 6 e) to gg = e 0 , the identity clement of the group G. We 
show that the homomorphism a ff — gg is a monomorphism of the monodromy 
group into the group G. In fact, if gg = e a then ogge 0 = gege a = ge 0 for any 
geC, and therefore Og is the identity mapping of the fibre O tQ . 

The surjectivity of the homomorphism ag — gg follows Irom the path- 
connectedness off enabling us to join, by a certain path a, the point e 0 to the point 
g*e 0 , where g. e G is arbitrary so that or is a lift of the loop 0. = pot and 
og e 0 = o(l) = g,(eo) therefore og — g,. Thus, the isomorphism of the 
monodromy group with the group G is established. ■ 

Now it becomes quite easy to prove the basic theorem. 

THEOREM }. For a covering map p : E — E/G = B generated by a properly 
discontinuous transformation group G of a path-connected space E, the factor 
group of the group t ( ( 8 , hg) relative to the normal subgroup p, (*,(£, eg)), 
p(e 0 ) = ft, is isomorphic to the group G. 

proof. Consider the homomorphism 0 : v,(B. 2>g) — G given by the composition 
of the homomorphism of the group r,(fi, 0 g) into the monodromy group of the 
covering and isomorphism of the monodromy group to the group G, l.e., the 
homomorphism given by the correspondence 10] — “g — gg- The inverse image 
S “ 1 (e G ) consists of those classes [ 0 ] for which g e = e 0 , i.c., og is the identity map¬ 
ping of the fibre p~ , (b 0 }. Therefore, S~\e Cl ) = p.0r,(E, erf) and the factor 
homomotphism S : r,(fi, bj/p, (t,(£, eg)) — G is an isomorphism. 
COROLLARY. If a covering map p:E — E/G=B is universal then the group 
r,(fi) is isomorphic to the group G. 

We now go back to Examples 6 , 7, 8 , and 9. 

The universal covering p : R 1 — S l , pit) = e ir " is generated by a properly 
discontinuous transformation group by the translation / — t + it, n e Z of the axis 
R 1 Therefore »|(S') “ Z (isomorphism). The monodromy group is also Z and 
acts on the fibre F - Z by translations m — m + n. 

The universal coveringp : S" — RP n ,n £ 2, is generated by a properly discon¬ 
tinuous transformation group Z 2 with the generator a : S" — S n acting by the rule 
ai/c) - -x. Therefore, i,(J?p n ) «■ Z v n ^ 2. The monodromy group is Zj and 
acts on the fibre F = p~ '(bo) - [x 0 , -x 0 ], rf S'"; for the generator a, we have: 

o) - — x 0 , a(—Xg) = x 0 , i.e„ a permutes the points of the fibre. The generating 
element of the group », (RP", 6 q) corresponding to the element a is formed by the 
homotopy class of the path p>, where 7 is a path on S" joining the points x 0 and 


The universal coveringp : S 2 ” * 1 — L (k . k f , . . . , k „) is generated by a prop¬ 
erly discontinuous action of the group Z k with the generator a : S 2 " * 1 — S 2 " * *. 
Therefore t,(L) «> Z k . the monodromy group is also Z k and acts on the fibre; its 


generator corresponds to the generator [y| 6 t,(L), where y is the projection of the 
path in S 2 " * 1 joining the point x 0 to the point aixn) (find a, aUn) using Sec. 5. 
Item 3, Ch II) 
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The universal covering/7 : R n — T” is generated by a properly discontinuous ac¬ 
tion of the group Z" with the generators a t acting by the rule fcr,. x, _ ,, Jr,, 

*/* !. x n) - <*\ . *i- l-x,+ >. x, . . . i = I.n. 

Therefore, r l (T") = Z" and the generators [7J, 1 = 1, 2, .... n of the group 
1^(7") contain the loops 7, obtained by the projection p of the paths in R" joining 
the point O to the points o,-(0). The monodromy group acts on the fibre F - Z", its 
generators a a , i = l, . . , , n acting on integral vectors from Z" by the rule: (k x , 

••• .*»)-'<*!.*/- i-*i * >-*i + .. *„>• 

To study universal coverings, it is necessary to impose stronger requirements 
than the path-connectedness on the base space of the covering 

DEFINITION 11. A topological space X is said to be locally path-connected if for any 
point xeX, there exists a base of open path-connected neighbourhoods. If 
neighbourhoods of a base possess, in addition, the property of 1-connectedness, 
then the space is said to be locally 1-connected. 

Examples of locally path-connected and locally 1-connectcd spaces can be given 
easily (e.g., the Euclidean spaces R n or manifolds). A locally 1-connected space 
must not necessarily be 1-connected, an example being the circumference S‘. In 
Fig. 91, a space is represented (the 'comb space’) which is path-connected but does 
not possess the properties of local path-connectedness (and therefore the local 
I-connectedness). Figure 92 illustrating an infinite sequence of circumferences of 
radii 1/n, n = 1,2 ,... , which have a common point of contact, gives an example 
of a path-connected and locally path-connected but not a locally 1-connected space. 

However, for further constructions, it is sufficient to assume the fulfilment of a 
weaker condition than the local 1-connectedness of a space. This condition is con¬ 
tained in the following definition: 

DEFINITION 12. A topological space X is said to be semi-locally I-connecled if for 
any point x o X, there exists a neighbourhood in which any two paths with common 
ends are homotopic at least on the whole space (or, what is equivalent, in which any 
loop is contractible at least on the whole space). 
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II is easy to see that if a space X is locally path-conncctcd and semi-locally 
1-connected then at each point xeX, there exists a base of open path-connected 
neighbourhoods possessing the property for any two paths with common ends in a 
neighbourhood from this base to be homotopic on the whole space X. 

An example of a semi-locally I-connected, but not locally 1-connected space is 
the cone over the space drawn in Fig. 92. 

Note also that a connected and simultaneously path-connected space is path- 
connected. 

The term ‘universal covering’ is explained by the fact that a 1-connected space 
which covers B is a covering space over any other space covering B. More precisely, 
the following proposition holds. 

THEOREM 6. Let (£, B, F, p) be the universal covering over a connected, locally 
path-connected space B. For any covering (JE, B,F, p) over B, there exists a surjective 
mapping f : £ — £ such that the diagram 



B 


is commutative. Moreover, the mapping f is the projection of the covering (£, E, 
F' ,f ) whose fibre F' is a discrete space which is in bijective correspondence with the 
group r,(£). 

proof. We perform it in several stages. 

1. A mapping/is constructed in the following way. Let b 0 eB, e 0 ep _, «> 0 ) C E, 
g o € P~ ’(b'J C £. We construct the mapping/as a lift of the mapping^ : £ — B 
satisfying the condition /(#(,) = e 0 . For an arbitrary point xe £, consider a path 
y : I — £ with the origin at i 0 and the end at x. According to Lemma 1, there exists 
a unique lift I — E of the path Py : 1 — B. Put fix) = l 7 (l). Since the space £ 
is 1-connected, the definition of the mapping/ is valid. In fact, any two paths y, u> in 
£ from x to y are homotopic (with the ends fixed), therefore, their projections py, 
pw are also homotopic in B and the lifts of the latter (with a common origin) 
are homotopic in E. According to Lemma 2, and have a common end. The 
commutativity of diagram (4) is obvious. 

The mapping/ is continuous and, moreover, a local homeomorphism. This is 
clear for certain neighbourhoods of the points l and e, viz., sheets fP a , lying in 
£, E over a path-connected coordinate neighbourhood V. In fact, for paths y lying 
in a neighbourhood of lf' a , we obtain = iPg l p a )y, therefore the mapping/I 
= Pa 'p a is a local homeomorphism. To verify this fact for any pair of points Jr € £, 
yeE, where/(x) = y, it suffices to see that x, y may be taken to be new base points 
£ 0 . e, whereas the mapping/ is unaltered (the verification is left to the reader). 

2. We now show that/ is surjective. Let y be an arbitrary point from E. Consider a 
path y : I — E with the origin at e 0 and the end at y. For the path py : / — B, there 
exists a unique lift : I — £ with the origin at l 0 and the end at a certain point 
* = i v (l). Then the paths fy. y and y possess a common origin and cover the same 
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path /77 Therctore,/ij 7 (l) = 7 ( 1 ). i.e.,/{x) = y, which means that/is surjec¬ 
tive. 

3. Show that / : E — E is the projection of the covering. For an arbitrary point 
eeE. consider the intersection 0 *» U fl V of the coordinate neighbourhoods U 
and V containing the point p(e) for the coverings (£. B, F, P) and (£, B, F, p), 
respectively. The neighbourhood D is coordinate for both coverings considered; 
without loss of generality, it can be assumed to be path-connected. Thus, the com¬ 
mutative diagram arises 


p"< ti) - 



Here, the restriction of the mapping/to any sheet W a from/J~ ! (0) is a homeomor- 
phism 

where Wp = /(& a ) is a sheet from p~ ’(Q). 

Consider a sheet W# containing some point e. Denote the set of those sheets H r a , 
of which the inverse image/ - ‘(fK,) consists, by F' e ; & a e Fg being the connected 
components of the inverse image/ '(H'j). We endow the set F\ with the discrete 
topology and define the mapping 

Wp x Fj, 


by the formula 




where c (x) is the connected component playing the pan of the subscript of the sheet 
and containing the point/(r). It is obvious that is a local homeomorphism and 

a bijection and therefore a homeomorphism. “ 

Thereby, for an arbitrary point e e E, a coordinate neighbourhood W & and the 
coordinate homeomorphism are constructed {the commutativity of the cor¬ 
responding diagram is obvious). In view of the note after the definition of a cover¬ 
ing, the fibre Fl does not depend, up to bijection. on the choice of a point e and 
coordinate neighbourhood W e c £. 

4. Thus,/ : £ — E is a covering map. Since it is universal, (x, (£) = 0). its fibre F’ 
is in bijective correspondence with the group *)(£). ■ 

COROLLARY, Any two universal coverings (£,,£, F,,/?,) and (F 2 . B,F 2 ,p 2 )ovet a 
connected, locally path-conncctcd space B are equivalent, i.e,, there exists a 
homeomorphism / : F, — E 2 such that the diagram 



is commutative, 


s 
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Proof. The local homcotnorphism established by Theorem 6 is a bijection due to 
Theorem 4. ■ 

We bow pass on to the existence theorem for the universal covering. 

THEOREM 7. Let X be a connected, locally path-connected, and semi-locally 
I-connected space, Then there exists a universal covering over X. 

Proof. We recall, first, that if in a base for a covering, a path with fixed ends is 
homotopized, then the path that covers it is also bomotopized with the ends fixed. 
Therefore, lo points e of a 1-connected covering space, there bijectively correspond 
the homotopy classes of the paths in the base with the origins at the base point x 0 
and ends at the projections p(e) of the pointse. This property enables us 'to reverse 
the construction’ used in the previous theorem and restore the 1-connected covering 
space by means of the homotopy classes of the base paths. 

Thus, let x 0 be a certain point in X. Consider some homotopy class [y x ] of paths y x 
in X with the origin at the point x 0 and end at some point x e X The set T fx) of all 

such classes, foe a certain x, is a fibre over the point x, and the union £ = U T Or) 

x« X 

of all fibres is the total space. The projection/? .- £ — A" is determined in a natural 
manner: the projection p associates the class [y x ) with the point x. It is obvious that 

p ~'to ■ rW- 

We give the first priority lo the construction of the topology on £. For each 
point [y x J 6 £, we specify a base of open neighbourhoods as follows. Let 

U be an arbitrary open, path-connected neighbourhood of the point x. As a 
neighbourhood of the point frj, we take O(bJ), i.e., the set of homotopy classes 
[tj] of those paths y y fromx 0 toy e U, which are the products y r = y x B r of a cer¬ 
tain path from the class (y x ] by a path ft, from x toy lying in U\ (y x ) depends only on 
\y x \ and the homotopy class lfi y ) of the path S y . The neighbourhood flyttyj) is 
'open', i.e., a neighbourhood of any of its points: Oi/dy,]) = 0t/(bJ) if 
fry) eOr/((yJ)- In fact, y y = y x -$ y . yy&J ' - y x 0 y ■ 0~ ') and since 8 y d y l 
is a loop at point x homotopic to a constant path. y x - y y ■ (fixed-end 
homotopy). Since fi~ 1 = 0 X is a path in U from y to x, we obtain y x - y y B x . If, 
now, (yjJsQufh,,)). theny, = y x -B x ~ y, (fl x B x ); if, however, [y t l e 
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then y. - y„ ■ 0* ~ y x • (@L • (9j); hence, we conclude that the neighbourhoods 
Oy(JrJ) ana fli/Ch'j,]) coincide. The reasoning performed is illustrated by Fig. 93. 

Note that due to the semi-local 1-connectedness of the space X , there exists a 
path-connected open neighbourhood V of the point x for which the homotopy class 
of the product y y = y x ■ 0 does not depend on the choice of a path 0 fromx to y. 
The neighbourhood V will be the coordinate neighbourhood of the covering under 
construction. The neighbourhoods (1 K also form a base for the neighbourhoods of 
the point y r 

Let us now check the continuity of the mapping p. For this, it suffices to verify 
that p~ l (C/) is open for any path-connected open neighbourhood U of the point x. 
Let [y^,] ep _l (CO- Then [y^] is contained in p ~ 1 (U) together with one of its 
neighbourhoods, viz., the neighbourhood O^dy,)), i.e., p~ 1 ((/) isopen. 

To show, furthermore, that/) is a local homeomorphism, we choose the ‘coordinate 
neighbourhood’ V of the point xeX and the neighbourhood OpftyJ) of a certain 
point (yJ of the fibre T (x). If [y„] is an arbitrary point from this neighbourhood 
then y y = y x ■ 0 y . and all possible paths 0 y (from x toy in V), due to the semi-local 
I -connectedness of X. fall into the unique homotopy class [0 y ]. Therefore, the cor¬ 
respondence ly y ] — y specifying the mapping p : OyflyJ) — V is bijective. 
Moreover, the mapping p I n : 0 k ([yJ)) — Kis a homeomorphism, since it is con¬ 
tinuous (as a restriction of tfle continuous mapping p : E — B to an open set) and 
open (since p(Og-(lyJ)) = W for any ‘coordinate neighbourhood’ W C V of the 
point y and y y e(l y ([y x \) (see Fig. 94). 

Thus, p is a local homeomorphism between E and X , and for the ‘coordinate 

neighbourhood’ V of the point x e X, we have p _ ‘(F) = (J tV a , where, for 

••rco 

a = iy x l, W a = Qpdy^l) andp a = p ■. W a — V are homeomorphisms; each (F 0 is 
open in E and path-connected. Moreover, when or, * )F ai ft = 0. In 
fact, ff we assume the contrary then there arc non-homotopic paths y x , y x and a 
path yj, i e F such that [y z | lies in the intersection of the neighbourhoods 
Q^dyjl). From the previous, y 2 — y^ iSj.yj — yj‘0j (fixed-end homotopies). 
Since (3j - 9 l (due to the semi-local t-connectedness of X), wc have y z - y' x ■ 0., 
y t — y x ■ P,, i.e., yj • 0 Z — y* - B z ', having multiplied both sides of the last rela 
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lion by 0~ 1 and taking into account that the loop (3, • 0~' is homotopic to a con¬ 
stant, we obtain that y] - yj, which is contrary to the original assumption. 

Thus, p~ ’(10 splits into the union of disjoint sheets W a which are open, path- 
connected in £ (and homeomorphic to K), where a ranges over the fibre r(x). 

It is now natural to define the coordinate homeomorphism 
<t> v :p -1 (K) — KxTfcr) by assuming the ‘coordinates’ of the point ly^l ep ~ 1 (K) 
to be the ‘number’ of the sheet W a to which the point belongs and the point y e V, 
i.e., the projection of the point y A under the homeomorphism p a = 
“ P 1 w a ■ w a - v - Thus, put wfly^]) = [y, [yj] if [y ] e O^Uy^t). It is obvious 
from atfove that the definition of the mapping y K is valid. It remains to show that 
y,, is a homeomorphism of an open set p~ '(K) in E and the topological product 
V x rw. where r(x) is regarded as equipped with the discrete topology. 

The bijectivily of y K is evident from the above constructions. The continuity of 
f v follows from that of the two mappings p : p~ '(K) — V, pQy^]) = y and 
Qy :p~ l (V) — r(xj, < 7 F ([yJ) = |y x ] involved in the definition of w The con¬ 
tinuity of p was ascertained earlier, and that of qy follows from q v being locally 
constant (on each sheet W a = 0 K ([y Jt ]). The continuity of yp 1 is a consequence of 
the topology of the fibre P<jr) being discrete and p a : W a — V being a homeomor¬ 
phism. In fact, the base of open neighbourhoods of the point [y x o) C V x T(x) 
is formed by the sets S(y) x o, where S(y) c V is a path-connected, open 
neighbourhood of the point y, and the inverse image y p 1 (5 (y) x a) equals 

(SOO). l.e., an open subset In W a . 

Thus, <p v is a homeomorphism. The commutativity of the diagram required by 
the definition of a coordinate homeomorphism is obvious. 

Let us verify the path-connectedness of the space E. It suffices to show that an 
arbitrary point [y,] from E can be joined to the point |C X() J, i.e., the homotopy class 
of the constant path (at the point Xg), by a path in E. Let y x : / — £ be the represen¬ 
tative of the class (yj. We define the path f : I — X for a certains, 0 < s € 1, by 
the formula f'fr) = y x (sr). By associating the numbers with the homotopy class 
1^1 of the path f*. we obtain the mapping « : / — E satisfying the conditions 
w(0) = [C Xo J,w(l) = [yj. The continuity of the mapping u can easily be established 
in sufficiently small intervals in [0. 1] whose images fall into the coordinate 
neighbourhoods 0^((y t ]>, where z = y x (r). Therefore, u is a path in E with the 
origin at (y J and the end at [yj whence it follows that E is path-connected. 

Thus, ( E\X, r<v), p) is a covering. To complete the proof of the theorem, we 
establish the 1-connectedness of the space E. Consider the loop y of the space £ at a 
point e 0 , where *„ is the homotopy class of the constant mapping C x . We show that 
the loopy = pv : 1 — X (at the point Xg) is homotopic to a constant. Note that due 
to the structure of the space E, for an arbitrary path f : / — X with the origin at x 0 
and its unique covering path ij \ 1 — E with the origin at e 0 , the end ij (1) of the path 
i) is the homotopy class of the path ( (in the class of paths with fixed ends). Since y 
is a unique path with the origin at e 0 covering the path y, we obtain that 
y(l) = l7) = |C.) = e 0 . i.e., the paths y and C Xo are homotopic with the ends 
fixed, which implies the contractibilily of the loop y = py. Because the projection 
p induces a monomorphism of fundamental groups, the loop y is also homotopic to 
a constant. 
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Therefore, (£, ej =• 0, which completes the proof of the theorem. ■ 

Note in conclusion, that the condition 

/.<*•,(*.*o)) C P. (»,(£, *o» 

which is necessary for lifting a mapping/is sufficient for a connected,locally path- 
connected space X. The construction of the lift is in this case based on lifting the 
paths of the form/ - a, where a is a path in X with the origin atx 0 and the end at an 
arbitrary point x. The validity of this construction can be verified by means of the 
covering homoiopy property. 


5. Ramified Coverings. To conclude this section, we dwell on the notion of ramified 
covering. An example of a ramified covering (as shown by the example in Sec. 4, Ch. I, of the 
Rjcmann surface of the function w “ >Jz) may be given by the mapping of the r-sphere S 1 in¬ 
to itself determined by the formula fU) = z 1 . It is obvious that the quadruple 

(S J N (0. -1. S J N (0. ■»). Z,./> 


(where Z 2 is a two-point space with the discrete topology) is a covering 
DEFINITION 13. A quadruple tfvl, M, Z m ,p), where p : M — M, is called a ramified covering 
if (i) M and M are two-dimensional manifolds; Z^ a space with the discrete topology and con¬ 
sists of n points; (i») for a certain finite set 7" C M, the quadruple (fft\T, M\p(T), Z n ,p)i s 
an n-sheeted covering; (iii) for any point y € M and its sufficiently small neighbourhood K(y) 
which is homeomorphic to the disc, the connected components of the set p" l (P(y)) are 
homeomorphic to the disc. 

We will call points * € T the singular points of the ramified covering. 

Exercise 11°. Show that a Riemann surface P determined by the algebraic function 
w" + <7,(z)w" ,fe)w + a H (z) « 0, 


where o.fc), i - 1, - . . , n. are polynomials (sec Sec. 4, Ch. I), is a ramified covering ( P , S 2 , 
Z nt p). Indicate the singular points of this covering. When a » 2, compare the result with 
those obtained in Sec. 4. Ch. I. 

Consider an open neighbourhood V(p{f 1 )) of the image of a singular poi nt x 1 suc h that 
for all other singular points X*, it follows from the condition pCx^e Vipix 1 )) that 
p (x^> - pi,**)- The inverse image of the boundary dV(p (*'» of this neighborhood decom¬ 
poses into several closed curves, viz., the circumferences which bound the connected com¬ 
ponents of the setp^fKfpCr 1 ))) that are homeomorphic to open discs. Let U(x*) be the con¬ 
nected component of p" , (J / (p(x < )» containing the point x *. The degree of the mapping (sec 
Sec. 4. Ch III) 


laW) 


BUiy') - BVipix 1 )) 


is called the multiplicity of the branch point x L , we will denote it by k ( It is evident that the 
multiplicity can be defined also for branch points which arc not singular. If 
p 1^ : Vtx 1 ) — Vipix 1 )) « a homeomorphism then, obviously, degp I ^ ~ ± 1. In the 
general case, the generators of ir ,(dC/CvO)and x^dVlp (*'))) are chosen arbitrarily and so is 
the sign of k r However, in a number of cases, the sign of k ( is determined in a natural way. 
Thus, for a ramified covering (S 2 . S 2 , Z., z 2 ), the multiplicity of the points 0 and « is equal to 
2. and that of any other point is I. For tne ramified covering (S 2 , S 2 , Z 2 . (?)). the multiplicity 
of the points 0 and w is equal to —2, and that of any other points is - 1 
Exercise 12°. Calculate the multiplicity of the singular branch points of the ramified coverings 
from Exercise 11. 
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We now state the following important formula 

*(#) = » • xV*)- £ <i*,l - » (i) 

/ 

relating the raultiplkitiej of singular branch points with the Euler characteristics of a space 
and its base. 

We will assume the spaces M and M to be compact and triangulable. i.e., to be closed sur¬ 
faces. For any singular point x‘ e T, we choose a neighbourhood V(pQ ?)) as It was done 
above. Consider now the quadruple 

<tf\ U (J Vfr&n.Z'.p), 

t t 

where x 1 ranges over the whole set T. It is obvious that this is an n-sheetpd covering (not 
ramified) whose space and base may be considered triangulable. These triangulatlons may be 
chosen sufficiently fine and compatible so that the full inverse images of a vertex, an edge and 
a triangle from the base are sets of n vertices, edges and triangles, respectively. Therefore, the 
equality holds: 


xltf\ u tft*')) » nx<M\ u (2) 

I I 

Let the full inverse imagep _1 (p(»')) consists of m points V 1 , . . . ,x* m . Then the full in¬ 
verse image consists of m discs U<^'). Since the boundary ai/C*'*) is mapped 

onto dVipIpl)) locally homeomorphically with degree k,. s - \ . m, the set 

P~'iy) n iUlpr 1 ) consists of precisely Ik, I points for every pointy € aF(pt»0). Therefore, 
for every singular point x J . and points x i ‘%p~'(p (x)), we have 


£ o) 

i «• I 

and the number m of the connected components of the set p~ 'W(p (*'))) satisfies the relation 

m 

£ (l* y< l - J) - m. (4) 

I - 1 

We now glue the discs 0 Cr' 4 ) lying over the disc V(p(x J )) to the space A?\ (J Utf). 

i 

Denote the obtained space by M *. Since the Euler characteristic of the disc equals 1 and that 
of its boundary is 0, we obtain 

x<fi ) = x \J Ubc 1 )^ + £ xiOlp 1 ^ 


- £ x (m\ u y<x'>^ = x U fV) 


+ m 


( m \ U 


£ (I*/,! - 1). (5) 
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Gluing one by one new discs placed over tne remaining points pit*) e M, i.e., the projections 
of the singular points * J € T C M,we obtain: 

x<tf) « x (a-K U l/(x')^ + In - £ (l*,l - I). (6) 


where I is the number of different images p ex') of the singular points x'. Remember that 
X (itf N U and x (m N U V'fptr'))^ 

are related by equality (2). Note now that 


XCM) - X \ U l 'W))^ 


+ /. 


(7) 


since M may be obtained ftom M \ u K(pCx')i by gluing I discs to the (alter. Thus, from 

l 

(2). (6) and (7). we find 


X<M) = »x(!W \ U ' / (Ptx i )» (-«/-£ <'*<' “ » = "X(W) - Y <'*t‘ " *>• " 

I * I 

Bringing to mind the expression of the Euler characteristic in terms of the genus of a 
closed surface, it is easy to derive from formula (1) (he sum of the multiplicities of the singular 
points on M m terms of the genus of M and (he genus of A?. For example, in case M and M are 
orientablc and of genuses p t p , respectively, we have 


Y ('*,I - 1) - ty + n(l - p) -1). 


Exercise 13°. Compare the latter formula with that for the number of branch points of a cer¬ 
tain algebraic function, which was established ai the end of Sec. 4, Ch. I. 


10. SMOOTH FUNCTION ON MANIFOLD 
AND CELLULAR STRUCTURE OF MANIFOLD 
(EXAMPLE) 

I. An Example of a Function on a Torus. A manifold is a topological 
space arranged locally as a Euclidean space. However, considered as a whole, it may 
be quite complicated. The study of the properties of the manifold in the large 
presents considerable difficulties. How should nop-diffeomorphic, non- 
homeomorphic and homotopy non-equivalent manifolds be distinguished? Are the 
complex projective space and a sphere of the same dimension homcomorphic? The 
most coarse of the listed equivalences is homotopy equivalence. Therefore, first of 
all, the homotopy type of a manifold should be studied. An exceptionally useful in¬ 
strument in investigating the homotopy type of a manifold and solving many other 
manifold topology problems is the theory of critical points of smooth functions on 
manifolds. We illustrate this method by a simple example. 
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Consider a two-dimensional torus M C R 3 touching the plane xy (Fig. 95). Con¬ 
sider a function / on the torus whose value at the point of the torus with coor¬ 
dinates (x, y, z) equals z, the height of the point over the plane xy. 

Exercise 1“. Verify that the function/so defined is a smooth function on the torus. 

Denote the point of contact of the torus and plane by p, and the points of the 
torus that lie over p on the perpendicular to the plane by q, r and s in order of in¬ 
creasing height. 

While investigating functions on the manifold, we will need the notions of the 
Lebesgue set (</> $ c) = pe e X : y> (x) < cj of a function </> : X — R and the level 
set (»j = e) = (x o X : »(x) = c) of the function w- These sets will be used essen¬ 
tially in the analysis of functions on the manifold in Sec. 12. 

It is evident that the level line (/ = c) of the function/ = z is the intersection of 
the torus with the plane z = c. The set of points of the torus lying not higher than 
the plane z = c is the set if ^ c); we denote ft by AC. The set AC is empty when 
c < 0; when c «* 0, AC consists of one point and is a zero-dimensional manifold; 
when 0 < c < f(q), AC is homeomorphic to a plane closed disc; when 
f(q) < c < fir), this set is homeomorphic to a cylinder; when/(r) < c < /CO, the 
set AC is a lorus with the cap cut (the cap being homeomorphic to an open plane 
disc); when c > /if), AC = M. All these cases are illustrated in Fig. 96. 

Exercises. 

2°. Describe the sets aC << 5! and Af r<r) . 

3°. Show that when 0 < c < /(s) and c it /(<?), /(r), the set AC is a two- 
dimensional manifold with boundary if = c). 

Intuitively, the sets drawn in Fig. 96 are not homeomorphic; nor are they 
homotopy equivalent. The homotopy type of the set AC will alter if c passes through 
the values of the function/at the points p, q, r,s which we singled out. Let us study 
these changes in more detail. 
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Obviously, the set M* when 0 < c < f(q) is homotopy equivalent to the zero¬ 
dimensional disc, i.e., a point (Fig. 97); when c = /(q), the set M' is homotopy 
equivalent to the disc with an arc handle glued (Fig. 98). Further, when 
f(q) < c < f(r). this homotopy type is preserved (Fig. 99). When c = /(r), the set 
M* is a cylinder with the boundaries glued to one point and therefore is homotopy 
equivalent to a cylinder with an arc handle glued or disc with two arc handles 
(Fig. 100). When/(r) < c < /(s), the set is a torus with the cap removed; it is 
evident that its homotopy type is the same as in the previous case (Fig. 101). Finally, 
when c > /(f), the set M* is the whole torus obtained from the previous type by 
gluing the removed cap which is homeomorphic to the plane disc. 

Thus, with the use of the smooth function /, we have 'constructed’ the torus 
from discs of different dimensions by consequently gluing the discs and transferring 
to homotopy equivalent figures. 

It will be shown below that any smooth manifold may be obtained in this way. 

2. Cell Complexes. Let us analyze the operations of gluing discs in the example 
considered and describe what means ‘to_glue a disc’ in greater detail. 

Let X be a Hausdorff space, and let D n be a closed disc with radius I and centre 
at the origin of the coordinate system in the space R ", and 5" * 1 its boundary. Let 
g : S" ~ 1 — X be a continuous mapping. The result of gluing the disc D n to X 
(relative to the mappings) is the factor spaced U » D n = (X U D")/R of the dis¬ 
joint union of X and D" with respect to the equivalence R under which u ~ g(u), 
u e S" ~ *. _ _ 

A cell is the image e" of the set int D n in X U . D" relative to the mapping: 
X U D" - (X U D n )/R. 

Thus, the disc is glued to X along the boundary with the help of the given con¬ 
tinuous mapping g. 

In the case when n = 0, disc D° is a point and its boundary the empty set; the 
result of gluing D° to X is the disjoint union of X and D° = e°,_i.e., the space X 
with a point lying separately. Another example: gluing the disc D” to the disc D° 
produces the sphere S". 

The discs may be glued one after another, the original space being the cell e°. 
Moreover, we shall keep the rule to glue the boundary of the disc D k to a finite set 
of cells of dimension not higher than (k — I). The space which can thus be 
represented as the result of consequent gluing of discs (of different dimensions) is 
called a cell complex. 

For example, the sphere S" is a cell complex consisting of two cells e" and e°, 
where e" is glued to e° along the boundary. 

We now adduce a definition of a cell complex which is independent of the 
previous considerations and docs not involve consequent cell gluing. It is equivalent 
to the one above. 

DEFINITION 1. A cell complex is a Hausdorff space K which can be represented as 
the union U U cf) of pairwise disjoint sets e* called cells and such that 

n m Q \ t€l„ / 

lor each celle?, a mapping gj : D" — X’of a closed ball to the space/Tis fixed. This 
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is called a characteristic mapping, and the restriction g* to int D" — D" is a 
homeoraorphism onto «£. In addition, two axioms must be fulfilled: 

(i) the boundary de? *= «; N ef of each cell e'} is contained in the union of a finite 
number of cells of lesser dimensions', 

(ii) the topology on K is such that the set_ A C K Is closed if and only ffor each cell 
e?, the full inverse image (g?)“ 1 (A fl e") C D n is closed In D" 

A cell complex is said to be finite if it consists of a finite number of cells. 

It should be noted that a space can be decomposed into cells in different ways. 
The pattern of dividing a cell complex into cells is called a cellular decomposition. 

Exercises. 

4°. Show that the two-dimensional torus is a cell complex. 

5°. Show that the sets homotopy equivalent to the Lebesgue sets if $ c) in the 
example of Item I, and drawn in Figs. 97-101 on the right,are cell complexes. Com¬ 
pare their cellular decompositions. Mind the change of the homotopy type of these 
complexes. 

Consider a closed subspace L of a cell complex A.'. If L is a cell complex whose all 
cells arc also cells of the complex K with the same characteristic mappings, then L is 
called a subcomplex of the complex K. 

Exercises. 

6°. Let K be a cell complex, L its subcomplex and X a topological space. Let map¬ 
pings F : K — X and /: L x / — X be suchthat/l L x 0 = /1^. Show that there 
exists a mapping P : K x / — X such that P \, ; = / and FT*. x 0 <= F (the 

Borsuk homotopy extension theorem). 

Hint: Extend the homotopy lo each (^dimensional cell, then to each one-dimensional, etc 

7”. Let K be a cell complex,and L its contractible subcomplcx. Show that the spaces 
K and K/L are homotopy equivalent. 

8°. Prove that any cell complex is a normal Hausdorff space. 

Mind that in the example considered in Item 1, the homotopy type of the set M c 
changed while passing through the values f(p),f(q),f(r) and/(j). The points p, q, 
r.s differ from the other points of the torus in the following: if in a neighbourhood 
of any of these points, e.g., of the point p, a local system of coordinates {, tj on the 

a f Qf 

torus is chosen, then both partial derivatives — and —- will vanish at the point p tor 

9f cbj 

at q, r, s, respectively). Such points are called the critical points of the function f; 
the values of the function at these points are called the critical values of the func¬ 
tion/. 

Exercise 9°. Using the coordinates of the plane x, y as the local coordinates in 

a f 4/ 

neighbourhoods of the points p, q, r, s, show that — = — = 0 at any of these 

dx dy 

points. Expand the function at these points into a scries of powers of x andy up to 
the terms of the second order inclusive. Mind that the number of minuses attached 
to the terms of the second degree is precisely the dimension of the cell which should 
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be glued to M ° to make a transfer to M b when between the numbers a and b , there is 
a critical value corresponding to the critical point in question. 


11. NONDEGENERATE CRITICAL POINT 
AND ITS INDEX 


i. Nondegencrate Critical Points. Let m" be a manifold of class c*. 

/ : M” — R' a function of class C®. 

A point p e M" is called a critical point of the function f if the equality 
df 

- ... = — = 0 holds in the local coordinates . . . , x„. The number ftp) is 

called a critical value of the function f. All the remaining points of the manifold M” 
are called noncritical points of the function f. All numbers which arc not critical 
values of the function/are said to be noncritical values of this function. 


and 

9f_ 

dx, 


Exercise 1°. Compare the notions of critical and noncritical values of a function/ 
with those of regular and nonrcgular values of a smooth mapping (see Sec. S). 

A critical point is said to be isolated if (here is its neighbourhood such that has 
no other critical points. A critical point is said to be nondegenerate if the matrix of 

j»*r 

the second partial derivatives A 


\9x,dXjf 


is nonsingular. Otherwise, a 


critical point is said to be degenerate. 

Consider a quadratic form (Ax, x), where x e R". This is called the Hessian of 
the function/al the point p. Since the matrix A is symmetric, the quadratic form 
(Ax, x) can be reduced to the canonical 


(A*.x) - -y? - y§ - . . . - + y* + , + . . . +,* 


by a convenient choice of the coordinates y,. ... ,y n ,h < n; if the matrix A is 
nonsingular, then h = n. 

The number h is called the index of the function f at the point p , and the number 
(n — h) the degree of singularity of the function fat the point p. 

Example. Let us define a function on/? 2 by the formula f(x,y) = x 5 — 3xy 2 . It is 
obvious that the partial derivatives 

|^(x,y) = Ir 2 - 3y 2 and ^(x.y ) = -6xy 
dx dy 


vanish simultaneously only at the point (0, 0) which is thus an isolated critical point. 
All the second partial derivatives 


dV 

a? 


(x.y) 


3 V 

6x.~ (x.y) 

3x3y 


-6y, 


0 2 f 

& 


(x.y) 


-6x 
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equal zero at the point (0, 0). Therefore, the matrix of the second partial derivatives 
of the function/at the point (0, 0) is zero, and the Hessian of the function/ at the 
point (0, 0) is a quadratic form identically equal to zero. Therefore, the critical point 
(0, 0) is degenerate, the degree of singularity at the point (0, 0) equals two and the 
index of/ is zero. 

Exercises. 

2°. Show the correctness (i.e., independence from the choice of a system of local 
coordinates) of the definitions of a critical point, nondegenerate critical point, the 
degree of singularity and index of a function at a critical point. 

3°. Investigate the critical points of the following functions on K 1 and if 1 : 

(a)/(x) = x 2 , (b)/(r,y) «• X 3 and (c) fix. y) — x*y 3 ; investigate the critical points 
of a function on the torus (see Item 1, Sec. 10). 

2. The Morse Lemma. A remarkable fact in the theory of critical points is the 
possibility to represent a function in a neighbourhood of a nondegenerate critical 
point as a quadratic form and to describe the behaviour of the function by its index. 

THEOREM 1 (THE MORSE LEMMA). Let f : M” — K ', and p be a nondegencrate 
critical point of the functionf. Then in a certain neighbourhood U of the point p, 

there exists a local system of coordinates y,. y n such that y,(p) - 0, i = 1, 

... , n, and the following identity is valid in U : 

/(«) -/<p) - yj yjj + , + ...+ y%, (1) 


where y x ,. . . , y„ are the coordinates of the point u , and X is the index of the func¬ 
tion f at the point p. 


PROOF. If there exists a system of coordinates such that the function/ is with respect 
to it of form (1), then the matrix of partial derivatives 


W I, 


is diagonal. The 


numbers on the diagonal are ± 2, and the number of negative eigenvalues is, on the 
one hand, equal to the number X in representation (I), and on the other hand, is the 
index of/ at the point p by definition. 

We now prove that such a representation (l)for the function/exists. Let*,,... , 

x„ be a local coordinate system such that the point p has the coordinates (0. 

0). Lemma 1 of Sec. 1 may be applied to the function/( h) — ftp) in a certain 
neighbourhood V of the point p, whence we obtain the following equality (assum¬ 
ing that f(p) - 0) 


/<*,. 


*n> = £ 


Moreover, 


*,( 0 . 


( 0 . 

dx. 


, 0 ) = 0 , 


since p is a critical point of/. 
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Let us apply Lemma 1 of Sec. 1 to the functions g : again. We obtain 

a 

!• •••.**>- £ 
i - I 

and therefore 

H 

/(x,.... .*„) = £ xtefa (x„. .. .*„). (2) 

/.> - I 

Denoting h u ** ^ + /r^), wc obtain fty = and 


/t*I .*») * £ JVA/frj. * n >- 

/./ ■» t 


Since , 0) 


1 a 2 / 

2 a*,dx y 


(0, . . . , 0), the matrix (h u (0, ... , 0)) is non¬ 


singular. Thus, without loss of generality, the matrix (hy) in (2) can be regarded as 
symmetric. 

ir the functions hy were constant then, to prove the theorem, it would be suffi¬ 
cient to reduce the quadratic form/(x,. x„) to the canonical. But. generally, 

the reasoning should be slightly modified. 


For the further theory, it will be convenient to assume additionally that 


3 1 / 

5 ? 


(o. 


... , 0) * 0. This assumption does not lead to loss of generality either, since we 
can always achieve this by changing the local coordinates (changing the chart). In 

fact, the quadratic form £ Ay(0, . . . , 0 )Xftj can be reduced, by a linear non- 

u- i 


singular change of the coordinates, to such that the element a n of its matrix is not 
zero. Having performed this coordinate change in formula (2), we will obtain for / 
(in the new coordinates xj, . . . , *;) a similar representation again 


/(»i.*«) = £ x',Xjh£ (x|. 

i.J - i 

but now, howevei, h,j (0, . . . , 0) * 0. 

Thus, assuming that hj, (0, . . . , 0) * 0, we can write (in a certain 
neighbourhood of the point (0, . . . , 0)): 


/<>:,, ...,»,)= £ hyXfij = h„x? + 2 £ A (t x^r, + £ hjxfc. 


IJ - i 


= signh u (0, .... 0) + £ 


,"i signA,i(0. 0 >VTA 7 iT 
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y 

,h 


huh^x/Cj + £ hyX/tj 

i.l > I 


= signh n (0,. 

where the new coordinate/, depends onjr, 

u> 1 \ ' n \l', 

i». . . ,x„ smoothly: 


n 

/, = Vlh„(r,./„)!/, + ^ 

1 > 1 


.. . .x„)x, 


signA n (0,. .. , 

oki 



Applying the inverse mapping theorem (see Sec. 1), we shall see that the transfor¬ 
mation (X|, x 2 , . . . , x„) — O’], x 2 .x„) is a diffeomorphism in a 

neighbourhood of the point (0.0). 

Note, further, that the matrix 


(*-&)■ 


< i.J < n 


is nonsingular at the point (0, . . . ,0) and symmetric (verify!). Therefore, we can 
apply the above reasoning to the function 


E ('•-&)’» 


and so on, as in the classical Lagrange algorithm for reducing a quadratic form to 
the canonical. Finally, we come to an expression of form (1) for the function f. ■ 
Exercises. 

4". Prove that any nondegenerate critical point is isolated. 

3°. Find representations (1) defined by the Morse lemma for the height function on 
the torus (see Sec. 10) at critical points. 

6°. Prove that the points of maximum and minimum of a smooth function on a 
manifold without boundary are critical. Calculate the indices at the points of 
maximum and minimum if the points are known to be nondegenerale. 

3. The Gradient Field. Let A x (u, v) be the Ricmannian metric on M". For 
any point x e M ", we choose a vector y x e TJvi" so that the following condition 
may be fulfilled: for an arbitrary vector l x e TJrf ”, the following equality is valid 

A x (y x J x ) = m x U x ). (3) 

where (<$/),(/,) is the value of the differential of the function/at the point x on the 
vector l r 

The field/, obtained is called the gradient field of the function/and denoted by 
grad/Or) 
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Exercises. 

7°. Show that in the local coordinates, the gradient field is of the form 





where are the coefficients of a matrix which is inverse to the matrix (a u (x)) of 
the form A x (u, a). 

8°. Prove that for a function of class C*. the gradient field is a smooth vector field. 
9“. Prove that grad/(x°) = 0 if and only if j? is a critical point of the function/. 


12. DESCRIBING HOMOTOPY TYPE OF MANIFOLD 
BY MEANS OF CRITICAL VALUES 

In this section, the homotopy type of a manifold will be described by means of 
critical values of a smooth function on the manifold. Such a description was first 
given by Morse. We win show that a compact manifold is homotopy equivalent to a 
cell complex. Some details of the proof (and in a number of cases, rather subtle) will 
be omitted. 

1. The Structure of the Lebesgue Sets of Smooth Functions. Let 

M be a compact n -dimensional C"-manifold, / a function of class C** on M, whose 
ail critical points are nondegenerate. For any number cr, the set < o) is an open 
subset in M, and therefore asubmanifold in M. Assume now that a is a noncritical 
vjlue of/ and/ - '(a) * 0. Let us show that the set \f - (J < a) is a manifold 
with the boundary [f = a). Let u By the theorem on rectifying a mapping 

(see Sec. 1), the function/can be represented in a certain neighbourhood of the 
point u in local coordinates as the projection t of the space R n onto the straight line 
R' (Fig. 102). The inverse image of the point a under this projection is the 
subspace R n ~ ', i.e., the boundary of the half-space R"_. At points of the half- 
space, the function/ assumes values which are not greater than a. This means that 
there exists a neighbourhood of the point u in M° which is homeomorphic to the 
half-space. 

Therefore, = {f ^ o) is an n-dimensional manifold whose boundary is the 
(n — l)-dimensional manifold if = a). 

2 . The Conditions for the Homotopy Equivalence of Lebesgue 

Sets. Let a and 6 be noncritical values of a function/, and the line-segment [a, b\ 
contain no critical values. We will shift the sets if = c) through the set (/" = o) 
along the lines orthogonal to the level manifolds <f — c). a £ c < b (Fig. 103). 
Thus, we specify a deformation »>£(/), o ? ( < 1>. of the manifold M b onto the 




Oi. 


R” i 

R' 

(*>•) 




a "- 1 


r><«t 


Fig. 102 
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Fig. 104 


manifold M°. Therefore, M° is a strong deformation retract of A/*, and hence Af 
and M b are homotopy equivalent. 

A rigorous proof of the existence of the mapping should include the construc¬ 
tion of lines orthogonal to the level manifolds. They can be defined as integral 
curves of the vector field X{u), where the vector X(u)e TJA is determined from 
the condition <X{u), h> = 0 for all h e T„ if = c = /(«)), i.e., from the condi¬ 
tion for the orthogonality of the vector X(u) to the space tangent to the level 
manifold if = c). The symbol <, > denotes the Ricmannian metric which can be 
always introduced on the manifold (see Sec. 6). For a level submanifold to be reduced 
to a level submanifold at any moment /. we define the vector field X(u) by the for¬ 
mula 

Xiu) = p(u) grad /(u). 

where p(u) is a smooth function on M whose values are equal to l/< grad/(u), 
grad/(tt)> on M b \M° and zero outside a certain neighbourhood of M i \M" not 
containing critical points. 

The definition of a deformation of M b onto M" may also be valid in the case of a 
being a critical value off. 

3. The Change of the Homotopy Type while Passing through 
a Critical Value. Thus, the homotopy type of the set \f is unaltered if the 
number c, while increasing (or decreasing), does not assume a critical value c 0 . Let us 
see now what is taking place when c does assume this value. 

The proof of the following useful statement is left to the reader. 

Exercise 1 0 . Prove that a smooth function in a compact manifold whose all 
critical points are nondegenerate possesses a finite number of critical points and 
critical values. 

Consider the critical value c 0 . Assume that there corresponds to it a unique 
critical point p,f(p) = r 0 . We choose a neighbourhood U of the point p and the 
local coordinates specified by the Morse lemma (see Sec. 11), where the function/is 
represented in these coordinates y,. ... , y„ in (he form 

/<“> "Co- -)’a+J'a+i + -..+J& 

We choose £ such that the set |c 0 — e, c 0 + e] does not contain other critical points 
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and the point with the local coordinates (y,, .... y n ), £ yf ^ 2e, belongs 

i » i 

to U. 

We construct a smooth function F in M so that it may differ from/only in (/, 
the sets (/ < c 0 + e) and (F < c 0 — a) being homotopy equivalent. This being 
done, we compare the sets If < c 0 - e) and (/•' «S c 0 — c). This happens to be 
more convenient than comparing the sets If £ c 0 - e) and If < c 0 + e) directly. 
To construct the function f, a smooth function p on /?' is required, such thal 
possesses the following properties: 

i*(0) > e. nix) = Owhenx > 2e, 

— 1 < m’ (*) < 0 when -<*> < x < a>. 

The form of the graph of the function p satisfying these properties is shown in 
Fig. 104. 

Exercise 2°. Oive an example of a function p possessing the indicated properties. 
Let us specify the smooth function F by the formulae 


Fiy) = 


' m 

/(V) - p ( £ yf + 2 £ yf\ 

V|.| /. k + i / 


when v e U, 
when v e V. 


It is easy to see that the critical points of the function F coincide with the critical 
points of the function/(although/(p) * F(p )). 

To a critical point p of the function F, there corresponds the critical value 
F(p) = c 0 — p(0) < c 0 — c. Since the value of the function Fcoincides with those 
of the function/at other critical points, the line-segment [c 0 - e,c 0 + ej contains 
no critical values of F . Consequently, the set (F § c 0 — e) is a strong deformation 
retract of the set IF < c 0 + e). But (F < c 0 + s) = If ^ c 0 + e). Therefore, 
(F < c 0 — e) is a strong deformation retract of the set if < c 0 + t). Thus, that 
sets arc homotopy equivalent. 

We will further compare the homotopy types of the sets [f < c 0 — e) and 
IF ^ c 0 - e) (instead of comparing the homotopy types of the sets If $ c 0 - e) 
and If $ c 0 +e)). Denote the closure of the set IF « c 0 - e)\lf «; c 0 - c) by H. 
Consider the cell e * consisting of those points net/ whose coordinates y,. y r 

* n 

satisfy the conditions £ yf < e. £ yf = 0. The cell e K ties inside//; it is 

I* I I ■> k » I 

A 

glued to the set If $ c 0 — e) along the set of those points u for which £ yf = s. 

i - i 

A neighbourhood of a critical point of index 1 on a two-dimensional munifold (e.g. 
the point q from the example of Sec. 10) is drawn in Fig. 105; the set 
M c ° ‘ = If < c 0 — e) is shaded, the set H is shaded twice, the cell e x is denoted 
by a thick line. 
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Fig. 105 Fig. 106 


Let us specify the deformation f, of the set (jF $ c 0 — e) = A /*" 0 "'ll H onto 
the set M°° ~ ‘ U e x by letting T, be the identity mapping onto M t ° ~ e , and be 
defined on H by the formula 


* 


*1. • - 

. ,y x . O’* + t. 

... , ty„ for £ yf < c, 

. - 1 

>!»• • 

• i. 

K ft 

• • • .v» f ° r « < £ < £ yf + £ 


i “ 1 I - S . I 


where s t 


t + (i - O 



0 € t Si 1. 


This deformation is shown by arrows in Fig. 106. 

Exercise 3°. Verify the correctness of the definition of the deformation T ( . 

Thus, the set [f € Co — e ) U e* is a strong deformation retract of the set 
(F € c 0 — «). and therefore of the set (f ^ c 0 + e) = M c ° * *. Thus, M c ° + ‘ is 
of the same homotopy type as the set ~ ‘ U e\ i.e.. of the set Af*° “ £ , with the 
cell glued in a special manner* and of dimension equal to the index of the critical 
point corresponding to the value c 0 . 

We considered the case when to a critical value of a function there corresponded 
a unique critical point. Consider now the general case. 


We omit the gluing mappings in notation. 
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Exercise 4°. Construct a smooth function in a two-dimensional manifold such that 
all its critical points are nondegenerate and to one critical value there correspond 
several critical points. 

Let to a critical value c 0 , there correspond * > I critical points. All the con¬ 
structions described above can be performed simultaneously in a neighbourhood of 
each critical point. The set Af*° + * has the homotopy type of the s« 
M* 0 ~ ' U e X| U . . . U e\ l.e., the set ~ * with the cells e ' glued to it in s 
special manner . the dimension X, being equal to the index of the i-th critical poim 
corresponding to c 0 . 

Let c' be the least of the critical values which are greater than c 0 . and let there be 
no other critical values in the e-neighbourhoods of c$ and c’. Let to the value c\ 
there correspond k' critical points with indices Xj, .... X^ t . The set 
Ad*® "‘Ur 1 U . . . U e X * is homotopy equivalent to the set A 1° forc 0 ^ a <; c‘. 
The set Ad* is, in turn, homotopy equivalent to the set Ad® U e k ' U .. . U e y K 

Let us establish the homotopy equivalence of the sets 

Ad*' and (Ad*® ~ * U e X ‘ U . .. U e x *) U e x > LI . . . U e x * . 


To this end, we deform the set Ad* U e X| U . , . U e x *‘ onto the set 
(Ad*® - * U e X ‘ U . . . U e x *) U e X ‘ U . . . U e x *'. 

using the constructed deformation of Ad® onto Ad*° “ ‘ U.e^ U . . . U e\ 
Exercise 5°. Investigate how the cells e x ', ... , e x *’ are glued to the set 
Ad*® ~ e u e x ‘ U . . . U <? x *. 

We underline that gluing a cell is performed, at each stage, not in an arbitrary, 
but in a strictly definite manner (up to the homotopy class of the mapping of the 
sphere, i.e., the boundary of the cell to the corresponding space). Therefore, gluing 
a cell is determined by an dement of the homotopy group of the corresponding 
space: the dimension of this group equals the dimension of the cell less one. 


4. The Homotopy Type of a Manifold. Here, we outline the construc¬ 
tion of a cell complex homotopy equivalent to a manifold Ad just like it was done in 
Sec. 10 for the torus. 

Let C| be the least critical value of a function/. It is obvious that for a < c t , the 
set (f < a) is empty. Since c, is the least critical value, all critical points correspond¬ 
ing to c, are the points of minimum; their indices equal zero. The set [f ^ c t ) con¬ 
sists of a finite number of points; it can be regarded as the one obtained by gluing 
several cells of dimension zero to the empty set. 

Let c 2 be another critical value which Is next in magnitude. When c, < c < c 2 , 
the set {/ < c) is obtained by ‘inflating’ the points from (/ < c,); it consists of a 
finite number of sets homeomorphic to the n-dimensional disc, and homotopy 
equivalent to the set (f < c,). The set (/ ^ cj is homotopy equivalent to the set 
(f < c,) with cells of different (generally speaking, of any from 0 to n) dimensions 
equal to the indices of critical points corresponding to c 2 , glued to it. Obviously, 
the latter set is a cell complex. 

Having taken a critical value c 3 , which is next in magnitude, we obtain that 
(f £ Cj) is homotopy equivalent to the result of consequently gluing la(f ^ q) the 
cells corresponding to the critical points with the critical value c 2 , and then the cells 
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corresponding to the critical points with the critical value c 3 . Such a space can be 
made a cell complex by adjusting the boundary mappings of the cells being glued. 
Exercise 6°. Prove that each mapping of the sphere S m to a cell complex K is 
homotopic to a mapping of the sphere to a subspace K m of the space K ,consisting of 
cells of dimension less than or equal to m. 

In the general case, the set M° = if s a) when a > max f(u) is homotopy 

w«M 

equivalent to the space which is a cell complex obtained from the empty set by con¬ 
sequently gluing cells corresponding to the critical points with the critical values c /t 
in order of increasing c t , — oo < Cj < a. 

Note that if c r is the greatest critical value, then the critical points at which the 
value of the function/equals c t are the points of maximum and hence their indices 
equal the dimension of the manifold M. 

We now formulate the final statement. 

THEOREM 1. Each smooth function f in a compact manifold M having only 
nondegenerate critical points defines a homotopy equivalence of the manifold M 
with a certain finite cell complex whose cells are in one-to-one correspondence with 
critical points of the function f, the dimension of the cell being equal to the index of 
the corresponding critical point. 

We now dwell on the existence of a smooth function in a compact manifold hav¬ 
ing only nondegenerate critical points. Such a function may be constructed in the 
following way. Consider an embedding of the manifold M into the Euclidean space 
R 1 of a sufficiently large dimension I. We define the function / by the formula 
fip ) = (u — p, u - p), where (,) is the scalar product, u a fixed vector in R 1 and 
peM C R 1 . Using the Sard theorem (see Sec. 5), we can show that there exists a 
vector u e R 1 such that the function/ has only nondegenerate critical points. 

This result enables us to make the following important conclusion: 

THEOREM 1. Any compact.smooth manifold has the homotopy type as a finite cell 
complex. 


FURTHER READING 

To the reader who starts studying smooth manifold theory, first of all. Topology 
from the Differential Viewpoint [55] by Milnor, Differential Topology. First Steps 
[81] by Wallace. Modem Geometry [28] by Dubrovin et al.. A Course of Differential 
Geometry and Topology [58] by Mishchenko and Fomenko. Differential Topology 
[41] by Hirsch, Elementary Differential Topology (60) by Muncrcs and Introduc¬ 
tion to Morse Theory [67] by Postnikov, as those most suitably expounding the 
theory, can be recommended. To study manifold theory and its applications fur¬ 
ther, the reader can also be recommended the classical monograph Smooth 
Manifolds and Their Applications to Homotopy Theory [661 by Pontryagjn, 
Variitis difftrentiabies. Formes courantes , formes harmoniques (69) by De Rham, 
Morse Theory [54] by Milnor, the fundamental First Course of Topology. 
Geometric Chapters [70] by Rohlin and Fuchs and Stable Mappings and 
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Singularities [37] by Goiubitzky and Guillcmin. The basic concepts of smooth 
topology are introduced efficiently in Outline of Topology of Manifolds (21J by 
Chemavsky and Matveyev. While studying Ch. IV. Problems in Geometry (61) by 
Novikov et al., and Problems in Differential Geometry and Topology (59) by 
Mishchenko et al. may prove useful. 

As regards Secs. 1 and 2. the textbooks by Shilov Mathematical Analysis. Func¬ 
tions of Several Real Vanables [72] (Parts 1 and II), Spivak Calculus on Manifolds 
[74] (as far as Sec. 1 is concerned) and Brbcker and Lander Differential Germs and 
Catastrophes [19] (Sec. I) may prove useful. 

It will be useful to see the proofs of the theorems on embedding a manifold into 
a Euclidean space and on the set of nonregular values of a smooth mapping in the 
books by Pontryagin [661 (Ch. I, Secs. 2 and 3) and Postnikov [671 (Ch. V. Sec. 6). 

Applications of the notion of tangent bundle to mechanics may be seen in The 
Mathematical Foundations of Quantum Mechanics [50} (Ch. t) by Mackey and 
Mathematical Methods in Classical Mechanics [9[ (Ch. IV) by Arnold. 

As for as vector fields on a manifold are concerned, the reader is referred to the 
book by Postnikov [67] (Ch. IV, Sec. 6) and Elementary Topics in Differential 
Geometry [80] by Thorpe. It is useful to get acquainted with applications of this 
theory to differential equations by Ordinary Differential Equations [10] (Ch. 5) by 
Arnold. 

The theory of coverings is expounded quite comprehensibly for the beginner in 
Algebraic Topology: An Introduction [52] by Massey. Quite comprehensive In¬ 
troductions to fibre bundle theory and the theory of coverings may be found in 
Homotopy Theory [43] (Ch. Ill) by Hu S.-T., Homotopy Theory [33] (Ch. I. 
Secs. 5 and 7) by Fuchs et al., and First Course of Topology [70] (Ch. 70) by 
Rohlin and Fuchs. Ramified coverings are described in detail in Introduction to 
Riemann Spaces [75] by Springer and Riemannsche Fldchen [31] by Forster. Note 
that a great number of interesting and useful problems on the theory of coverings 
and ramified coverings are contained in Modem Topics of Topology of Manifolds 
(Preparatory course: elements of topology) [20] by Chemavsky and Matveyev. 

To study the theory of critical points of functions in manifolds (Secs. 10-12), the 
reader is recommended the above-mentioned books by Milnor [55], Wallace [81], 
Postnikov [67] (Ch. VI, Secs. 1-4), Goiubitzky and Guillemin [37], Hirsch [41], and 
also the monograph Morse Theory [54] (Ch. 1) by Milnor. The development of the 
theory of critioal points of smooth functions is the theory of singularities of smooth 
mappings. The books by Brocket and Lander [19], Goiubitzky and Guillemin [37], 
Catastrophe Theory by Arnold [8], Catastrophe Theory and Its Applications [68J by 
Poston and Stewart may serve as an introduction (o this rapidly developing branch 
of modem mathematics. The present-day state of singularity theory may be ac¬ 
quainted with by the monograph Singularities of Differentia! Mappings [ 11 ] by Ar¬ 
nold et al. 



Homolo9Y Theory 


In this chapter, the homoiogy groups will be defined for any 
topological space. The idea of constructing homology groups is. os 
was already mentioned, due to H. Poincari. The useful idea of the 
reduction of topological problems to algebraic was realized, for the 
first time in the history of topology, by the construction of 
homology groups and the fundamental group. Homology theory 
still remains topologically basic. Almost all topological invariants, 
from homotopy groups to special invariants of fibre bundles, are 
expressed, finally, in terms of invariants of homology groups. This 
circumstance is due to a better calculability of homology groups, 
though lo define homology groups is somewhat more complicated 
than for example, homotopy groups. 




1. PRELIMINARY NOTES 


Let us illustrate the idea of reasoning that has lead to the notion of homology. In 
studying two-dimensional manifolds, we often distinguish intuitively between non- 
homeomorphic manifolds. However, in studying manifolds of higher dimensions, 
geometric intuition proves less effective. To distinguish between non-homco- 
morphic manifolds of high dimensions, we may attempt to apply the following idea. 
Let M", M" be two n-dimensional manifolds. We will consider compact sub¬ 
manifolds * m M”, Af". If any ^-dimensional submanifold (q < n) in M" is the 
boundary of a (q + l)-dimensional submanifold in M". and there is a q-dimension- 
al submanifold in which is not the boundary of a submanifold in Af", then the 
manifolds in M" and M" are necessarily non-homcomorphic. Thus, any l-dimcn- 
sional submanifold (compact) of the sphere S 2 is a boundary, whereas on the.torus 
T 2 = S 1 x S 1 , it is easy to indicate circumferences which are not boundaries of any 
two-dimensional submanifold in T 2 (Fig. 107). 

If, however, there are submanifolds both in M" and AfJ which are not bound¬ 
aries, then we may try to compare the •quantity’ of such manifolds in M " and AfJ. 
Consider the set (K®] of all Q dimensional cycles, i.e.. < 7 -dimensional submanifolds 
(without boundary) of the manifold M n . Let 1F <J + 1 be a submanifola of M" with a 
boundary consisting of connected manifolds Kf,.... F£, Vf e jF®]. We will say in 
this case that the cycle Vf + ... + Vf^is homologous to zero. Thus, an equivalence 
relation is introduced on the set (F®): two cycles are equivalent (homologous) il 
they are different by a cycle which is homologous to zero; the equivalence classes of 
q- dimensional cycles are called q-dimensional homology groups of the manifold 
M". 

If there is an integer q such that there are more 4 -dimensional homology groups 
of the manifold M" than q-dimensional homology groups of the manifold A/J, then 
this means that Aff and Af£ arc non-homeomorphic. 

The notion of the sum of two disjoint cycles has been introduced for the set 
jF®). This does not mean, however, that the group structure has been introduced on 
it. Therefore we cannot assume, for the present, that homology groups form a 
group. The visual definition of homology groups given above is, however, inconven¬ 
ient for calculations. It is more efficient to consider the cycles (manifolds) made up 




Fig. 107 


Subspaces which are C°-manifolds. 
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of certain elementary manifolds with boundaries. How this can be done is shown in 
the following example. 

Let n 2 be the surface of a tetrahedron (Fig. 108); it is obvious that IT 2 is 
homeomorphic to the sphere S' 2 . Wc will consider the O-dimensional manifolds 
which consist of the vertices of the tetrahedron, 1-dimensional manifolds consisting 
of its edges and 2-dimensional manifolds that consist of its faces and admit a 
boundary for 1-dimcnsionaJ and 2-dimcnsional manifolds; it is natural to treat set- 
theoretic addition of two manifolds as the sum. To use this for the algebraizalion of 
the objects in question, we consider the group of formal linear combinations * of 
the vertices with integral coefficients (the group of 0-dimensional chains), edges (the 
group of 1-dimensional chains) and faces (the group of 2-dhnensional chains). 
Moreover, for every edge, we fix an order of vertices (a 1 , a 1 ) and identify (— 1 Me', 
a 1 ) with (a 1 , a‘); we fix the direction of circumnavigating the vertices (o', a J ,a k ) for 
each face and identify (- l)(o f , a J , a k ) with (a 1 , a‘, er*). 

Let us now define the boundary of the edge (a ! ,a J ) as the sumo-' + (— l)a', and 
the boundary of the face (o', a 1 , a k ) as the sum of the edges that bound this face 
(with that circumnavigation direction which was fixed for the face), i.e., (o', a 1 ) 
+ ( a J , a*) + (a*. o'); we put the boundary of a vertex equal to zero. The boundary 
operators thus defined are extended to the groups of chains by linearity. A chain 
whose boundary equals zero will be called a cycle; thus, a cycle is an algebraic 
analogue of a closed manifold (without boundary). 

Since we are interested in homology groups, i.e., in classes of equivalent cycles 
which differ from one another by a boundary, wc will consider the cosets of 
g-dimensional cycles with respect to the subgroup of the boundaries of 
(<? + l)-dimensional chains (<j = 0. 1, 2). These cosets form a group called the 
g-dimensional homology group of the surface II 2 . The homology groups of IT 2 are 
easy to calculate; they are isomorphic to Z, 0 and Z for dimensions 0, I and 2. 
respectively. Such a construction may be performed for greater dimensions by using 
decompositions into tetrahedra and their analogues (simplexes). If we know how a 
given space is divided into simplexes, then we can compute its homology groups. In 
practice, however, the definition is rarely used to calculate homology groups. They 
employ various techniques to this end (exact sequences, spectral sequences, etc.). 


* The direct sunt © Q of groups C„ = (g • r ], g e C, isomorphic to G, where the 

O0A " an 

isomorphism is given by ihe rule g - r o — g, is called (he group of formal linear combinations 
of elements r a from a certain set \r a \ aCA with coefficients in an Abelian group C. 
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2 . HOMOLOGY GROUPS OF CHAIN COMPLEXES 

We begin with abstract algebraic objects. 

A sequence (infinite) 



of Abelian groups C k and their homomorphisms d k satisfying the condition 
d k _ l d k = 0 for any k > I is called a chain complex. We will denote it by C. : the 
groups C k are called chain groups and the homomorphisms d k are called differen¬ 
tials or boundary homomorphisms. 

The set Ker d k = (c e Q: J ( f = Oj forms a subgroup in C k called a group of 
k-dlmensiortal cycles; its elements are called k-dimensiona / cycles. The set 
Im 3, t , = [ce C k : c = d k *•,«| also forms a subgroup in C k called a group of 
k-dimensionaI boundaries ; its elements are called k-dimensionaI boundaries. 

A sequence of homomorphisms : C k — C k such that the diagram 



is commutative, i.e.. <p k _ ,d k = d k <e k for any j:, is called a homomorphism-p. of a 
chain complex C, to a chain complex C k . 

Let us introduce one of the most important notions of algebraic topology, viz., 
of homology group. Consider a chain complex C. . Due to the relationship 
5 k d k *1=0, the inclusion relation lm 9 k + , C Ker d k is fulfilled. The factor 
group of the group of cycles with respect to the group of boundaries 
Ker 3 k /fm d k + , is called a k-homology group of the complex C, and denoted by 
H k (C« ). Cycles , c 2 from one coset are said to be homologous and denoted by 
c, - c 2 

Let <fi. ■ C. — Cj be a homomorphism of chain complexes. It immediately 
follows from the commutativity of diagram (2) that 

V>*(Ker d k ) C Ker 3* and v>*(lm d k + ,) C lm 3 k * ,. 

Therefore induces & homomorphism of homologygroups- 
y..*:«*(C.)-//*,(C;). 

We continue the investigation of chain complexes and their homology groups. 
Let C. and cj be chain complexes such that the groups C k arc subgroups of the 
groups C k , and the differentials d° of the complex C'2 are obtained by restricting S k 
to C k . In this case, the complex cj is called a subcomplex of the complex C. . A 
homomorphism /. ■ cj — C» of chain complexes is defined, where i k ' C k — C k is 
an embedding monomorphism; /, is called a chain complex embedding monomor- 
phism. 
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Consider a sequence of factor groups C k = C k /C k . The horaomorphisms d k in¬ 
duce the homomorphisms S k : C k — C k _ ,. 

Exercise 1°. Show dial -begroupsand homomorphisms^ form a chain comp.cx 
<?. , and the epimorphisms to factor groups j k : C k — C k form a homomorphism of 
chain complexes j, C, — C, (an eptmorphism to a quotient complex). 

The sequence 


** * i 


+ l 


— A k — A k _ j — 


of groups A k and of their homomorphisms ^ k is said to be exact if for every k, the 
image of the homomorphism t)r k + , coincides with the kernel of the homomor¬ 
phism i k , i.e., Im \p k + , = Ker <t> k . 

Exercise 2°. Show that the sequence 

0 - C*° - C k - C k - 0 

is exact for every k- 

The sequence of chain complexes and their homomorphisms 


n U J* _ 

o-cS-r. -C. -o, (3) 

where i . Is an embedding, j, a factorization, is said to be exact. 

According to the general definition, the homology groups of a quotient complex 
C. , i.e., the groups H k (C, ), can be constructed. The new groups prove to be 
related to the groups H k (C ,) and H k (C°) by a certain exact sequence. 

Let us construct this sequence. The homomorphisms i. and j, induce the 
homomorphisms 

i.t ■ - H k (C. ), j. k : H k (.C, ) - H k (C. ). 

We obtain the short sequences 






-JVC.* 




There happen to exist homomorphisms 

i* : H k (C. ) - H k _ ,(Cj) 

combining these short sequences into the long exact sequence 
...~H k t , (C. )' - ' «*(C°) - H k (C.)- H k (C.) 

-H k _ ,(Ci) '* ‘ H k _ ,(C. ) — ... - H 0 (C. ) - 0. (4) 
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To describe the construction of the homontorphisms S k , we consider sequence 
(3). Let&€//*(<?,), it > 0, i t., cm is die coset of a certain element nr e Ker^ t respec¬ 
tive to the subgroup 1m fi k + ,. In t u-n, or e £ k and can be considered as the coset of a 
certain element d eC k respective to the subgroup C°. It follows from § k a = 0 that 
d k d 6 C ° k _ | and that d k d 6 Ker J t . i C C° k _ , from d k _ l 9 k = 0. 

Exercise 3°. Show that the coset [d k df J of an element d k d in H k _ ,(C°) does not 
depend on the choice of the elements a and d from the corresponding cosets. 

We associated each clement 5 from H t (C,) with the element lS k d]° from 
H k _ j(Cj) thereby specifying a mapping which we will denote by 

6 k 'H k (C.)~ H k . ,<C°) 
and call a connecting homomorphism - 
Exercise 4°. Show that 6 k is, in fact, a homomorphism. 

The construction of a connecting homomorphism may b<- rvtcnded by putting 

o. 

1.EMMA 1. Sequence (4) is exact. 

The proof is reduced to a direct check of .elations 

Im 4* + , = Ker l. k , lmi, t — Kerj, k , Im j- k = Ker« t 

and left to the reader. 

3. HOMOLOGY GROUPS OF SIMPL1CIAL COMPLEXES 

Here, the algebraic technique developed in Sec. 2 is applied to the construction 
of homology groups of geometric objects. 

i. Simplicial Complexes and Polyhedra. We first give necessary defini¬ 
tions. 

DEFINITION 1. A standard k-dimensional simplex a k , t i 0. is the convex closure 
of k + I points in R k * 1 with the coordinates (I, 0. 0, .... 0. 0), (0, I, 0, ... 
..,0, 0),.... (0,0,.. ,0, I), i.e., the collection of points with coordinates (t a , ,.,t k ) 
* 

such that > 0 for each / and £(, = !. 

1-0 

DEFINITION 2. A simplex of dimension k or a k-dimensional simplex r* = (a 0 , 

a 1 , a k ) is the convex closure of k + I pointso 0 . a k of the Euclidean space 

R".k ^ n, lying in general position (not lying in the same m-plane of dimension 

t 

less than k), i.e., the collection of points of the form x = t t a‘. where t, & 0 for 

t - o 

* 

each /, £ t ( * 1. 

i * 0 
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The points o' are called the vertices of the simplex (a 0 ,.... a*), and the numbers 
t, the barycentric coordinates of the point x e (a , ... a*). 

The notion of face of a simplex is defined in a natural way. 

DEFINITION 3. The convex closure of a subset consisting of s + 1 vertices of the 
simplex r*. where 0 ^ s $ k, is called a face of dimension s or an s-dimensiona! face 
of the k-dimensional simplex r*. We will call faces of dimension s < k of the 
simplex r* proper. 

It is obvious that an s-dimensional face of a simplex is ans-dimensional simplex. 
In particular, (he faces of a standard simplex (and the standard simplex itself) are 
simplexes. It is easy to verify that a Ar-dimensional simplex is affinely homeomorphic 
to a standard simplex of the same dimension; the interior (in the carrier /r-plane) of 
a simplex t* can be considered as a special case of a ^-dimensional cell 

Thus, cell complexes can be constructed from simplexes of different dimensions. 
The fact that a simplex has faces enables us to connect simplexes in a more ordered 
manner than cells in the generic cell complex. 

DEFINITION 4. A set of simplexes in R" that satisfies the following conditions; 
(5) together with each ^-dimensional simplex r*, any of its faces is included in K ; 
(it) two simplexes can intersect only in their common face, is called a simplicial com¬ 
plex X. 

A simplicial complex is said to be finite if it consists of a finite number of 
simplexes 

Consider the set-theoretic union I ATI C R" of all simplexes from X. Introduce on 
the set I AT I a topology that is the strongest of all those in which the embedding map¬ 
ping of each simplex into 1X1 is continuous. In other words, the set A C Iff I is 
closed if and only if A D t* is closed in t* for any r* € X. If the simplicial complex 
X is finite then this topology coincides with that induced by the metric on R n . 

DEFINITION 5. A space IXI and, more generally, any topological space X 
homeomorphic to \K\ is called a polyhedron. 

DEFINITION 6. Given a polyhedron X, a simplicial complex K such that the space 
1X1 ts homeomorphic to X is called a triangulation of the polyhedron X. 

Examples of polyhedra are the closed surfaces from Sec. 4, Ch. II. Their 
triangulation is given by partitioning a surface into topological triangles, their edges 
and vertices 

Consider a finite simplicial complexX, Fix in the space IXI C R” a metric from 
K n It is obvious that there exist different trtangulattons of the space IXI. Let X ' be 
a triangulation of IXI. The greatest of the lengths of 1 -dimenstonal simplexes in¬ 
cluded in X" is called the fineness of the triangulation K 
Exercises. 

1“ Prove that a polyhedron is (a) a normal Hausdorff space; (b) a cell complex. 
2° Prove that if A'is a finite simplicial complex, then the space IXI is (a) a compact 
space; (b) a finite cell complex. 

3“ Prove that a simplicial complex A is finite if and only if the polyhedron IXI is 
compact 
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Below, if it is not slated otherwise, we will consider finite simpltcial complexes 
and compact polyhedra. It is easy to see that a compact polyhedron is a metrizable 
space. 

Let X be a polyhedron, K a stmpJicial complex and •/>: I/ft — X a homeomor- 
phism. The homeomorphism <p generates a decomposition (triangulation) of the 
space A' into the sets E* = y>(r,), r* 6 K, which are called curvilinear simplexes-, the 
images of the vertices of the simplex r* are called the vertices of the curvilinear 
simplex £*. 

Exercises. _ 

4°. Show that the closed disc O" and sphere S" ” ' are polyhedra and specify their 
decomposition into curvilinear simplexes. 

5°. Show that (a) the set jr”), the collection of the simplex r" and all its faces, 
I [r")| = r n , and (b) the set the collection of proper faces of the simplex r", 
where I J3 t' ! ]I coincides with the boundary dr n of the set t" in the carrier n-plane, 
are simplicial complexes. 

2. Homology Groups of Simplicial Complexes and Polyhedra. 

Now, we associate a simplicial complex K with some chain complex and enumerate 

the vertices of each simplex t* e K by the numbers 0, 1.* in some order a' 0 , 

a 1 1 ,.... o'*. There are (k + 1)! such numerations. Two numerations are said to be 
equivalent if one of them can be obtained from the other by transposing the 
numbers an even number of times. The set of all numerations is thus decomposed 
into two equivalence classes denoted by and A” , respectively. 

DEFINITION 7. A simplex r* with one of the classes A + , A~ being indicated, i.e., 
one of the pairs (r*. A + ), (t*. A - ), is called an oriented simplex, and the cor¬ 
responding class its orientation. 

It is more convenient to write an oriented simplex (r*. A, + ) in a different way. 
viz,, by specifying some numeratione'o, a'l, .... a'* from the orientation class and 
de» oting it as follows: 

fr* • A * ) - [o'o, a’l.a'i.a'*]; 


then 


(t*. A,. ) = |a'i, a‘o, a‘i .a'*]. 


DEFINITION 8. The factor group of the group of formal linear combinations (finite) 
of the form £ g, (r*. A ( ), where g, e G, A, = A, + or A, - A”, respective to Lhe 

subgroup of elements of the form 

g • (r*. A/ ) + g ■ (r*. Ar.) 0) 

and their linear combinations is called the group of k-dimensional chains C k (K,G) 
of ihc simplicial complex K with coefficients in the Abelian group G 

In other words, we identify the elements g- (r*. A“ ), —g 1 (r*. A,'*') in the group 
of forma) linear combinations of oriented simplexes. 
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The differential 

3*. : C k (K: G) - C k _ ,(X; G) 
is defined by the equality t 

3*(g’lo'o.o 1 '.a'*|) = £ (-lVg-|o'o, ‘.o'/« i.o‘<| (2) 

/ *o 

for each oriented simplex. We extend it to the whole group C k (K\ G ) by additivity. 
For t » 0,« put 3 0 : C 0 {K: G) — 0. 

PROPOSITION I, For all k 5 1. the equality d k _ ,3* = 0 holds. 

PROOF, in fact, in the sum d k _ ,3j{g- la' 0 . .... a‘*)),there are simultaneously the 
following addends 

(- iy*(— 1)*“ V la'll,.. ,a'p- I.a'p ♦ I.a'y- ‘,o'» ♦ I, ...,a'*] 

and 

(— lp(~ I) 9 * - [a'o, ...,o'u- >,a'p + •.i, 

which eliminate each other. ■ 

Thus, the groups C k (AT; G) and differentials d k form a chain complex denoted by 
C, (/f; G). E.g., the group of integers Z may be taken as G. 

DEFINITION 9. The homology groups of a chain complex C. IK: G) are called the 
homology groups of the simphcial complex K with coef fidents in the Abelian group 
G and denoted by H k (K\ G). 

DEFINITION 10. The homology groups of a triangulation K of a polyhedron X with 
coefficients in an Abelian group G are called the homology groups H k (X\ G) of the 
polyhedron X. 

The correctness of this definition (i.e., independence from the choice of a 
triangulation) is proved by a complicated technique; we will discuss these topics in 
Sec. 5 

3. Calculation of Homology Groups of Concrete Polyhedra. 

Let us calculate the homology groups H k (r"\ G) of a polyhedron r". It is obvious 
that for r°, i.e., a space consisting of one point, we have 

C*((r°|;G) = Kerd* = Iro 3* = 0 when *>0; Cj(|t°): G) = Ker3 0 =» G. 
Hence, we obtain the homology groups 

= 0 when «r > 0; H 0 (r°;G)=G. (3) 

Before calculating H k (r n : G) when n > 0, we solve a more general problem. 
Consider a simplicial complex K lying in the hyperplane n m C R m + 1 and a point 
a e R m * 1 \ n m . We will call the collection of simplexes consisting of simplexes 
r* e K, the simplex a and simplexes of the form (a, r*). i.e., simplexes (a. a'o, .... 
a'*) such that rf - (a’o, ... o'* ) is a certain simplex in AT, the cone aK over the com¬ 
plex K with the vertex a. 
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Exercise 6®. Show that aK is a simplicial complex. 

PROPOSITION 2. Lei aK be a cone with a vertex a over a simplicial complex K. Then 
H k {aK\ G) - 0 when k > 0; H^oK; G) ^ G (4) 

PROOF. Consider an arbitrary O-dimensional chain g a 4- £ g t -a* from 

t 

C 0 (aK\ G) = Ker <J 0 ; we have 

«» + S */•«' = (* + l *vy° + e ■ *■*>• 

i i ' t 

Due to the equably 

E - *<°) - 3,(E 

an arbitrary cycle g• a + £ «, a' from Kerd 0 is homologous to the cycle g' • a 

t 

— (g v E *,) •<, which is not homologous to zero in the group C 0 (aX; C) when 

g' * 0 We obtain the isomorphism H 0 (aK\ G\ = C. 

Consider now an arbitrary Ar-dimensional cycle in C\{aK; G) 

z k= £ Sr [rf 1 + E V T j k " ') « K " **. 

i l 

where i e /*, j e l k _ !, g,, A/ e G and |t *], [a, rf ~ 1 ] den <e oriented simplexes. 
We have 

E */ ■ i 7 *! - E **< i r h - d k * \ <£, («• 7 *i)) = e */* ■ r j~ '!• 

* # / 

Therefore the cycle z* is homologous 10 the cycle 

1 * = E */' ' 0l T J ~ '5 = E V + " '!• 

) } 

The coefficient of the simplex [r* “ 1 ] in the sum d k ( E */' ( a ■ r / 1 1) '5 hj (there 

being only one such simplex!). Therefore E hj \a,rj ~ 1 ) is a cycle if and only if 

/ 

hj = 0 for eachy. 

Thus, we have established that in C. (aK; G), when k > 0, any cycle from 
Kerd* is homologous to zero tn C k (aK\ G). Therefore, H k (aK, G) - 0 whtn 
k > 0 ■ 

Note that the complex 1 t"| corresponding to the simplex r" = (a 0 . , a") is a 

cone fl°|T" * ’| with the vertex a 0 over the complex Jr' 1 *1 which corresponds to 
the simplex t" 1 = (o’,.... a"). Therefore, from equalities (3) and (4),we obtain 
the homology groups of an n-dimensional simplex: 
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«*(r";C) = 


0 when ft > 0, 
G when k - 0 


(5) 


for each n > 0. 

We now calculate the homology groups I (dr' 1 ]I; G) of a polyhedron I Jtir"|l 
whose triangulation (dr") consists of all proper faces of the simplex t". Consider the 
case when n > l. When ft < n, we have 

C*«3r"]; G) = C*((t"]; G). 

and the differentials of the chain complexes C. ()3 t"|; G) and C, (tr"), G) coin¬ 
cide. Therefore, when ft < n - 1, 

«*([3r");C)-//*(( t");G). (6) 


It is obvious that when ft > n — 1 


rt*(|3r");G) = 0. (7) 

Since H„ _ ^(r" j; G) = 0. any cycle z" ~ 1 € C„ _ G) is the boundary 

d„C?- |r")) of the chain g ■ [t"I e C„((r"j; G), and therefore in the complex 
C, (|r"(; G), we have Ker 3„ _, w Im d„ <* G. The differentials in the complexes 
C.([r"); G) and C. ([dr"J; G) coincide on the chain groups C„ _ G) 

= C„ _ j((3t"); G). Therefore, in C. ((dr"l; G). the group Ker 3 „ _ , is isomor¬ 
phic to the group G. whereas im 3„ = 3 „(C m ((9t"J; G)) = 0; therefore 

_ |((9r");G) * G. (8) 


Thus, when n > I, the homology groups of the boundary of an /i-dimetlsional 
simplex have been calculated: 


W t (l)3r")l;G) 


0 when k * 0, n — 1, 
G when ft = 0. n — 1. 


(9) 


Exercise 7°. Prove that 


W*(U3r , |l:C) = 


0 

G©G 


when k > 0, 
when k — 0. 


00 ) 


We now dwell on a geometric interpretation of the homology groups of a 
simplicial complex. A cycle from C t (X; Z) is a set of ft-dimensional simplexes from 
K each of which is taken a certain number of times; this set is closed in the sense that 
each (ft — IJ-dimensional simplex is included in the boundary of the ft-dimension¬ 
al cycle the same number of times with two opposite orientations. Two ft-di¬ 
mensional cycles are equivalent (homologous) if their difference is the boundary 
of a (ft + l)-dimensional chain, i.e.. bounds a certain set of (ft + l)-dimensional 
simplexes; the group H k (\K\\ 7.) is the group of equivalence classes of such 
ft-dimensional cycles. Roughly speaking. H k (\K\; Z) consists of those dosed collec¬ 
tions of ft-dimensional simplexes which cannot be ’glued up’ with collections of 
(ft + I)-dimensional simplexes. Thus, intuitively, the group H k (\K \; Z) cor¬ 
responds to the group generated by (ft + l)-dimensional ‘openings’ in the space 
I ATI. 
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DEFINITION II. A subcomplex of a simpliaal complex is a subset L (which is a 
simpbcial complex) of simplexes from K. 

Let L be a subcomplex of a simphcial complexX\ It is obvious that C. (/.; G) is 
a subcomplex of the chain complex C. (K\ G). Therefore a quotient complex is 
defined 

C. (AT, L\G) = C. (AT; C)/(C. (L. G). 

Denoting the homology groups of this chain complex by H k (K, L\ G). from the 
exact sequence of chain complexes 

0 - C.(L\G) - C.(K\ G) — C,fK,L,G) - 0, 
we obtain a long exact sequence of homology groups 

... - H k ,(*", L; G) **- ' H k (L; G) - H k fJK\ G ) 

-* //*</£-, L; G) - H k _ ,(L: G) - 

It is called an exact sequence of the pair (AT, L), the groups H k (K, L; G ) are called 
relative homology groups or homology groups of the pair (K, L). 

It will be useful to ‘decode' the definition of relative homology groups. 

Since the chain y k from C k {K, L ; G) is a coset of the group C k (X; G) relative lo 
the subgroup l k C k (JL\ G ) = C k (L, G), in the coset y k , tfiere exists a unique 
representative, the chain y k from C k (K, G),which includes only those oriented 
simplexes wilh nonzero coefficients of the complex K that are not oriented 
simplexes of the subcomptex L. It follows from the definition of a boundary 
homomorphism in a quotient complex that the boundary homomorphism S k '■ C k (K, 
L; G) — C k _ j(AT, L; G) transforms the chain y k into a chain y k _ , which is the 
coset of the group C k _ ( (AT; G) relative to the subgroup i k _ ^C k _ \ (L; G) = 
= C k _ G) with the representative d k y k e C k _ ,(/(■. G). In the chain d k y k , we 
discard all addends g m [r^ " 1 ] for which r„ ~ 1 is a simplex from L. Obviously, the 
obtained chain y k _ , belongs to the same cosel y k _ , as the chain d k y k . 

It is clear that a chain complex C, (Af, L; G) is isomorphic to the chain complex 
C. whose chains are formal linear combinations of oriented simplexes (in Ihe sense 
of Definition 8) from K \ L, and the boundary homomorphism associates the *-di¬ 
mensional chain y k wilh a chain of dimension k — 1 obtained by calculating on y k 
the value of (he boundary homomorphism 9 k (in the chain complex C. (AT, G)) and 
deleting all extraneous addends, i.e., those addends g m [r£ ~ ') for which r* 1 
belongs to L. Since an isomorphism of chain complexes induces an isomorphism of 
homology groups, 

H k (C. ) = H k {K, L\ G), k = 0, I, 2. 

Thus, we have arrived at a more geometry oriented definition of ihe homology 
groups of a pair Note that the chains, cycles and boundaries of the complex C, are 
said to be relative (for Ihe pair (K. £,)). 
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Now, we make out the geometric meaning of the connecting homomorphism 
6 k : H k {]K , L : C) - H k _ ,(£; C). 

Lei K k G H t IK, L\ G) be a homology class of the relative cycle z k e C k Consider 
z k as a chain in C,(JC; C)and calculate Us boundary d k z k in it. By ibe definition of a 
relative cycle, after collecting like terms, the chain d k z k will include with nonzero 
coefficients only oriented simpiexes from L Therefore d k z k can be considered as a 
chain in C, {JL ; C). It is verified quite simply that 9 k z k is a cycle whose homology 
class h k _ ( e H k _ ,(4; G ) does not depend on the choice of the representative z k 
of the class K k . According lo the general structure of the connecting homomor¬ 
phism (Sec. 2), 4 k fl k = h k _ t . If we imagine a relative cycle as a manifold with 
boundary lying in L and made up of Ac-dimcnsional oriented simpiexes, then d k z k is 
just this boundary with the corresponding orientations of (Ac - l)-dimcnsionaI 
simpiexes. 

EXAMPLE (see Fig. 109). Let a simplicial complex Ac consist of simpiexes 

o®, a 1 , a 2 , a 3 , 

(o°, o'), (a 1 , a 2 ), (o 2 ,a 3 ). (e 3 .a°), (a'.a 3 ) 

(a a , a'.a 3 ), (a'.a 2 , a 3 ), 

and let its subcomplex L consist of the same simpiexes except 
(a 1 , a 2 ), (a 0 , a 1 , a 3 ), (a 1 , a 2 , a 3 ). 

Thus, l/fl is a rectangle (with the ‘interior’), and 141 its boundary. It is obvious 
that the chain 72 6 C 2 (K, Z), y 2 = [a 0 .® 1 ,a 3 ) + la 1 , a 2 , a 3 ] is a relative cycle of the 
pair (AC, 4). In fact, its boundary 3 2 y 2 = [a 3 ,a°] + [a 0 ,a 1 ] + [a 1 ,a 2 ] + [a 2 ,a 3 J 
includes with nonzero coefficients only oriented simpiexes from the subcomplex 4. 
The chain yj (a 1 , a 3 ) from C, (AC; Z ) is simultaneously a relative cycle (verify!) and a 
relative boundary, because it can be obtained from 

a 2 |a°,a l ,a 3 | = [a\a 3 | + [a 3 .a°] + |a°. o 1 J 

by discarding the addends [a 3 , a°l and [a 0 , a 1 ] which are oriented simpiexes from 



Fig. 109 
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She subcomplex L It is easy to see that the relative cycle y 2 determines the generator 
of the group H 2 (J<, L; Z) *= Z. The connecting homomorphism i 2 '■ H 2 (K.L‘, Z) — 
— Z) associates this generator with an elemenl (also generating) of the group 
H,(L; Z) which consists of one cycle d 2 y 2 . 

Exercises. 

8 °. Write the exact sequence of the pair (,K , L) for the example considered 
9*. Let L l and L 2 be subcomplexes of a simplicial complex K. Prove that L , H L 2 
and I, U L 2 are also subcomplexes of the complex K, and show that the sequence 

0-C,U.,nz, 2 ;C)- r,(t,;C)©C.(t : ;C)-C,tt,U l 2 \ G) - 0 , 

where 4 «. • [»/ I, = ^ £ 8)'1**1. ~ £ »*[»*]). 

i i i 

is exact. Hence, derive the exact sequence 
. - H k + U L 2 ,G) - H k (L, n L 2 -,G)~ W*a,:G) 

© H k (L 2 ;G) - U L 2 . O) - H k . ,0-, n L 2 . C) - (11) 

called the Mayer-Vietoris exact sequence. 

Exact sequence (11) enables us to calculate (he homology groups of complicated 
simplicial complexes 

10“. Using (5), (9), (10) and (11), calculate the homology groups of the complex 
consisting of simplexes of dimensions 0 and 1, and drawn in Fig. 110. 

Hint- Consider the complex as a consequent union of subcomplexes 

11°. Show that for an orientablc surface M p of genus p. we have the isomorphism 
H 2 (JM p \Z) » Z. 

Hint: Show thai any two-dimensional cycle is a multiple of a cyde which is equal to the sum of all 
curvilinear 2 -simplexes of a triangulation of M p which are taken with a compatible orientation. 

12° Show that for an oriented surface M p of genus p, we have 

Z ) - Z© © Z. 
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Hint: Use the Mayer- Vietoris exact sequence. 
13°. Show that 

2. • 


H k (RP z ,Z ) 




Z, k = 0, 
Zj, k - l, 
o, * > i 


and 


, (Z,, k = 

tf t (*p’;z 2) = [ o ; k> 


0 , 1 . 2 , 

2 . 


Hint: Use a slmplidal partition of RP 1 


14°. Show that for a non-oriemable surface N q of genus q 

(z. * = 0, 




Z © ... © Z© Z„, * - 1, 
k > 1. 


e - t 


15°. Show that 


I Z : . 


0 , 2 . 


«*^ P ;Z 2 ) 


Z, © ... © Zj, _ A: = I. 
' ^5 


, o. 


k > 2 


and 


Z 2 » ir — 0, 2, 

«■*(%; z 2 ) = (z 2 © .. . © z 2> , * = i. 


o. 


k> 2. 


4. Barycentric Subdivisions. Simplicial Mappings. Let r* 

= (a 0 .a*) be a <r-dimensional simplex. A point with barycentric coordinates 

I /(At + 1),..., 1 /{k + !) is called the barycenlre of the simplex T k . Denote this point 
by b°- *■ •*; more generally, denote by b‘v ••*<> a point whose barycentric coor¬ 

dinates (, are defined as follows 

I 

. > = *0 . >D 


P + 1 
0 


'0 .. P > 

otherwise. 


For all possible sets a‘», ..., a‘p of p + 1 vertices (0 p ^ k), the points b'o .V 

corresponding to them are the barycentres of thep-dimensional faces (o' 0 , .... a'r) of 
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fig. Ill 


the simplex r* (remember that 0-dimensional faces are the vertices o', and the 
^-dimensional face (he simplex r* itself). Consider all possible simplexes of the form 

(b'o-'i- ••**-i>V, ■-•{»-i,.. 0 ^ p < k. 

The collection of ail such simplexes and their faces forms a simplicial complex called 
a barycenlrlc subdivision of the simplex r* (Fig. 111). 

Let K be a simplicial complex. Barycentnc subdivisions of all its simplexes form 
a simplicial complex K ' called a barycentric subdivision of the complex K. We will 
also consider simplicial complexes If® = (/(')', - (K^ ~ *i)‘. 

The operation of subdividing the complex K baryccntrically defines a chain 
homomorphism 

e. :c.(K\ g)~ c.yr .G). 

The homomorphism 9 0 is defined on the vertices a 1 by the formula 

e 0 (g V) = (12) 

and on simplexes or greater dimension. It can be defined inductively by the formal 
relation 

e p (g Vo.oVi) = [*'«■ -v,e p _ jSp.ig- [fl'o.o'oDj (ij) 

which means that if the equality 

e p - t^pfe 1°'°. a'e)) = g k ■ [c£°. cjf - i) 

* 

is held, then we have 

9pte-[fl'o. ...a‘p))= ^ g k Ib’v -‘e.cio . c£-‘], 

* 

and 9 p can be extended to the whole group C p (/C: G) by linearity. It is easy to see 
that 9. is a chain homomorphism. 
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Together with 0. ' C. (K; G ) — (K*; G ), the following homomorphisms are 
naturally defined 

e<:> C.(Ar;C)- C.iK^-.G) 

Let K and L be simplicial complexes. A mapping/: lift — ILI is said lo be 
stmpllcial if the image of each simplex r* from AC is a certain simplex from L, and 
the mapping/I,* is linear in barycentric coordinates: 

/(/ O o'o + ... + = 1 0 /(a'») + ... + /*/(«'»)- 


The notions of barycentric subdivision and simplicial mapping have meaning 
also in considering polyhedra made up of curvilinear simplexes because barycentric 
coordinates may be transferred to curvilinear simplexes by means of a triangulation 
homeomorphism. 

Let f. I/O — HI be a simplicial mapping. We define the homomorphisms 
} p . C p (K; G) — C p (L; G) as follows: for each simplex (a ‘»,.... j’rje X". we pul 

1 g‘l/a'°. ...,/a'p) if ...,/o‘a) is a simplex 

of dimension p 

0 if yfi i'°. fa'p) is a simplex 

of dimension less than p 

and extend/, to C-(Af. C) by linearity. 


Exercises. 

16°. Show that the collection of homomorphisms is a chain complex homomor¬ 
phism 


/. :C.(/f;G) - C.iL.O ) 


and therefore induces homomorphisms 

f. p H p (K\G)~ H p ^:G). 

17". Show that simplicial mappings are morphisms of the category whose objects 
are simplicial complexes, and the correspondence 

if— H p {K ; G), 

f.K- L-f. p :H p UC;G)-H p {L-,G) 


is a covariam functor from the above category to the category of Abelian groups. 
18" Show that the correspondence associating an Abelian grouo G with the homology 
group H k (JC\ G) of a simplicial complex K with coefficients in G is a covariam func¬ 
tor from the category of Abelian groups to the same category. 


4. SINGULAR HOMOLOGY THEORY 

1. Singular Homology Groups. In this section, another functor from the 
category of homotopy types of spaces to the category of Abelian groups, i.e., the 
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homology functor, will be constructed. To involve algebraic constructions of Sec. 2 
for the purpose of studying the topological space, it is necessary to work out 
methods of constructing chain complexes from a given space X. In algebraic 
topology, (here are a number of such techniques which assume the fulfilment of 
some or other properties for the space X; we give here one of the most general. 

A continuous mapping/*: a k — X of the standard simplex o* to a topological 
space X Is called a singular k-dimensional simplex of the topological space X. 

Let C be a ring with identity *, c.g., the ring Z of integers. A formal linear com¬ 
bination g, •/* of singular k-dimensional simplexes of the space X with the coef- 

i 

fictents g; from G, only a finite number of which differ from zero, is called a 
k-dimensional singular chain of the space X. The set of all k-dimensional singular 
chains of X with coefficients in G is denoted, by C{(X\ G). It is an Abelian group 
under the operation of addition of chains as linear combinations. If C = Z then the 
group C k (X\ Z) is free Abelian and its generators are all possible singular 
k-dimensionai simplexes. 

We define the differential 

dl-ClVC-.G)-C* k _ ,VC:G). 

To this end, consider the standard (k - I)- and k-dimensional simplexes o* “ 1 
and a k . Let us associate a point 

do- •••• l i - 1 

with the point 

«0> f| - i> */• —• ‘k - |) e °* 

This correspondence defines a mapping A* - 1 :a* - 1 — o k from c* “ 1 onto the 
l-th (k — l)-dimensional face of the simplex n k . If/* is a k-dimenstonal singular 
simplex then the superposition/* Af “ 1 is evidently a (k - l)-dimenstonal singular 
simplex. For any simplex/*, k > 1, we put 

n/*- z '). 

■ • o 

and define the homomorphism d k on the whole group C s k (X ; C) by linearity: 

3 *(E ) - £ e. HJt- 

V i ' I 

If k — 0 then it is natural to put dj/ 0 = 0 and, in accordance with the previous, 
to extend by the zero value to Cq(X\ G). 


* This has been done only with the simplification of notation in mind All the construc¬ 
tions of this chapter can be performed for an arbitrary Abelian coefficient group C. just like 
in the previous section. 
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Exercise 1°. Verify that dj.y t + , = 0. 

Hint: It suffices to verify this equality on an arbitrary simplex/* ♦ 

As we see. the sequence of groups C k (X; G) and homomorphisms d k forms a 
chain complex which we denote by CiCA’; G). It is called a singular chain complex 
of the space X. 

Let tp ’■ X — Y be a continuous mapping. For any k- dimensional singular simplex 
/* : o* — X of the space X, the superposition <pf k is a ^-dimensional singular 
simplex of the space Y. It is obvious that y> induces the homomorphism y> k : CfIX; 

a ) - cur-, g). 

Exercise 2°. Prove that the system of homomorphisms <p k forms a chain complex 
homomorphism 

y. : C\(X; O) - C^Y. G). 

i.e., for k ? 1 , the equalities hold; d k <e k = y>* _ | 3 |, where d k , 3 | are the 
differentials of the complexes Cl(X; G). C‘,(Y; G). 

DEFINITION I. The homology groups of the complex C\iX\ G) are called the 
singular homology groups of the space X with coefficients in G: a k- homology 
group is denoted by H’ k {X; G), and the collection of groups [H k (X; G)j k a 0 by 
HUX: C). 

Example. Calculate the homology groups of the point • . It is obvious that C k (* ; 
G) = G because there is only one singular simplex/*: o* — * for any k. The value 
of the differential on it when It > I is calculated by the formula 


ns*- £ (-iy /*A*-> «= £ (-iy-/*-‘= f® , 

i-o i-o VV 


when k is odd. 
when k is even. 

Remember that d k - 0 when k = 0. Hence, we obtain that if k is odd. then 
lm dj + , = CJC . G) = Ker d' k = G; 
if, however, k is even and not equal to zero, then 

1m 3J j. , = Ker d k = 0. 

Finally, Im d\ = 0, Ker dg = G; therefore, 

//J(.;G)=G; Hf(.;G)= 0, / > 0. ♦ (I) 


Since the continuous mapping X — Y induces the homomorphism y>, '■ C S .(X'< 
G) — C‘J,Y\ G ) of singular chain complexes of the spaces X and Y, it induces the 
homomorphisms of singular homology groups 


r. k HiVC.G)-HUY; G). 


Exercises. 

3°. Show that if <p \ X — Y, $ '■ Y — Z are continuous mappings, then (4tp), k = 
= *¥>.*■ Show that to the identity mapping of X, there corresponds the 
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homology group identity mapping, i.e., (Iy),i = 1,,, Hence, derive that the 

k‘j<. Cl 

homology groups of homcomorphic spaces coincide (the homology group 
topological invariance theorem). 

4°. Show that a constant mapping X — Y, i.e., a mapping sending X to a point 
y 0 6 Y induces the trivial (zero) homomorphism in homology groups of higher 
dimensions, k > 0. 

2. Properties of Singular Homology Groups, in item i. one covanam- 
functor, or more precisely, the collection of functors H\ = (//{(» , G)i^ ^ 0 from 
the category of topological spaces to the category of Abelian groups was con¬ 
structed, Let us study the most important properties of this functor. 

THEOREM 1. Let mappings <r ; i '■ X — Y be homotopic. Then the induced 
homology group homomorphisms coincide. 

First, we prove the following statement. 

LEMMA I. Let B be a convex set of a Euclidean space; then 

«i<B;G) = H’.C.G). (2) 

PROOF. Let f l '■ o* — B be a singular simplex. We define the singular simplex 
D k f k ; a* * 1 - B by the equality 

0 ’ "•< ** + |) 

= [ ,oW+(1 - ,oVk (rhr .-rrv) when * *- (3) 

w when t 0 = 1, 

where w is a point from B, and t , are the barycentric coordinates of a point from 
„* + l 

Extending D k by linearity to the whole group C k (B; G). we obtain the 
homomorphism 

D t .CJ(S ; G)- Ci k ,(B; G). 

It follows from equality (3) that the homomorphisms D k and differentials d k are 
related as follows: 

a * + l D k ~ tX.G) ~ D k- l 3 k when * > 0, (4) 

d ‘ D t/° 

where the singular simplex h° maps a 0 into the point w from B. 

Let z t 6 Ker d k , k > 0. Then due to (4), we have + , D k z k = Z k , whence z k 
e Im 3 k + |, Thus, H k (B\G) = 0 when* > 0. Similarly, the 0-dimensional cycle/ 0 
is homologous to the cycle h°, therefore, //{(fl; G) = G ■ 

The method used in the proof of Lemma 1 is quite useful. We now give the 
following definition. 

Let C, , Cbe chain complexes, v. , <k, ■ C, — Cl homomorphisms A system 
of homomorphisms ID* 1 

D k .C k — C* + , 
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such that the relation 

+ l°k + D k - = — Vic. D_i =• 0 (5) 

holds is called a chain homotopy connecting <p, and 4, . 

The horaomorphisms of this relation are shown in the following diagram 



The homomorphism: v>„ and 4, are said to be chain-homotopic. If |D t ) is a chain 
homotopy connecting p, and 4, . then for z k e Ker 3^, we have 

«■* - r k )l k =» 3* + \ D k z k e Im A*'* i- 

Hence, the homology group homomorphisms induced by the chain homomor- 
phisms </>, and 4, coincide. 

Exercise 5°. Let the chain homomorphisms v. , 4. '■ C. — C', and systems of 
homomorphisms (Oj|, (/)*), X>j: C k - C; + ,, / = 1, 2 be such that ,/>* 
+ D k _ |3 t ■= 4 k — f k - Show that the homology group homomorpmsms induced 
by the homomorphisms y>. and 4, coincide. 

We show that homotopic mappings of topological spaces induce chain- 
homotopic homomorphisms of singular chain complexes. Let us apply the follow¬ 
ing construction. Let A' be a topological space, Ax/ a cylinder over it; it is natural 
to call mappings a x , 0 X : A — A x 1 defined by the formulae 

a x (jc) = Ijc, 0), 0 x tx) = (x, 1) 

the lower and upper bases of the cylinder. It is evident that a* and 0 X are 
homotopic. 

LEMMA 2. For any space A, there exists a chain homotopy \D X I connecting a x and 

ai. 

0 X — a x = D x _ ,d k + d k + i D x . (6) 

PROOF. We construct a chain homotopy [D x : C k (A; C ) — C k + , (A x /; G )| by 
induction on k. 

For * = 0, we put D$f° = f° x I/, where the singular simplex/ 0 x 1, is de¬ 
fined by the formula 

/°x l,(t 0 .l,) = (/°(l),f,). 

and extend D#/ 0 to CJ(A; C) by linearity. 

Assume, for k > 0, that the homomorphisms D x have already been defined 
when m < k for any A, and that they are functorial. 

Consider the chain 

c k eCHa k x /;C), c t = lifVyc) - «**<'»*> - £>**- 
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where Ig* is considered as a singular simplex. By the induction hypothesis^ 

- ifif- , - af- , - Knf- - of. 2 a’ k _ ,a|(i„*) = o ; 

therefore, c k q Ker d k C C|(o* x /;G). Bute* x 7 is a convex subset of the Eucli¬ 
dean space; by Lemma l,H k (o* x 7;G) = 0. Therefore c k e Im d k t ,,i.e..there 
exists a chain u k + , 6 C k + ,<e* x /; G) such that a‘ k ^ t u k + t = c k . 
PutGf(l^) = u fc4 . i 

Now, let/*: a" — 7f be a singular simplex of the space X. We define the chain 
by the equality 

Afr* ■=(/-** i,)* + i„* - (/‘ x \,\ „ ,u* + „ 

where (/■* x l,)Cx, t) = (/*(x), f ),jc 6 a k , I e/. Since / t and d 4 are commuting and 
D k _ , functorial, we obtain 

K * 10/7* - (/* X !/)*<«* t3*X<»*) 

= 0*f k - a*/* - of_ ,3J/* 

Extending D k by linearity to C k (X: G), we obtain the required homomorphism 

D* ■ 

We stress the point that the construction of (D*) is functorial, i.e., for any con¬ 
tinuous mapping * : X — Y, the following diagram is commutative 


ol 

eg <X;GI-— 


CtT 


Cl(Y;G) 


-cl.,Ot*i;G) 

(V* Vm 
-c’.,(Y*i;a) 


the proof OF theorem l. Let F-X x 7— Y be a homotopy connecting «> and 
We define the chain homotopy 

\D k : C s k iX. G) — C k + ,(Y; G)) 

connecting *>. and i, as the family of superpositions \D k = F k , { D k | of 
hotnomorphisms of the sequence 

Ci(X; G)-Ci * X VC x 7; G) ' Cj «. i(K; G). 

The statement of the theorem follows from the fact that chain-homotopic 
hotnomorphisms of chain complexes induce the same homomorphisms of 
homology groups. ■ 

COROLLARY. A homotopy equivalence induces a homology group isomorphism. 

Thus, homotopy equivalent spaces (in particular, homeomorphic) possess the 
same (isomorphic) homology groups. 
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Exercises. 

6°. Show dial if X is a contractible space, then Hq{X; G) = G,/fJ(AC;G) - 0 for 
* > 0 . 

7". Show that for the homology groups of a disjoint union U Y, the isomor¬ 
phism is held 

HUX U Y; G) « H s k (X, G) © H s k (Y\ G). 

Show that «g(S°; G) = G © G, H’ k (S°; G) = 0 when * > 0. 

8®. Show that if AT and P are path-connected (see Sec. 10, Ch. II), then H' 0 iX', 
G) - G — Hg(Y; G), and any continuous mapping y>X — Y induces the isomor¬ 
phism 

G)= /fSO'jG). 

Let X Q be a subspace of X. i : Af 0 — X an embedding mapping. Putting 
Cfc*\ x 0 \ G) = cjyf: c)/c*(Ar 0 ; c), 
we have, due to Sec. 2, an exact sequence of chain complexes 

0 - Ci«T 0 ; G) - CIC*; G) - Ci(AT, Af 0 , C) - 0. 

The homology groups of the complex Ci(Af, X 0 ; G) are called the singular 
homology groups of the pair (AC, X 0 ) and denoted by 

HHX.X 0 -. G) = (//£(*, Af 0 ; G)J* s 0 . 

It follows immediately from Lemma of Sec. 2 that the homology sequence 

... - H\ + ,(*. Af 0 ; C) **- ' HjUX 0 ; G) - ^(Af; G) 

-*//i(Af, Af 0 ; G) - ... - H‘ 0 iX, X 0 ) - 0 (7) 

is exact. Exact homology sequences are the main tool in homology theory. 

Let us introduce the following more vivid description of the homology groups 
of a pair which follows from the above definitions. Let in the chain y = £ Xtf, k < 

all similar terms be collected, i.c., let all singular simplexes f k be pairwise different, 
and all t)ic coefficients g, other than zero; we call the subset of the space X, equal to 
the union of images of all mappings/,* involved in y with nonzero coefficients, the 
support of the chain y. According to the definition of a quotient complex (see 
Sec. 2), the element i k of the Kernel Ker S k of the boundary homomorphism 
S k ■ C k (X. Af fl ; G) — C k _ | IX, X 0 : G) is a coset consisting of ail chains C k (X, X 0 \ 
G) such that (i) two different representatives of the element i k differ only by an ad¬ 
dend from i k C k (X 0 ; G ) C C k (X; G), i.e., by a chain with support in the subspace 
X 0 (£ t being a coset); (ii) the support of the boundary d k z k of any representative z k 
of the element t k is contained in X 0 (t k is a cycle ‘modulo X a ’). Similarly, the ele¬ 
ment 6 k of the image of the homomorphism 3 k + j is a coset consisting of all chains 
b k in C ! k (X; G) such that (i) two representatives differ by a chain with support in X 0 . 
(ii) each representative b k of the coset 6 k can be written in the form d k + ,-y* + , 



Ch. 5. Homology Theory 


275 



Fig. 112 


+ 7®, where y k + , is a certain chain from C 5 k (X\ G), and y£ is any chain with sup¬ 
port in X g . Thus, elements of homology groups are relative (‘modulo the subspace 
X 0 ') cycles S k considered up to the relative (‘modulo X 0 ’) boundaries 6 k . An exam¬ 
ple of a two-dimensional relative cycle is given in Fig. 112. 

The connecting homomorphism 6 k associates the element h k from the homology 
group of the pair H k iX. X 0 i G) with the element h k _ , from the homology group 
H k _ , (,X 0 ; G) of the subspace X 0 according (o the following role derived from the 
definition of a connecting homomorphism for chain complexes (see the end of 
Sec. 2). Let a relative cycle t k e C*(Af, X 0 ; G ) be the representative of the element 
H k , and the cycle z k e CJWtG) the representative of the element i k treated as a 
coset. Consider the chain 9 k z k from C k _ ,(■*"; G). It is clear that (i) the support of 
the chain 3 k z k is contained in X a and therefore the chain d k z k can be regarded as a 
chain from C k _ [ (2f 0 ; G); (n) since 3 k _ \3 k z k = 0, the chain 3 k z k is a cycle in 
C, IXq) G). Generally speaking, the cycle 3 k z k is not a boundary in C. (X 0 \ G), 
because z k may not belong to i Jt ,C t (A' 0 ; G) = C k (.X g \ G), i.e., the support of the 
chain z k may not lie in X 0 . The homology class h k _ t of the cycle 3 k z k in 
H k _ ,> G) i». precisely, the image b k H k of the homology class f> k . It is obvious 
that an arbitrary choice of the representatives i k and z k merely leads to the dif¬ 
ference 3 k u k - d k v k being a boundary in CiW 0 ;G), and not only in C. (AT; G), for 
two different chains u t and v k determining the same class h k . Therefore the defini¬ 
tion of the homology class fi k _ t is valid. 

Exercises. 

9°. Let * be a point from X. Show that H k (Xi G) = H k {X, • ; G) for k > 1. 
10°. Let the embedding i : X 0 — X be a bomotopy equivalence. Show that H k (X. 
X 0 \ G) = 0 for each k. 
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Note that generally speaking the assertion that the Mayer-Vletoris sequence Is exact <see 
Sec. 3) is incorrect for singular homology groups. (Why? Try to give a counterexample.) 
However, if K t and K 1 are subcomplexes of a simplicial complex K then for singular 
homology groups of the spaces I JIT, I and IKjl. the Mayer-Vietorls sequence is exact. 

We now dwell on the barycentric subdivision of singular sintplexes. Consider the 

barycentric subdivision of a standard simplex a*. Denote by <c'o,c'i. c t i> the 

composition of a linear (in barycentric coordinates) mapping of a standard simplex 
o® onto the simplex (c'o, c ‘>,.... c'») from the barycentric subdivision of <r*. which 
sends they-th vertex of the standard simplex to they-lh vertex c 1 / from the set (c'o, 
c' i, .... c'cj, and the embedding mapping of the simplex (c'o. c'i, c'i) into the 
simplex a 1 . 

Note that the identity mapping 1 ^* of the simplex o* can be regarded as an 
element of the group CJ(o , G) whose boundary is of the form dgl** 

K 

= £ (~ ~ ' item *)■ 

I - 0 

Now. let X be an arbitrary topological space. 

We define the homomorphisms 

0*:c;tV;C)- CjlAf;G), * = 0,1. 

inductively by having put 

°o = *cjpr;C)’ 

Assume that the homomorphisms 0* _ , have already been defined for an arbitrary 
topological spaced and. moreover, that for the singular simplex 1 ^ of the space o*, 
rthe chain 0 * _ , (d| Ijt) can be represented in the form 

0 * - = £ gy <cj.c], . cf~ ’>, ( 8 b) 

J 

where cj is* vertex of the barycentric subdivision of the (* — l)-dirncnsional faces 
of the simplex a*. It is obvious that this requirement is fulfilled when *—1=0. 
Now. put 

Q t (V) = £ gj-<b 0 '- " ,k .Cj,cJ . cf~ '>. (8c) 

J 

where b 0, ! .* is the barycemre of the simplex a k , and g, and cj are the same as in 

(8b) - * x 

Let us define the homomorphism Q t on the singular simplex/ '.a — X for an 

arbitrary space X. 

Let/J: CJp*; C ) - C\QC, O) be a chain complex homomorphism induced by 
the mapping/* : a* — X. Put 

“/** W>- CM) 

Extending 0* to C£<X: G) by linearity 

MI »/*) = I ft 0 *</.*)■ <«*> 

/ 7 I 
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we complete the definition of fJ^. It is dear that the chain (3 k + ] l„* . i ) admits a 
representation similar to ( 8 b). The inductive construction of 0* is thus complete 

Thus, the chain (/*) is given rise as the sum of the restrictions of the mapping 
f k to the ^-dimensional simplexes of the barycentric subdivision of the simplex o*. 

The homomorphisms fl* are functorial and commute with the differentials 
3 k a k = U k 3 k (verify!). The collection of the homomorphisms 0* forms the 
homomorphism I). C\(X\ G) — C’JfC\ G ) of the complex C\(X\ G ) into itself. 
Exercises. 

11°. Show that the homomorphisms 0. and 1 cyx-C ) arE chain-homotopic. 

12°. Let A and B be closed,disjoint subspaccs of a normal Hausdorff space X. 
Show that for any cycle z k e C k iX\ G), there exists a cycle (0*)'z* homologous to it 
such that for any singular simplex f k of the cycle (fl t ) r z k , its image does not in¬ 
tersect both A and B simultaneously. 

3 . Homology and Homotopy Groups, it is natural to attempt to 
establish a relation between the singular homology groups and homotopy groups of 
a space. This problem turns out to be quite complicated; only partial results have 
been obtained. Thus, a 1-dimensional homology group of a path-connected space is 
completely determined by its fundamental group. 

THEOREM 2*. Let X be a path-connected space with a base point x 0 . Then 

H\(X.Z) = r x (X.x a )/\x^lX.x 0 ). r,(2f,x 0 )l, (9) 

where (t,(A\ jr 0 ), *•,(*,*<,)] it the commutant • of the group w,(X. x 0 ). 

We outline the proof of formula (9) while dwelling on geometric ideas only. First 
of all. note that any loop of the space X (originating at the point x 0 ) is a singular 
cycle (the singular simplex [0, 1] — [0, 1J/0 — 1 = S l — X is a cycle). Hence, the 
homomorphism of the group t 1 (X, x 0 ) into H\LX\ Z) which we will denote by 0 is 
given rise. 

Second, 6 can be shown to be an cpimorphism. In fact, each cycle in H\{X; Z) 
determines (not uniquely) several loops in the space X, possibly, starting at different 
points. These various loops can be transformed into one loop by joining their 
origins to the point x 0 by means of a path that can be circumnavigated in the for¬ 
ward and reverse directions (Fig. 113). The complex loop obtained at the point jr 0 is 
transformed by the homomorphism S into the original singular cycle. (More precise¬ 
ly, the class of this loop is transformed into the class of the original cycle.) 

Third, the commutant of the group *, {X, x 0 ) lies in the kernel of 9. In fact, the 
loop cr0-a~' ■ 0~ l under the action of the homomorphism 9 is transformed, 
roughly speaking, into the cycle or + /3+a -l -t-d~ l ;the singular cycle group is 
commutative, and the cycles a + a -1 and 0 + arc homologous to zero. 
Therefore, the !oop«-£i-a~ 1 -0~ l is transformed into a cycle which is homologous 
to zero. 


• Remember that the commutant [i, a) of a group * is u subgroup generated by com¬ 
mutators of the form *, - * 2 • g, -1 ' *2 ' • w * lerc *,. «f »• The commuiant of a group is its 
normal subgroup. 
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It can be shown that the commutant makes up the whole kernel of the 
homomorphism 9 (actually, the 'irverse’ homomorphism of the group H\ into 
*,/[T|, x,l is constructed while proving the surjectivity). 

Exercise 13". Restore the proof of Theorem 2 by the plan given. 

We give the following statement without proof. 

THEOREM 3 (HUREWICZ). Let X be a path-connected topological space such that 
x k (X) = 0 when k < q and *JX) * 0 iq > 0- Then H k (X\ Z) = 0 when 
0 < k < q and H q (X; Z) — * Q (X), the following diagram being commutative 

„ q W n„tX) 

II II 

hZ<x;zj —-—— wjft ;z) 

*•9 

for any mapping f : X — X. 

5. HOMOLOGY THEORY AXIOMS 

In the two previous sections, we considered two homology theories, viz. 
simplicial and singular. Besides, there exist some more homology theories in 
algebraic topology. Historically, simplicial homology theory was introduced earlier. 
Different approaches as regards jhe construction of homology theory for general 
topological spaces (Alexandrov-Cech homology theory, singular homology theory, 
etc.) were developed later. The problem concerning the conditions for the 
equivalence of two different theories appeared to be quite complicated. 

Quite useful in this connection is the axiomatic approach to homology theory, 
which implies that the basic properties of the correspondence between topological 
and algebraic notions are given axiomatically. and all the remaining concepts are 
deduced from the axioms chosen. Such a system of axioms was developed by 
Steenrod and Bilenberg, and here we formulate their axioms. 

Homology theory H, with a connecting homomorphism 5. is the collection of 
covariant functors \H t ], k = 0, 1,2.from the category of pairs of topological 
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spaces X, A), A C X, into the category of Abelian groups, and the collection ol 
functoria) homomorphisms k = 1 , 2, .... 

6 k iX,A):H k (X,Al - H k _ ,04. 0). 

Moreover, the following axioms should be fulfilled: 

(1) Homotopy axiom. Let mappings f, g - X — Y be homotopic, and F ■ X x 
x /- Ya homotopy connecting them. Let A C X and B C Y, and F(A x /) C B. 
Then 

«.</) = H,ig).H.(X,A)- H.(Y,B) 
for arbitrary X, Y, A , B, f. g. 

(2) EXACTNESS AXIOM For any pair (A, A ) and embeddings t - (A, 0) — IX. 0). 
j ' ( X, 0 ) — (X , A ), there is an exact sequence 


s» + ,W.x) 


«*«> «*(/) 

H k (A.0) — -H k (X. 0) — H k (X.A) 


t k (X.A ) 

--H* _ ,(A. 0) - ... - 0. (1) 

<3) EXCISION AXIOM. Let (X. A) be an arbitrary pair, V open in X and U 
C Int A. Then the embedding of pain j : (AT N U, A \ U) — (X, A) induces the 
isomorphism 


H.UrH.(X\U,A\Lt) = ff,(X.AX (2) 

(4) DIMENSION AXIOM. For a space • consisting of one point. H k {* , 0) = 0 
when k > 0 . 

Exercise 1°. Verify the fulfilment of the axioms of homology theory for singular 
homology theory. 

The axioms of homology theory are complete in the following sense. 


THE UNIQUENESS THEOREM. Let H. and Ti. be two homology theories. If there 
exists an isomorphism x Q : H 0 ( • , 0) = R 0 I » . 0), then these theories are naturally 
isomorphic on the category of pairs of compact polyhedra. i.e., 

(i) for any pair of compact polyhedra ( X , A) such that a triangulation of A is a 
subset of a triangulation of X, and for each k > 0, a unique family of isomorphisms 
x k (X. A ): H k (X, A) - H k {X. A), k > 0 is defined with x 0 (*. 0) = rr 0 . 

(ii) for any mapping f(X, A) — (Y, B) of pain of compact polyhedra and each 
k > 0 . the relations H k (fl “ H k if) implying the commutativity of the diagrams 


H,tXA) --— H k (Y,B> 

** 11 n , 0 K 

*,(*; A) — * - *(Y,B> 


are valid; 
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(iii) the diagrams 


H.'IX.AI 6 “< 0< l*L 


**•1 11 
H,.,tX,AJ 




M 

UtA'*) 


arising under the isomorphism of exact sequences of form (1) an commutative. 

Since it is beyond the elementary course, we do not give the proof of the uni¬ 
queness theorem here. 

in particular, singula n.j . implicial theories coincide on the category of pairs of 
compact polyhcdra. Thus, for a compact polyhedron I ATI , the isomorphism is valid. 

H.(1Jfl;G) = Ki(IJfl;0). (3) 

We will use this fact (the proof is not given here in Secs. 6 and 8 while transferring 
from one homology theory to another. 

Note that the independence of simplicial homology of a compact -polyhedron 
from the choice of a triangulation can be established both within the scope of 
simplicial theory itself and with the use of singular homology theory. The latter 
method consists in constructing an isomorphism between the homology groups of 
an arbitrary triangulatlon of a polyhedron and the singular homology groups of this 
polyhedron. The particulars of this reasoning are complicated enough, and we do 
not give them here. 

Exercise 2°. By means of the uniqueness theorem, establish the validity of the exact 
Mayer-Vietoris sequence for singular homology theory 

... - n l/f 2 l;G) — I;G) © //JflA'jl; G) 

- HiilK, I U IX 2 I; G)- H‘ k _ ,(1*,! n l/fjl ;G) 

... - tf£(IX,l U IAjI; G) — 0. (4) 
where X,, A' 2 are subcomplexes of a finite simplicial complex K. 

Note in conclusion that there exist homology theories satisfying axioms (l)-{3) 
but not satisfying the dimension axiom. Such homology theories are called extraor¬ 
dinary, and it is their investigation that makes up, largely, the basic topics of 
modern algebraic topology. 

Along with homology groups, the so-called cohomology groups are used in 
algebraic topology. The main difference of cohomology theory from homology 
theory consists in the fact that cohomology theory is the collection H’ of con- 
travariant functors H k and therefore most arrows in cohomology theory change 
their directions as compared with homology theory. 

The fundamental object in cohomology theory is a cochain complex C*, Le¬ 
the sequence 


o - c° - c‘ - ... — c* - 1 ' C* - C* + 1 d "~ ' C** 2 — 
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of Abelian groups C k (cochain groups) and their homomorphisms d* (differentials 
or coboundary homomorphisms) such that d k + 'd* = 0. The cochain complex 
cohomology groups are the factor groups 

«*(C*) = Ker d k /lm d* ~ 

Cochain complexes are often obtained from chain complexes by the following 
method. Let C. be a chain complex, G an Abelian group. Let C* = Horn (C k . G) 
be the se! of all homomorphisms of the group C k into the group G. For i, k e 
s Horn ( C k , G), We define the element d*^* e Horn (C k t ,, G) by the equality 

wVb* + , = y k (B k + l7 * + ,) 

on an arbitrary element y k + ] e C k + j. Thus, by the boundary homomorphisms d k 
of the chain complex C.. we define the coboundary homomorphisms d k of the 
cochain complex C*. It is obvious that 

W* * Wb* + 7 = V*t*X3 k V 27* + 2) 

= **(d* + |3 t ♦ 27* 1- 2) ” **W) = 0. 

so that C* is a cochain complex indeed. 

Applying this method to C, = C.IJC-, Z), i.e., the chain complex of the 
simplicial complex K with integral coefficients, we obtain a cochain complex C* (K; 
G), where C*(K; G) = Horn (C k (JC\ Z ), G). The cohomology groups H k fC' ifC; 
G )) are called the simplicial cohomology groups of the simplicial complex K (or the 
polyhedron IK I) with coefficients in C. Similarly, by considering the singular chain 
complex cyjf; Z) as C ,, we obtain the singular cohomology groups of the 
topological space X with coefficients in G. However, here certain difficulties should 
be overcome, viz., those related to ihe fact that the set of singular chain group 
generators is infinite. 

A system of axioms exists and the uniqueness theorem is valid also for 
cohomology theory. These are similar to the axioms and theorem for homology 
theory. An important advantage of cohomology theories over homology theories is 
that the cohomology groups of geometric objects produce a ring with a multiplica¬ 
tion which is, generally speaking, nontrivial. In a number of problems, both 
homology and cohomology groups are used. 


6. HOMOLOGY GROUPS OF SPHERES. 

DEGREE OF MAPPING 

1. The Homology Groups of Spheres. We now calculate the singular 
homology groups of the spheres S". The knowledge of these groups enables us to In¬ 
troduce the notions of the degree of a mapping, characteristic and the index of a 
singular point of a vector field. 

Let X be a cell complex. Y a finite subcomplex. We show that 

HilX.Y-.G) = H s k fX/Y;C) 


( 1 ) 
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when k > 0, and where X/Y is a factor space of X relative to Y 

Note, first, that the cell complex X/Y is homotopy equivalent to the complex 
X U ,Cy, where CY is the cone * over Y with the vertex * , and /: Y — X is the 
embedding. In fact, the complex X/Y coincides with the complex (X U <CY)/CY 
Since CY is a contractible subcomplex of the complex X U ,CY, the complexes 
(Af U ,CY)/CY and X U ,CY are homotopy equivalent (see Ex. 7, See. 10, 
Ch. IV). Therefore 

ffi<X/Y‘, G) = HUX U ,CY; C), 

and when k > 0, 

HHX/Y-, G) = HHX U ,CY, * i C) 

(see Ex. 9, Sec. 4). 

The cone CY is homotopy equivalent to the point • e CY, hence 
HUX U ,CY, • ; C) = HUX <-l ,CY; G ). 

Consider the embedding mapping of pairs 

r.(X,Y)-cx u ,cr. cy): 

it induces the homomorphism 

/. : HilX, Y: G) - H\<x U ,CY. CY; C). 

Let us show that /. is an isomoiphism. We break the cone CY into two parts 
C 1 y and C 2 y, as shown in Fig. 114. It is obvious that 

H’, (X U ,C 2 Y, C*Y; G) =* H’.iX, Y; G). 



• Remember that for a topologicaJ space Y, the cone CY is defined as the factor space 
(Y x I)/(Y x 0) 
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Each cycle z k e C£(X U ,CY, CY; G) can be replaced by a cycle (O k ) r z k 
homologous to it and such that the image of each singular simplex from ( Q k ) r z k in¬ 
tersecting X will not intersect C 1 Y, and. conversely, each singular simplex intersect¬ 
ing C' Y will not intersect X (see Ex. 12, Sec. 4). Discarding in the chain all 
simplexes intersecting C 1 V\ we will obtain a cycle z k 6 C k (X U t CY. CY\ G) which 
is homologous to the original. On the other hand. z' k can be considered as a cycle in 
the group of chains C k {X U ,C 2 y, C Z Y; G); therefore, I k is an epimorphism. 

It can be shown similarly that I k is a monomorphism. 

Consider an application of formula (1) to the calculation ofjiomologyjjroups of 
the sphere S ". We shall need the homology groups of the disc D". Since D " is con¬ 
tractible to a point, the homology groups of the disc are isomorphic to the 
homology groups of the point, viz.. 


H k (p n ; G) 


G when k = 0 
0 when k > 0 


(see Ex. 6, Sec. 4). We begin calculating wilh small dimensions n. Since S° is the 
disjoint union of two points, 

H s 0 (S°\ G) = C © G. H k (S°; G) - 0 when k > 0. 

Furthermore, due to the path-connectedness of S n , when n > 0, we have 
«J(S n ;G) = G,n > 0. 

Note now that the sphere S n is homeomorphic to the factor space V/S* ~ '. 
Therefore, due to (1), we have 

H s k 0", S" _ G) = /fJ(S"; C) when * > 0. 


Let us make use of this result. 

Consider an exact homology sequence of D 1 , S°, while replacing, when k > 0, 
the homology groups of the pair by the homology groups of the circumference S 1 : 


... - HUS 0 ; C) - H s k 0 1 ; G) - «jf(S'; G) — Hi _ ,(S°;G) 

- ... - H*(S°; C ) - H*(D 1 ;»G) - H t s (S': G) - Hj(S°; C) 

-ffJ(D 1 ;G)-/fJ<D , ,S D ;C)- 0. (2) 

Having noticed that H k 0 *;G) = 0 when k & 1 and H k _ |(S°;G) = Owhen 
k > 1, we obtain from (2) a short exact sequence 

0 - HHS';G) - 0, *- > I. 

hence G) = 0 when k > I. Besides, the homomorphism H{, (S°; G) 

— Hq0 1 ; G) is epimorphic (verify that by definition!). Therefore, our exact se¬ 
quence (2) leads to a short exact sequence 

. i P r i + f'l 

0 -//}($'; G) - G © G-► G - 0. 

and hence wc obtain the isomorphism H\ (S'; G) = G. 
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Now we apply induction. Assume that when I < q < n — ] the isomoiphisms 
have been established for the spheres S*. 


Hi&l-.G) 


[? 


when k » 0. g, 
when k * 0, q. 

Consider the exact homology sequence of the pair (£>"; S n ~ *) while replacing, as 
earlier, the homology groups of the pair by the homology groups of the sphere S": 

... - Hl& n \G) - Hi(S a ;G) - Hi _ ,(S"- \G) 

- Hi _ ,CO";G)- ... (3) 


When k> 1, we have H‘ k (D *; O) = 0. H* k _ ,(/>"; G) = 0, therefore the portion 
under consideration of exact sequence (3) is of the form 

0- Hl(S"-,G)~ H’ k _ " 1 ; G) — 0. 

hence the isomorphism foliows: H k (S' t ; G) = H k _ ,(5” “ C), k > 1. Thus, 

when n > 2, we obtain 

Hi CS"; C) - 0. Hi . ,(S A ; G) - 0, 

G) » Hi_ ,<$" " G) = G, ... 

To calculate //{(S''; G), we pm it = I in (3): 

... - H\(P n \G)-H\<$ n ,G)-Hi(S n ~ ’:G) -HgtfVsG)- ... 

SinceS” ~ ’,5" are path-connected, wehave«J(S" _ G) = > //j50"; G) = G 
(see Ex. 8, Sec. 4). Hence, Kcr t, 0 = 0. and because of the exactness of (3), we ob¬ 
tain a short exact sequence 0 — Hf(S"; G ) — 0, i.e., H’(S n ; G) = 0. 

The induction hypothesis is thus extended to q = n. Therefore, we have ultimately: 

«S(S*:G)«Cf W/(S";G) = 0 . y at 0 . n > 1; (4) 

//;(S":G)=C, n > 1; Wj(S°; G) = G © G; 

Hj($°; G) - 0. j > 1. « 

Thus, the homology groups of S" have been computed. 


While calculating the homology groups of S", we did not use the uniqueness 
•heorem of homology theory (see Sec. S). We could have used it as follows: since 
the sphere S" is homeomorphic to the boundary Sr" * 1 of the simplex t" + we 
have the isomorphism 

W,(l |3r" + 1 )l; G) = Hf(S n ; G), (5) 

whence, due to the results (see (9), Sec. 3) concerning H. ((3t* * •); G), wc obtain 
the same result as in (4). 

Note that in Sec. 4, Ch.IH, the Brouwer fixed-point theorem and the theorem 
on the impossibility of forming a retraction of the si-disc onto the boundary sphere 
were based on the functorial property of homotopy groups and on the result which 
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has not been proved: x„(S”) = Z. Now, on the basis of the established isomor¬ 
phism //’(S'*; 2) = 2 and homology functor, the two above-mentioned important 
theorems may be considered as proved rigorously. In fact, their proof only involved 
the axioms of a functor to the category of Abelian groups and also the knowledge of 
the group of the space S”. 

Exercise I Deduce from Theorem 3, Sec. 4, that r k (S n ) = 0, k < n ; r„(S”) = Z. 

Let us discuss the topological invariance of the notion of the dimension of a 
Euclidean space. It is known from algebra that two Euclidean spaces of the same 
dimension are isomorphic, and hence homeomorphic. [( is known also lhat the 
spaces R m and 1?" are not isomorphic when m * n. A question arises whether they 
are homeomorphic. The following theorem provides a negative answer to this ques¬ 
tion and states thereby that the dimension of a Euclidean space is a topological in¬ 
variant. 

THEOREM I. If m it n then the spaces R m and ft” are not homeomorphic. 

Proof. Consider one-point compactifications R m — R m u f m and ft" = R" U (” 
of the spaces R m and f?" (see Sec. 14, Ch. II). The bases of neighbourhoods of the 
points ?"*,{" are the complements of closed balls with centres at the origin of coor¬ 
dinates on the spaces R m and R”, respectively. It is easy to see that a one-point cora- 
pactification of a Euclidean space is homeomorphic to a sphere of the same dimen¬ 
sion. 

Assume that there exists a homeomorphism *: R m — R". It can be extended to 
the mapping $' R m — R" by having put 4fi m ) = It is easy to see that the mapp¬ 
ing $ is also a homeomorphism. We obtain hence that the spheres S m and S" are 
also homeomorphic. Then due to the topological invariance of the homology 
groups Wjf(S m ; 2) = HUS”; Z) for each k. 

We know, however, that this is not so when m * n. Therefore, the assumption 
concerning the existence of the homeomorphism 4>: R m — R” when m * n is incor¬ 
rect. ■ 

2.The Degree Of a Mapping. We now pass over to the study of homomor- 
phisros of homology groups induced by mappings of n-dimensional spheres. It 
follows from the path-connectedness of the sphere lhat if w '■ S” — Sj is a mapping 
from one replica of the sphere to another, then the homomorphism 
w.o - Hl(S\ I G) — H 0 (S” '• G) is an isomorphism. The homomorphism 

*, n :HUS?;G)~ HUSiiC) 

is not, generally speaking, an isomorphism. If the group of integers 2 is taken as the 
group of coefficients G and the isomorphisms Z) = Z, i «= 1, 2 are fixed 

then the homomorphism y>.„ can be considered as the endomorphism <e,„ Z — Z 
of the group 2. Such a homomorphism is determined uniquely by the value of y>, n 
on the generating element 1 e Z. because *>.„(«) - m*>.„(l). 

DEFINITION l”. The number v.„0) is called the degree of a mapping and 
denoted by deg v>. 
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Note that deg <p can, generally speaking, assume any integral values. The sign of 
deg yi depends on the choice of the generating elements in the groups H’(S"; Z), 
Z), i.e., on the method of setting isomorphisms of these groups with the 
group Z If 7 is a generating element of the group W’(S"; Z) then (— 7 ) is also its 
generating clement; thus, the isomorphism H‘(S n ; Z) = Z can be established in two 
ways. If *5 is a mapping of S n into itself then deg does not depend on the choice of 
a generating element. 

Note that it follows from Theorem 3, Sec. 4, that the definitions of the degree of a map¬ 
ping v>: S" — S* (i.e., deg v) which are given in terms of homolopy groups (see Sec. 4, Ch. Ill) 
and homology groups arc identical. 


It is obvious that if ^: S n — S" are homotopic mappings then deg *> = deg <i>. 
The converse is also true (the Hopf theorem) but the proof is not given here. 
Exercises. 

2°. Prove that for ifr : S" — S", the formula deg (y>^) = deg <p• deg ■y is valid. 
3°. Show that the degree of the constant mapping of the sphere S n into itself equals 
zero. 

4°. Let a mapping + l — be such that ♦(*) *= 0 whenr < Pjti < R, 

and mappings : S" — $ n be defined by the equalities 

*»(*) = • Jte S”. r € p < R. 

Prove that deg <£ r = deg <f^. 

Hint: Construct a homotopy connecting the mappings 4>, and . 


The following two exercises are easy to do on the basis of fhc isomorphism of 
singular and siroplidal homology groups. 

Exercises. 

5°. Let A : R" + 1 — ft" * 1 be a nonsingular linear operator. We define the map¬ 
ping A : S” — S" by the formula 


A<x) 


A<X) 

M(*)l ‘ 


x«=S". 


Prove that for the operator A — —I '■ R"* 1 — R" + the equality deg /i = 
= (- 1 )" + 1 holds. 

6 °. Prove that for an arbitrary t nonsingular linear operator A ' R n + 1 — R" * *. 
the equality degvf = sign Ml is valid. 


Hint : Show that in the class of nonsingUlai linear operators, A is homotopic to an operator 
A' whose matrix is diagonal and whose diagonal elements equal tl. and construct a 
simplidal partition of the sphere which is invariant with respect to the transformation A ’. 

Consider a mapping ♦ : U — R n * where U is a region in R n * l . While in¬ 
vestigating the solutions of the equation 

*(x) * 0. 
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it is customary to call the mapping $ the vector field on U (a point x is associated 
with the vector 4>(x)), and the solutions of equation (6) singular paints of the vector 
field *. 

In practice, the mapping is not always continuous. If it has isolated points of 
discontinuity (or points of indeterminacy of value), then these (mints are also called 
singular points. Most subsequent statements are also valid for such vector fields. 

Let x° be an isolated singular point of a vector field , i.e., 4> Or 0 ) = 0, and let 
there be no other solutions of equation (6) in a neighbourhood of the point* 0 . Then 
for a sufficiently small R, when 0 < r < R, the degree of the mapping $,: S" — S" 
given by the equality 


$,00 


4>(rx + *°) 
t*(rx + * fl )l 


(7) 


is defined, and docs not depend on the choice of r (compare with Exercise 3). 

DEFINITION 2. The degree deg \ of the mappings <f r (for sufficiently small r) is 
called the index of the isolated singular point x° of the vector field *; we will denote 
it by ind (x°, *). 


I.et a field 4> have no singular points on the boundary S"Cr°) of the ball 
X>" * ' (x°) with radius r and centre at the point x° (it is not assumed now that *** is 
a singular point and r small). It is evident that in this case also, formula (7) defines 
the mapping i r : S n — S". 


DEFINITION 3. The degree deg <f r of a mapping is called the characteristic of the 
vector field <5> on the boundary of the ball D" * '(*°). We will denote the 
characteristic by x(4>, S"(x 0 )). 


Along with the term 'characteristic of a vector field’, the term ’rotation of a vec¬ 
tor field' is Often used, which is similar to the 2-dimensional case, where for 
v>: S 1 — S 1 , the degree deg v is the algebraic number of rotations of the vector (x) 
when x ranges over the circumference S 1 (in the positive direction). 


THEOREM 2. Let afield * have no singular points in a closed ball D” + 1 (r 0 ). then 

x (*.S;(x 0 )) = 0. 


Proof. The mapping t r is homotopic to the constant mapping 4> # of S n into the 
$jc° 

point e S", the degree of * 0 being zero. The corresponding homolopy is 

given, e.g., by the formula 

4>(/r* + x°) 


*(f.x) = 


i*(lrx + *“)! ’ 


0 $ki, xeS n . B 


COROLLARY. If x (#, S"(x°)) * 0 then the field * has at least one singular point in 
the ball D r n * '(x 0 )- 
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Note that the characteristic x(*. S"<x 0 )) is defined even if the field ♦ is given 
only on the boundary S*(x°) of the ball D" + '(it 0 ) *. 

The following theorem is a direct corollary to Theorem 2. 

THEOREM 3. Let a field * be given on the sphere S" (x°) and hove no singular 
points. i'"Or 0 )) * 0 then 4> cannot be extended to the ball D r " + (x°) 

without singular points. 

The converse to Theorem 3 is also valid; it follows from the above-mentioned 
Hopf theorem. 

The characteristic of a vector field * can be defined on the boundary of any 
region 0 c R n * 1 which is a compact polyhedron provided than *(x) * 0 on 35. 

The following theorem which we give without proof relates the global 
characteristic x(+. 35) of a vector field * with the local characteristics, viz . indices 
ind (x 1 , *) of the singular points of the field * 

THEOREM 4. Let a field * have nosingular points on dfl,and have a finite number 
m of singular points x l , in Q ; then 


x(*,30) = £ indCx',*). 


( 8 ) 


Exercise 7*. Let x° be a singular point of a smooth vector field * on U C K " + *, 

and let the Jacobian matrix (j of the mapping * at the point x° be non- 
\ 3x / 

singular (such points are said to be nondegencrate ••). Prove that x° is an isolated 
singular point of the field * and that 


ind (x°. ♦) = sign det | • 


Hint: Construct a homotopy connecting the mappings 

ff.S'-S* and ■S n ~S''. 

Note that here ind (x°, *) coincides with the ‘sign’ of the point x 0 e *(f 1 of the in¬ 
verse image of a regular value (see Sec. 6 , Ch. IV). Therefore, for a smooth field *, 
provided that the singular points x 1 , .... x m are nondegencrate, formula ( 8 ) coin¬ 
cides with the definition of the oriented degree of a mapping * : *~'(N) — N, 
where N is a connected component of the open set R" * * \ 30 and contains the 
point 0. Moreover, the manifolds *” 1 (AO and N are oriented similarly by choosing 
an orientation in /?" + '. The indicated construction can serve as another method of 
determining the characteristic x(*. 30) in the case a field * is smooth on 0 when (if 


• The field ♦» Sjfce 0 ) — ft** 1 is not, evidently, a vector field on the manifold S^Cx 0 ) in 
the sense of Sec. 8, Ch. IV. 

•* These are regular points of the mapping ♦ (see Sec. 1. Ch IV). 
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necessary) the point 0 is replaced by a sufficiently near regular value of the mapping 

Exercise 8°. Let a mapping $ ; C — C be defined by the formula 4> (z) « z", where 
n > 0 is an integer. Considering 4 > as a mapping $It 2 — R calculate the index of 
the zero singular point of the field i. Do the same for the mapping T(z) = (£)". 

Consider a vector field X(x) on a manifold M". Let x° e M" be an isolated 
singular point of the field A'fx). i.e., X (x°) = 0, and let there exist a 
neighbourhood L'(x®) C M n of the point x®, in which Xix) ■>= 0 when x x°. In 
local coordinates, the field X(x) is of the form 

(*t . x n \x t ix, . x »)-^ + - + . Xn} jr)‘ 

The index ind (x°, X) of a singular point x° of a vector field X(x) on a manifold can 
be defined as the index of a singular point (X,®,..., x®) (here, x® arc the coordinates 
of the point x°) of the vector field 

* - (*><*!• ■■.*■„> . .*„>! 

in the space R". 

Exercises. 

9°. Prove that the index ind (x°. X ) does not depend on the choice of local coor¬ 
dinates. 

10°. Let/be a smooth function on a manifold, x® a nondegenerate critical point of 
index X of the function / (see Sec. 11, Ch. IV). Prove that ind (x®, grad fix)) = 
= {-1)*. 


7. HOMOLOGY GROUPS OF CELL COMPLEXES 

We now pass over to the study of homology groups of spaces hairing the 
homoiopy type of a cell complex. This class of spaces is interesting: first, because it 
is quite large (see Sec. 12. Ch. IV). and second, because the cell complex homology 
groups can be calculated by quite a simple and elegant method. 

Let X be a finite cell complex. We construct a chain complex C. iX: G) in the 
following way. Let us take the Abelian group of formal linear combinations 
£ &t t?, where gj e G are arbitrary elements, and r* fc-dtmensional cells of the 
r 

complex X, as the group C*(Y: G); the summation is over all *-dimensional cells. 
Therefore, the group C k (X\ G) is Isomorphic to the direct sum of as many replicas 
of the group G as there arc cells of dimension k in the cellular decomposition of X. 
We will assume, moreover, that each replica of O corresponds to one of the 
fc-dimensional cells. 

Let us define the differential S k : C k (X; O) — C k _ ,(Y; G)- Let r* be a 
g-dimensional cell of X; its boundary is contained in the union of cells of dimen¬ 
sions not higher than (ft - 1) ((*■ - I dimensional skeleton of X denoted by 
X* ~ 1 ). It follows from the definition of a cell complex, that the cell r* is given by 
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the gluing mapping f - S k ~ 1 — X k ~ Consider the composition S* ~ 1 
— X k - 1 — X* ~ '/X k “ 2 , where the last arrow denotes a mapping to the wedge of 
spheres. The space X k ~ '/X k ~ 2 is a cell complex; it consists of one cell of dimen¬ 
sion zero. viz., the point * into which the space X* ~ 2 was transformed under the 
factorization, and of as many cells of dimension k - 1 glued along the boundaries 
tothe point • , as there were in the skeleton X k ~ . ie., in A. Such a space is called 
the wedge of (Ar — 1 )-dimensional spheres. We pick a cell r k ~ 1 in X k ~ In the 
wedge of spheres X k ~ */X k ~ 2 , there corresponds to it a certain sphere S* ~ *. 
Consider the composition of mappings 

S* - 1 - X k ~ 1 - X k ~ l /X k ~ 1 - S/ ' 

where the last arrow means a mapping with respect to the subspace of the space 
X k ~ '/ X k ~ 2 consisting of all spheres except S k ~ The degree of this composi¬ 
tion mapping is called the incidence coefficient of the cells r* and rf ~ 1 and 
denoted by [t*. r k ~ ‘J; the incidence coefficient shows how many times the bound¬ 
ary of the cell r* is ‘twisted’ onto the cell r* 1 in gluing the cell r k to the skeleton 
X k *. Dertote the set of cells of dimension — 1 in the cell complex X by ft* ” 1 
For any cell r*. we define the differential $ k by the formula 

**<r*) = £ l ] r*- ‘ 

y«o*-i 

and extend 5 k to C k tX\ C) by linearity *. It can be shown that 5 k _ t S k = 0. 

Thus, a chain complex C, (f(\ G) has been constructed. Its homology groups 
turn out to coincide with the singular homology groups of the complex X The 
proof of this fact involves only the exact sequence technique. Since it is too lone we 
do not give it here. 

The advantage of the method of computing homology groups with the help of 
the complex C, (X\ C) is obvious; the groups C k (X; Z) have a finite number of 
generators in contrast with the groups C k (X; Z). Therefore, the subgroups of 
k-dimcnsional cycles and boundaries also have a finite number of generators as well 
as their factor group H k (X; Z). II follows from Abelian group theory that 

HUX\ Z) = (2 ® ... ®Z)®Z.® ... © 2. . 

•- y k - * < 

where Z^ is a finite cyclic group of order p k , with p k being divisible by pf + ,. The 

number p k is called a k-dimensional Belli number, and the numbers p k 
^-dimensional torsion coefficients of the space X. 

In spite of a somewhat complex character of its substantiation, the described 
method is quite convenient from the practical point of view. It enables us to com¬ 
pute homology groups of a good deal of concrete spaces simply. 

Exercise 1°. Representing the sphere S" as a cell complex S" — e" U e°, n > 1. 
compute the homology groups of S". Show that p k = 0, k * 0, n ; p 0 - o„ - 1 and 
that each p ( * = 0. 

* Just like in Sec 4, we assume here ihat C is a ring with identity. 
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The homology groups of the complex projective space CP" will be calculated in 
the following way. At first, we define a smooth function/on the manifold CP" 
whose all critical points arc nondegeneratc, and then establish -with its help the 
struclurc of the cell complex which is homolopy equivalent to CP" while calculating 
its homology groups. * 

We will consider CP" as the orbit space of the group S 1 acting on S 2 " 4 We 

n 

define the function f '■ C" + 1 — R 1 by putting ^(z 0 , .... z„) = £ Cj I zj I J , where 

J - o 

Cj are real numbers with Cj < Cj * Let (e 0 . z„) e S 2 " + 1 c C* * i.e., 

n 

£ Uy1 2 = 1. It is easy to see that for any complex number X such that IXI = l, 
j.o 

the equality y >(? 0 . z n ) = ts(Xz 0 , .... Xz„) holds. Thus, v> defines a function on 

CP". Denote it by/’ CP" - R l . 

Wc now construct on CP" the following local coordinate system. Let U f be the 
set of equivalence classes of points (r 0 . .... z„) e S 2 ” * 1 such that Zj * 0. Put 

1^1- — = x Jt + iy Jk . The functions 
Z J 

Xjkteo .Tygteo< •••«■). * = 0 , ...,j - I ,j 1 , 

define a diffeomorphism of the set Uj onto the unit ball m P 2 ". 

Exercise 2 ° Verify that the sets Uj and mappings given by the functions 

Xjk<yn> k - 0 . J - w + i."■ y = 0, l, ....n. 

form an atlas on the smooth manifold CP". 

Sincelzgl 2 = xj* + yj k and 1 2 - I - £ + yj k ), the function / can be 

* 

represented in local coordinates in Uj in the form 

/< •*/*.>>. •) = Cj * L - CjYyjk + Tyi). 

* *1 

The only critical point of the function / in Uj is the point x jk = y jk = 0, * = 

= 0, 1, ...,j — l.J + 1. n. This critical point is nondegeneratc, and its index 

equals twice the number of negative differences c k — c Jt i.e., twice the number of 
those numbers c k which are less than Cy. Therefore, the index of a critical point in U n 
equals zero, that of a critical point in U t equals two, etc In general, the index of a 
critical point in Uj is 7J 

Thus, the function/has n critical points whose indices equal ZJ, 0 < j < « 
Therefore, the space CP" has the homotopy type of the cell complex K consisting of 
cells of even dimensions one of each dimension (see Sec. 12, Ch. IV). 

For such a complex K. we have 


C k (K: C) 


G when * = Tj £ 2/i, 
0 otherwise. 
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Since one of the groups Cf( K: C ), C k _ t (AT; G) is trivial, in the complex C, (K, G ) 
consisting of the groups C k (J(;G), the differential can only be trivial. We obtain the 
isomorphism 


H s k VC,G) =. C k (K,C). 


Taking into account the fact that the homology groups of spaces which are 
homotopy equivalent coincide, we have the final result: 


H[(CP n -,G) 


G when * = Tj < 2n 
0 otherwise. 


Exercise 3°. Show that if M" is a compact, smooth manifold of dimension n.thcn 
H‘ k W n -, G) = 0 when k > n. 


8. EULER CHARACTERISTIC AND LEFSCHETZ NUMBER 

Quite important in applications is the question when a continuous mapping 
/'■ X — X of a topological space X into itself has a fixed point, i.e., when a point x 
e X such that fix) = x exists. Sufficient conditions for the existence of fixed points 
can be given in terms of homology groups and their homomorphisms. The present 
section is devoted to these questions. Throughout below, we will consider 
topological spaces which are compact polyhedra. 

l. The Lefschetz Number of a Simplicial Mapping. Henceforward, 
we will assume the coefficient group G to be a field. Consider a simplicial mapping 
/: IAI — IAI , where in accordance with the agreement of Sec. 3. /f is a finite 
simplidal complex. The induced homomorphism 

f, p -.H p aC.G)- H„(K-.G) 

is an endomorphism of the vector space H p (fC\ G). The choice of a basis in 
G) enables us to associate the endomorphism with a matrix whose spur Sp (f, p ) 
does not depend on the choice of a basis. 

DEFINITION 1. The Lefschetz number of a simplicial mapping / ■' lAfl — IATI of a 
compact polyhedron itfl into itself is the quantity 

A /= I (-ifspi/;,). 0) 

p -1 

Due to the finiteness of the simplicial complex X, sum (I) is the sum of a finite 
number of addends (the finiteness of K is also required for H p (K\ G) to be finite- 
dimensional vector spaces and for the definitions of the spurs Sp (f, p ) to be 
correct). 

Denote the spur of the endomorphism matrix 

f p :C F (K;G)~ C„(K\ G) 
of the vector space C p (jK] G) by Sp (f p ). 
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THEOREM I. For a simplkial mapping J, the formula is valid 

A f = Y, <- '^SpC/p). (2) 

( 1-0 

Theorem I states that the alternating sum of the spurs of a chain complex en¬ 
domorphism equals the alternating sum of the spurs of the induced homology group 
endomorphism. 

To prove Theorem 1, the following two lemmata are necessary which are an easy 
exercise from linear algebra. 

LEMMA 1 Lei A '■ E — £ be an endomorphism of a vector space E. E 0 a vector 
subspace of the space E and AEq C £ 0 . Then A defines the endomorphism 
A '• E/E 0 — E/E 0 and 

Sp(/!) = SpHI £o ) + Sp04). (3) 

LEMMA 2. Let A '■ E — F be an isomorphism of vector spaces and 
B' F — F operators such that the diagram 



is commutative, BA = AAt then 

Sp(A) = Sp(8). (4) 

THE proof OF THEOREM i- Since/, . C, (AC; C) — C, (K-, G) Is a chain complex 
homomorphism,/ p (Ker d p ) C Kcr S p and d p + ,) C lm B p + ,, 

Let us introduce the following designations: 

Kerd p = Z p . lm 3„ + , = B p , C p (Ki C )/Ker 3 p = T p , Z p /B p - H p . 
By Lemma 1, we have 

Sp <J p ) = Sp (/„ l l(i ) + Sp V„\ Tf ) - Sp ( T„ l #p ) + Sp t} p 1^) + Sp <J p \ T ) (5) 

But the differential d p induces a canonical isomorphism § p : T p — B p _ ,. and 
moreover, the diagram 



is commutative. By Lemma 2, we obtain 

Spi/plj-,)- Sp(/„_ i _ ( )■ 


(6) 
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Because C 0 (Af; G) * Kcr d 0 . we have ^ 

Sp(/ 0 l 7b ) = Sp(/l 0 ) — 0. (7) 

A 

It is clear that by definition the homomorphism / .* H p — H p coincides with the 
homomorphism f mp : H p {K\ G) — H p (K;G). Thus, from equalities (5), (6), (7), we 
have 

sp (/,) - sp [}„\ Bf , - sp <s. p ) + sp (/„ _, i fl(> t r, 

whence 

£ i-iysv (/ P )= £ (-l^tspc/pi^) 

P - o p O o 

+ Sp(/. p ) + Sp(/„_ ,1, ( )i » ^ (- iy Sp (f. p y, 

P - a 

thus, 

£ (-ly’Sp^) = 2 (-lysp^.p)-* (8) 

p«0 p- 0 

COROLLARY. The Lcfschetz number Aj over the coefficient field of characteristic 
zero and, in particular, over the fields Q, R or C, is an integer. 

In fact, having considered in C p ifC\ G) a basis consisting of oriented simplexes. 
we obtain that Sp (f p ) is an integer, and therefore, due to (4), Ay is an integer. ■ 
The role of the number Ay is disclosed by the following theorem. 

THEOREM 2. Let /: I A" I — IXI be a simplicial mapping and Ay * 0. Then there 
exists a fixed point of the mapping f, i.e„ a point x e K such that fix) = x. 

proof Due to (2), it follows from the condition Ay ^ 0 that £ (- Xf Sp lf p ) * 0, 

P - a 

therefore there is p such that Sp (J p ) * 0. With respect to a basis consisting of 
oriented simplexes, the matrix of the endomorphism } consists of elements equal to 
0, +1 and —I. Since Sp (f p ) * 0, there is rf e A such that = ± [rf ]. 

Therefore/1 f(J is a homcomorphism of rf onto itself which is linear in barycentric 
coordinates, whence ihe barycentre rf is a fixed point of the mapping/. 8 

Let us discuss an important complement to Theorem 2 Let/.' I A*'* I — IAI be 
a simplicial mapping: it is certainly a continuous mapping/: IAI — I AM, but not 
necessarily simpliciai. We introduce the following superposition ©l' 1 /. (see Sec. 3) 
of chain homomorphisms 

, . /. €>V> 

C. (A (, >; G) - C. (K.G) - C. (*<'»; G). 

The chain homomorphism ©if’/, induces the homology group homomorphism 
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»?>/. ). : H. (A**; C) - H.CAT^i C). 

By definition, we put 

On 

A /= I <-1 J'sp [©<;>/.).„]. (9) 

p => o 

Exercise 1°. Prove that 

£ t-ifsp (6<;'4)= £ (-iysp [ 0 «/.).„] no) 

p - o P - o 

and that if * 0, then there exist simplexes t p e A w and n p e K, such that t p c h p 
& nAf{7 p ) - n p . 

Now, we consider an example when/= 1*: IXI — t AT I is the identity mapping 
of the polyhedron IXI. Denote the dimension of the vector spare H p (\K \; G) * by 
3 P , and the number ofp-dimensiorial simplexes in the simplic. , complex X by d p . It 
is obvious that 

Sp ((!*)). p = d p • Sp ((T|f ) p ) — Sp (1 c^taf; C)) = • 

Formula (8) becomes as follows 

£ (- \yd t = £ <- iy>p p . <U) 

P m o p - 0 

Formula (11) establishes a relation between the geometric and homological 
characteristics of a polyhedron. 

DEFINITION 2. The Euler characteristic of a compact polyhedron I AT is the quantity 
*<1AI)= £ (-1 Yd p = £ (-iyp p . (12) 

p * 0 p ■ 0 

It is clear thatxi 1 * 1 ) ” A nxi 

Exercise 2°. Show that the equality x(S") = 1 + (— l) n is valid. 

2. The Lefschetz Number of a Continuous Mapping, in the 

previous reasoning, we considered only simplicial mappings. But the construction 
of a Lefschetz number and the statement of Theorem 2 can be generalized also for 
arbitrary continuous mappings, in doing so, we will use the uniqueness theorem of 
homology theory (see Sec. 5) and the method of approximation of a continuous 
mapping of a polyhedron by a simplicial mapping. 


• If G is a field of characteristic zero then fr p coincides with the /^-dimensional Belli 
number t> p of the space IAI in the sense of the definition in Sec. 7. 
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THEOREM 3 (THE S1MPL1CIAL APPROXIMATION THEOREM) Let X = I L I be a 
compact polyhedron and f: X — X a continuous mapping. Then for any s > 0, 
there are a triangulation K of the polyhedron X. its r-lh barycentric subdivision 
and a simplicial mapping f t : I I — I/O such that for any point x e X, the in¬ 

equality t>if (x), /Or)) < c holds. 

Proof We select on the polyhedron X a triangulation K such that the fineness of 
the Inangulation K is less than e. We will call the interior of the union of all 
simplexes, whose vertices are a e K, the star St a with the vertex a. It is obvious that 
the stars of all vertices of K form a covering of X; the inverse images 
]f ~ 1 (St a p 5]^ e K also form a covering. 

Since X is compact, by the Lcbesgue number lemma (see Theorem 13, Sec. 1J, 
Ch. II), there exists a number v > 0 such that any set of diameter 5 < v is contained 
in one of the sets/ - '(St a p ). We select r such that the fineness of is less than 
v/2. Then the mapping/ transforms any star St b “, b Q e into a certain star 
St a p ,a p 6 K. We define a simplicial mapping/ : IX 0 ' I — IXI by the equalities 

/(&») = a p . (13) 

Exersice 3°. Verify that formula (13) does define a simplicial mapping. 

Now, we calculate p(/(x),/(x)) for x c X. If x is a vertex of K ir) then/(St x ) 
C St a”. a p 6 K, and, in particular,/(x) g St a p , therefore 

plf<X>.a p = p(f<x), /(*))<£ # 

If, however, x e Int (ft 0 ,.... ft fl ), where (ft 0 , ...,b q )e K (r> , then* e St 6'. We 

< - a 

have fly) e f) St a‘, hence f(x) lies in the simplex determined by the vertices 
d ■* /,«■>) 

a' — /(ft'). Since/ is a simplicial mapping,/(r) gels into the same simplex from A'. 
Thus, in this case also p(/(x),/(x)) < e ■ 

Exercises. 

4° Show that the mapping/ is homotopic to the mapping/, 

5*. Show that for a compact polyhedron X, there exists a positive number a 
= a(X) such that from the inequality p (fly), g (*)) < a satisfied for each x e X if, 
g '■ X — X being continuous mappings), it follows that the mappings / and g are 
homotopic. 

Due to the uniqueness theorem of homology theory, the isomorphism H, ( K ; 
G) = H{(X'< C) holds for the compact polyhedron X = IJCI, and therefore 
dim G © Hp(,X\ G) < “>. Consequently, the following definition may be given. 

DEFINITION 3. The Lefschetz number of a continuous mapping f. X — X of a com¬ 
pact polyhedron X into itself is 

OB 

A/= E (- I)P Sp (/%). 

p m 0 


where 
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r.p-H^X.G ) - H^iX.G). (14) 

Due to the uniqueness theorem of homology theory, for a simphcial mapping 
/: IJf^l — IATl,r^ 1, the equality 

to to 

£ (- l>^Spcr’ p ) = £ (-l)'’Sp[(«'./.). p l (15) 

p • 0 p • 0 

holds Thus, Definitions 1 and 3 are consistent. 

U is obvious that for homotopic continuous mappings /, g ' X — X, we have 
Ay = A.. Therefore the Lefschetz number of the mapping/: X — X equals that of 
its simplicial approximation/^ — IA(I, where/f is a tnangulalion of X The 

Lefschetz number of continuous mapping could be defined as that of its simplicial 
approximation without the use of singular homology theory. 

The following theorem is quite useful for various applications. In its proof,we 
shall use the uniqueness theorem of homology theory. 

THEOREM 4 (LEFSCHETZ). Let f- X — X be a continuous mapping of a compact 
polyhedron X = I LI into itself, and Ay * 0. Then there exists a fixed point of the 
mapping /, i.e. a point x e X such that fix) = x, 

PROOF Assume that / has no fixed points. Then there is 0 > 0 such that pifix), 
x) > f> for each x e X. Let y = min (f, a(X )) (see Ex. 5). 

Consider a triangulation K of fineness y/3 and a simplicial y/3-approxtmation 
/ t/3 of the mapping/. For arbitrary points x,y of any simplex r’c X^’, we have the 
inequalities 

pifynix).y) > pifix),x) - pix.y) - p(r 7 /jC*)./C0) > -y/3. 

This means that the relation r q C f yn {r q ) is impossible. On the other hand, due to 
Aj y/i = Ay * 0, there is r q e for which such a relation is valid (see Exercises 1 
and 5). 

The obtained contradiction completes the proof of the theorem 3 
Exercises 

6° Extend Definition 2 and Theorem 4 to a compact polyhedron X homcomorphtc 
to ILI. 

7°. Verify that Ay = I with the conditions of the Brouwer fixed-point theorem (see 
Sec. 4, Ch. III). 

3. The Euler Characteristic of a Manifold and Singular Points 

of a Vector Field. We now dwell on the application of the obtained results to 
manifold theory, 

THEOREM 5 Let M n be both a smooth,compact manifold and a polyhedron • Let 
xi,M n ) * 0. Then for any vector field X on M", there exists a point x° e M" such 
that XiXp) ~ 0. 

In other words, there is no vector field without zeroes on a manifold with a 
nonzero Euler characteristic. 

• Note that ail smooth,compact manifolds arc polyhedra 
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PROOF As ii was mentioned in See. 8. Ch. IV, for a vector field X, there exists a 
one-parameter family of diffeomorphisms !JU. I ) such that t/fc, 0) a Jr, and the 
field A’is its infinitesimal generator. Moreover, the orbit U(x, 1 ) of the point x is 

i 

called the integral curve of the field X at the point x. It is easy to see that the family 
of diffeomorphisms i/(r,(),0$ l ^ carries out the homotopy between the dif- 

def 

feomorphisms C/ 0 = 1 M „ and ' M" — M", where l/ <o (x) = (/(*, t 0 ). 

Therefore. A, = A v , but A. = x(M n ); thus, for any l 0 , we obtain A u = 

At" /q Ay 1 Iq 

- X (M") * 0. Therefore, the diffeomorphism possesses a fixed point <for each 
f 0 ) (see Theorem 4). 

Assume now that the field X vanishes nowhere on M n . Then, since M" is com¬ 
pact, for a certain 0 > 0. a sufficiently small a > 0, any x e M”, and in the Rieman- 
nian metric, the inequality 0 ? <XfX), X(x)> J a holds. Hence, any point 
jteM" is unfailingly shifted by the diffeomorphism U t along the integral curve of the 
point x for a sufficiently small t > 0; this can be checked by considering the integral 
curve in the chart at the point jc. The last statement is contrary to the existence of a 
fixed point for the diffeomorphism U,. ■ 

COROLLARY. If n ts even then there is not a single vector field without zeroes on the 
sphere S”. 

LEMMA 3. There exists a smooth vector feld on a compact smooth manifold and 
the sum of the indices of singular points of this field equals the Euler characteristic 
of the manifold. 

PROOF Let M n be a compacbsmoolh manifold./; M" — X 1 a Morse function (a 
smooth function whose all critical points are nondegeneratc). The space M" has the 
homotopy type of a cell complex K, the number of cells of dimension \ of which 
equals the number m (X ) of critical points xj' of index A of the function/(see Sec. 11. 
Ch. IV). The Euler characteristic x(X) of the space K equals 

0» OR 

£ (- l) x dim c C X (K; C) = £ (- l) x dim c H{(X. G) 

X - 0 T - o 

(compare with Definition 2 and Theorem 1 of the present section). Thus. 

x(M") = xUC) = £ (-l) x m(A). ( 16 ) 

X - 0 

On the other hand, due to Exercise 10, Sec. 6, the index of the singular point x* of 
the gradient field equals (—l) x . Therefore, £ (- !) x m(K) is the sum of the in- 

k - o 

dices of singular points of the gradient field of the function /. ■ 

LEMMA 4. The sum of the indices of singular points of a vector field with isolated 
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singular points on a compactjsmooth manifold does not depend on the choice of the 
vector field. 

We give the proof of this lemma in a nutshell. Let M” be a connected manifold 
embedded in R m , m > n + I. We select a sufficiently small ‘tubular’ 
neighbourhood of the manifold M n in R m , i.e.. a neighbourhood U(M n ) which is 
the total space of a locally trivial fibre space with the base space M n and a fibre 
homeomorphic to the disc D m ~ Moreover, the projection r of this fibre bundle 
is a smooth retraction, and the manifold M" is a strong deformation retract of the 
space LUM”)- Intuitively, the tubular neighbourhood of the manifold M" can be 
imagined to consist of discs D™ ” (jr) over each point x e M" that lie in (m — tri¬ 
dimensional planes orthogonal to the tangent planes of the manifold M n . The 
set U(M") is a compact polyhedron. It is not complicated to show that 
H s m _ ,(31/CM"); Z) “ Z. The generator of this group is a cycle bounding U(M n ). 
Therefore any mapping : 3C/(M”) — S m ~ 1 determines an element 
deg ip e Z. Consider a certatn field $ : U CM") — R m which does not vanish on 
dU (M"). We associate the field with the normed mapping 

$ :3(/<M”) - S m “ 4x - <f;t/ll$xP. 

The degree deg iof the mapping $ equals the sum of the indices of singular points 
of the field 4>. Now, let v be a vector field on the manifold M". We define the Reid 
w : U(M") —• R m by the formula w(r) = v(nr) + x — r(x). The sum of the indices 
of singular points of the field w coincides with the sum of the indices of singular 
points of the tangent field v (by means of the Sard theorem, the general case may be 
reduced to the study of smooth fields with nondegenerate singular points, and the 
application of the result of Exercise 7, Sec. 6). The field w on 3 U(M”) Is 
homotopic, without singular points, to the vector field z (x) =x— r(x). Hence, for 
the normed mappings w. g, we obtain deg w = deg Z and therefore deg w does not 
depend on the field v. 

Lemmata 3 and 4 lead to the following theorem. 

THEOREM 6. 77ie sum of the indices of singular points oj a vector field with 
isolated singular points on a compact, smooth manifold equals the Euler 
characteristic of the manifold. 

def 

Exercise 8°. Let M" be a compact, smooth manifold, and = dim c W’(M"; 

G) * 0. Show that any Morse function on the manifold M" has not less than 
0 p (.M n ) critical points of index p (Morse inequalities). 


FURTHER READING 

In the last decade, there appeared several monographs providing a systematic 
approach to homology theory and its applications. We indicate, first of all, 
Algebraic Topology (73J by Spanier Lectures on Algebraic Topology (271 by Dold, 
Homology and Cohomology. Theory [53] by Massey as those most corresponding 
to the demands of today. Recommending them for a profound and systematic study 
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of homology theory, we emphasize, however, that intrinsically they are rather au¬ 
xiliary textbooks concentrated on special courses. 

Sec. 1. While studying thoroughly separate topics touched upon in the present 
chapter, it will be undoubtedly interesting for the reader to turn his attention to the 
following literature: the notion of homology was introduced and elaborated in the 
classical Analysis sitOs and the five complements to it by Poincart (see the sixth 
volume of Oeuvres de Henri Poincari [63]). 

Sec. 2. To study chain complexes and their homology groups, the reader is ad¬ 
vised to see Ch. II of Homology [51) by MacLane. 

Sec. 3. Simplicial homology theory is compactly and thoroughly expounded in 
Outline of Combinatorial Topology (65) by Pontryagin. Quite useful is also the ac¬ 
quaintance with Introduction to Homological Dimension Theory and Com- 
binaloh’al Topology [2) (Chs. 1-11) by Alexandrov and Homology Theory |40] 
(Chs 1-fII) by Hilton and Wylie. 

Sec. 4. A brief and geometry-oriented presentation of singular homology theory 
is given in Homotopy Theory [33) (Ch. II) by Fuchs et al. The elements of singular 
theory are given compactly and with sufficient rigour in Elemenle de lopologiefi 
varietdl d'tfereniabite [79] (Ch. II) by Teleman. The presentation of singular theory 
is thorough in the above-mentioned book [40) (Ch. VIII). Considerable attention is 
given there to the technical details of the theory. In the proof of the theorem on 
homoinorphisms induced by homotopy mappings, we followed MacLane |5l] 
(Ch. II, Sec. 8) and Massey (53J, since this method enables us not to introduce cer¬ 
tain concepts generally used in extensive courses. The reader can study the relation 
between homology and homotopy groups in the above-mentioned books by 
Teleman [79| (Ch. IV, Secs. 3, 7), Hilton and Wylie (40) (Sec. 8.8) and Fuchs et al. 
[33] (Sec. 13), and also in Homotopy Theory [431 (Ch. II, Sec. 6 and Ch. V, See. 4) 
by Hu S.-T. 

Sec. 5. The axiomatic approach to homology theory is given in Foundations 
of Algebraic Topology (30) by EUenberg and Steenrod. A direct proof of the 
equivalence of simplicial and singular theories on the category of polyhedra is given, 
e.g., in thejbook by Hilton and Wylie [40] (See. 8.6). The reader may find 
Alexandrov-Cech homology theory in the book by Teleman [79J (Ch. II, Sec. 18) 
and, in greater detail, in the books by Alexandrov [2J, (3). 

Sec. 6. The homology groups of spheres are calculated in all the courses of 
homology theory. We followed the book by Fuchs et al. [33] (Secs. 12-13). In the 
above-mentioned Combinatorial Topology [I) (Ch. XVI) by Alexandrov, the 
theories of the degree of a mapping, characteristic of a vector field and index of a 
singular point are given extensively and on the basis of simplicial homology theory. 

Sec. 7. As regards cell homology theory, we recommend the lectures by Boltyan¬ 
sky on Bask Concepts of Algebraic Topology [ I5J in which a thorough elaboration 
of cell theory is given, and also the books by Fuchs el al. [33] (Sec. 12) and Teleman 
[79) (Ch. VI). 

Sec. 8. The notions of the Euler characteristic and Lefschelz number are 
systematically expounded in the book by Pontryagin (65) (Secs. 6 and 16) and also 
in the books by Alexandrov (!) (Ch. XVII) and Hilton and Wylie [40] (Sec. 5.8). 
The proof of the theorem on a inangulation of smooth manifolds can be found in 
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Geometric Integration Theory by Whitney (Ch. IV) (82) and in Elementary Dif¬ 
ferential Topology (60) by Muncres. The reader may find ihe theory regarding the 
sum of the indices of a vector field singular points on a manifold in Morse Theory 
[S4( (Sec. 6) and Topology from the Differential Viewpoint (55) (Sec. 6) by Milnor 
Topics related to singular points of vector fields on a manifold are very important 
for the theory of differential equations on a manifold. An introduction to this 
theory is given, e.g., in Ordinary Differential Equations (101 (Ch. V) by Arnold. 

As a book of problems in homology theory, the work by Novikov et al. 
Problems in Geometry (61) may be taken. 



ILLUSTRATIONS 


ILLUSTRATION TO CHAPTER I 

The central part of the picture illustrates the standard embedding chain of 
crystalline groups of the three-dimensional Euclidean space: their standard groups, 
embedded into each other arc depicted as the fundamental domains (platonic bodies: 
a cube, a tetrahedron, a dodecahedron). The platonic bodies are depicted classical¬ 
ly, i.e.,their canonical form is given; they are supported by two-dimensional sur¬ 
faces (leaves), among which wc discern the projective plane (cross-cap), and spheres 
with handles. The fantastic shapes and interlacings (as compared with the canonical 
objects) symbolize the topological equivaience. 

At the top, branch points of Riemann surfaces of various multiplicities arc 
depicted: on the right, those of the Riemann surfaces of the functions w = \fi and 
w = Vz; on the left below, that of the same function w = 4z. and over it, a 
manifold with boundary realizing a bordism mod 3. 

ILLUSTRATION TO CHAPTER II 

The figure occupying most of the picture illustrates the construction of a 
topological space widely used in topology, i.e., a 2-adic solenoid possessing many 
interesting extremal properties. The following figures are depicted there: the first 
solid torus is shaded, the second is white, the third is shaded in dotted lines and the 
fourth is shaded doubly. To obtain the 2-adic solenoid, it is necessary to take an in¬ 
finite sequence of nested solid tori, each of which encompasses previous twice along 
its parallel, and to form their intersection. 

Inside the opening, a torus and a sphere with two handles are shown. The artist's 
skill and his profound knowledge of geometry made it possible to represent complex 
interlacing of the four nested solid tori accurately. 

ILLUSTRATION TO CHAPTER III 

The canonical embedding of a surface of genus g into the three-dimensional Eucli- 
d in space is represented on the right. A homeomorphic embedding of the same 
surface is shown on the left. The two objects are homeomorphic, homotopic and 
even isotopic. The artist is a mathematician and he has chosen these two, very much 
different in their appearance, from an infinite set of homeomorphic images. 

ILLUSTRATION TO CHAPTER IV 

Here an infinite total space of a covering over a two-dimensional surface, viz., a 
sphere with two handles, is depicted. The artist imparted the figure the shape of a 
python and made the base space of the covering look very intricate. Packing spheres 
into the three-dimensional Euclidean space and a figure homeomorphic to the torus 
are depicted outside the central object. The mathematical objects are placed so as to 
create a fantastic landscape. 

ILLUSTRATION TO CHAPTER V 

A regular immersion of the projective plane RP 1 in R 3 is represented in the cen¬ 
tre on the black background. The largest figure is the Klein bottle (studied in 
topology as a non-orientable surface) cut in two (MObius strips) along a generator 
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by a plane depicted farther right along with the line of intersection; the lower pan is 
plunging downwards; the upper pan is being deformed (by lifting the curve of in¬ 
tersection and building the surface up) into a surface with boundary S'; a disc is 
being glued to the last, which yields the surface RP 2 . The indicated immersion pro¬ 
cess can be also used for turnings 2 ‘inside out' into R 3 

On the outskirts of the picture, a triangulation of a part of the Klein bottle sur¬ 
face is represented. 

A detailed explanation of this picture may serve as a material for as much as a 
lecture in visual topology. 
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